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Preface

Numerous papers on system identification have been published over the last 40 years.
Though there were substantial developments in the theory of stationary stochastic
processes and multivariable statistical methods during 1950s, it is widely recognized
that the theory of system identification started only in the mid-1960s with the pub-
lication of two important papers; one due to Åström and Bohlin [17], in which the
maximum likelihood (ML) method was extended to a serially correlated time series
to estimate ARMAX models, and the other due to Ho and Kalman [72], in which
the deterministic state space realization problem was solved for the first time using a
certain Hankel matrix formed in terms of impulse responses. These two papers have
laid the foundation for the future developments of system identification theory and
techniques [55].

The scope of the ML identification method of Åström and Bohlin [17] was
to build single-input, single-output (SISO) ARMAX models from observed input-
output data sequences. Since the appearance of their paper, many statistical identifi-
cation techniques have been developed in the literature, most of which are now com-
prised under the label of prediction error methods (PEM) or instrumental variable
(IV) methods. This has culminated in the publication of the volumes Ljung [109] and
Söderström and Stoica [145]. At this moment we can say that theory of system iden-
tification for SISO systems is established, and the various identification algorithms
have been well tested, and are now available as MATLAB R� programs.

Also, identification of multi-input, multi-output (MIMO) systems is an important
problem which is not dealt with satisfactorily by PEM methods. The identification
problem based on the minimization of a prediction error criterion (or a least-squares
type criterion), which in general is a complicated function of the system parameters,
has to be solved by iterative descent methods which may get stuck into local min-
ima. Moreover, optimization methods need canonical parametrizations and it may
be difficult to guess a suitable canonical parametrization from the outset. Since no
single continuous parametrization covers all possible multivariable linear systems
with a fixed McMillan degree, it may be necessary to change parametrization in the
course of the optimization routine. Thus the use of optimization criteria and canon-
ical parametrizations can lead to local minima far from the true solution, and to
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numerically ill-conditioned problems due to poor identifiability, i.e., to near insensi-
tivity of the criterion to the variations of some parameters. Hence it seems that the
PEM method has inherent difficulties for MIMO systems.

On the other hand, stochastic realization theory, initiated by Faurre [46] and
Akaike [1] and others, has brought in a different philosophy of building models from
data, which is not based on optimization concepts. A key step in stochastic realiza-
tion is either to apply the deterministic realization theory to a certain Hankel matrix
constructed with sample estimates of the process covariances, or to apply the canon-
ical correlation analysis (CCA) to the future and past of the observed process. These
algorithms have been shown to be implemented very efficiently and in a numerically
stable way by using the tools of modern numerical linear algebra such as the singular
value decomposition (SVD).

Then, a new effort in digital signal processing and system identification based on
the QR decomposition and the SVD emerged in the mid-1980s and many papers have
been published in the literature [100, 101, 118, 119], etc. These realization theory-
based techniques have led to a development of various so-called subspace identifica-
tion methods, including [163,164,169,171–173], etc. Moreover, Van Overschee and
De Moor [165] have published a first comprehensive book on subspace identification
of linear systems. An advantage of subspace methods is that we do not need (non-
linear) optimization techniques, nor we need to impose to the system a canonical
form, so that subspace methods do not suffer from the inconveniences encountered
in applying PEM methods to MIMO system identification.

Though I have been interested in stochastic realization theory for many years,
it was around 1990 that I actually resumed studies on realization theory, including
subspace identification methods. However, realization results developed for deter-
ministic systems on the one hand, and stochastic systems on the other, could not be
applied to the identification of dynamic systems in which both a deterministic test
input and a stochastic disturbance are involved. In fact, the deterministic realization
result does not consider any noise, and the stochastic realization theory developed up
to the early 1990s did address modeling of stochastic processes, or time series, only.
Then, I noticed at once that we needed a new realization theory to understand many
existing subspace methods and their underlying relations and to develop advanced
algorithms. Thus I was fully convinced that a new stochastic realization theory in
the presence of exogenous inputs was needed for further developments of subspace
system identification theory and algorithms.

While we were attending the MTNS (The International Symposium on Math-
ematical Theory of Networks and Systems) at Regensburg in 1993, I suggested to
Giorgio Picci, University of Padova, that we should do joint work on stochastic re-
alization theory in the presence of exogenous inputs and a collaboration between us
started in 1994 when he stayed at Kyoto University as a visiting professor. Also, I
successively visited him at the University of Padova in 1997. The collaboration has
resulted in several joint papers [87–90, 93, 130, 131]. Professor Picci has in partic-
ular introduced the idea of decomposing the output process into deterministic and
stochastic components by using a preliminary orthogonal decomposition, and then
applying the existing deterministic and stochastic realization techniques to each com-
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ponent to get a realization theory in the presence of exogenous input. On the other
hand, inspired by the CCA-based approach, I have developed a method of solving a
multi-stage Wiener prediction problem to derive an innovation representation of the
stationary process with an observable exogenous input, from which subspace identi-
fication methods are successfully obtained.

This book is an outgrowth of the joint work with Professor Picci on stochastic
realization theory and subspace identification. It provides an in-depth introduction to
subspace methods for system identification of discrete-time linear systems, together
with our results on realization theory in the presence of exogenous inputs and sub-
space system identification methods. I have included proofs of theorems and lemmas
as much as possible, as well as solutions to problems, in order to facilitate the basic
understanding of the material by the readers and to minimize the effort needed to
consult many references.

This textbook is divided into three parts: Part I includes reviews of basic results,
from numerical linear algebra to Kalman filtering, to be used throughout this book,
Part II provides deterministic and stochastic realization theories developed by Ho
and Kalman, Faurre, and Akaike, and Part III discusses stochastic realization results
in the presence of exogenous inputs and their adaptation to subspace identification
methods; see Section 1.6 for more details. Thus, various people can read this book ac-
cording to their needs. For example, people with a good knowledge of linear system
theory and Kalman filtering can begin with Part II. Also, people mainly interested
in applications can just read the algorithms of the various identification methods in
Part III, occasionally returning to Part I and/or Part II when needed. I believe that
this textbook should be suitable for advanced students, applied scientists and engi-
neers who want to acquire solid knowledge and algorithms of subspace identification
methods.

I would like to express my sincere thanks to Giorgio Picci who has greatly con-
tributed to our fruitful collaboration on stochastic realization theory and subspace
identification methods over the last ten years. I am deeply grateful to Hideaki Sakai,
who has read the whole manuscript carefully and provided invaluable suggestions,
which have led to many changes in the manuscript. I am also grateful to Kiyotsugu
Takaba and Hideyuki Tanaka for their useful comments on the manuscript. I have
benefited from joint works with Takahira Ohki, Toshiaki Itoh, Morimasa Ogawa,
and Hajime Ase, who told me about many problems regarding modeling and identi-
fication of industrial processes.

The related research from 1996 through 2004 has been sponsored by the Grant-
in-Aid for Scientific Research, the Japan Society of Promotion of Sciences, which is
gratefully acknowledged.

Tohru Katayama
Kyoto, Japan
January 2005
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1

Introduction

In this introductory chapter, we briefly review the classical prediction error method
(PEM) for identifying linear time-invariant (LTI) systems. We then discuss the basic
idea of subspace methods of system identification, together with the advantages of
subspace methods over the PEM as applied to multivariable dynamic systems.

1.1 System Identification

Figure 1.1 shows a schematic diagram of a dynamic system with input �, output �
and disturbance �. We can observe � and � but not �; we can directly manipulate
the input � but not �. Even if we do not know the inside structure of the system,
the measured input and output data provide useful information about the system
behavior. Thus, we can construct mathematical models to describe dynamics of the
system of interest from observed input-output data.

�� �

�

� �

�

Figure 1.1. A system with input and disturbance

Dynamic models for prediction and control include transfer functions, state space
models, time-series models, which are parametrized in terms of finite number of
parameters. Thus these dynamic models are referred to as parametric models. Also
used are non-parametric models such as impulse responses, and frequency responses,
spectral density functions, etc.

System identification is a methodology developed mainly in the area of automatic
control, by which we can choose the best model(s) from a given model set based
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on the observed input-output data from the system. Hence, the problem of system
identification is specified by three elements [109]:

� A data set � obtained by input-output measurements.

� A model set�, or a model structure, containing candidate models.

� A criterion, or loss, function � to select the best model(s), or a rule to evaluate
candidate models, based on the data.

The input-output data � are collected through experiment. In this case, we must
design the experiment by deciding input (or test) signals, output signals to be mea-
sured, the sampling interval, etc., thereby systems characteristics are well reflected
in the observed data. Thus, to obtain useful data for system identification, we should
have some a priori information, or some physical knowledge, about the system. Also,
there are cases where we cannot perform open-loop experiments due to safety, some
technical and/or economic reasons, so that we can use data only measured under
normal operating conditions.

A choice of model set � is a difficult issue in system identification, but usu-
ally several class of discrete-time linear time-invariant (LTI) systems are used. Since
these models do not necessarily reflect the knowledge about the structure of the sys-
tem, they are referred to as black-box models. One of the most difficult problems is to
find a good model structure, or to fix orders of the models, based on the given input-
output data. A solution to this problem is given by the Akaike information criterion
(AIC) [3].

Also, by using some physical principles, we can construct models that contain
several unknown parameters. These models are called gray-box models because
some basic laws from physics are employed to describe the dynamics of a system
or a phenomenon.

The next step is to find a model in the model set �, by which the experimental
data is best explained. To this end, we need a criterion to measure the distance be-
tween a model and a real system, so that the criterion should be of physical meaning
and simple enough to be handled mathematically. In terms of the input �, the output
� of a real system, and the model output �� , the criterion is usually defined as

�� �

����

���

������� �� ���� �����

where ���� is a nonnegative loss function, and � the number of data. If the model
set is parametrized as � � ���� � � 	�, then the identification in narrow sense
reduces to an optimization problem minimizing the criterion �� with respect to �.

Given three basic elements in system identification, we can in principle find the
best model �� ��. In this case, we need

� A condition for the existence of a model that minimizes the criterion.

� An algorithm of computing models.

� A method of model validation.
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In particular, model validation is to determine whether or not an identified model
should be accepted as a suitable description that explains the dynamics of a system.
Thus, model validation is based on the way in which the model is used, a priori
information on the system, the fitness of the model to real data, etc. For example,
if we identify the transfer function of a system, the quality of an identified model
is evaluated based on the step response and/or the pole-zero configuration. Further-
more, if the ultimate goal is to design a control system, then we must evaluate control
performance of a system designed by the identified model. If the performance is not
satisfactory, we must go back to some earlier stages of system identification, includ-
ing the selection of model structure, or experiment design, etc. A flow diagram of
system identification is displayed in Figure 1.2, where we see that the system identi-
fication procedure has an inherent iterative or feedback structure.

A priori
knowledge

Experiment
design

� I-O
data

�

Model
set

�

Criterion �

Parameter

estimation
� Model

validation
�

�

�

� �

�

� Yes

No

Figure 1.2. A flow diagram of system identification [109, 145]

Models obtained by system identification are valid under some prescribed con-
ditions, e.g., they are valid for a certain neighborhood of working point, and also do
not provide a physical insight into the system because parameters in the model have
no physical meaning. It should be noted that it is engineering skills and deep insights
into the systems, shown as a priori knowledge, that help us to construct mathemat-
ical models based on ill-conditioned data. As shown in Figure 1.2, we cannot get
a desired model unless we iteratively evaluate identified models by trying several
model structures, model orders, etc. At this stage, the AIC plays a very important
role in that it can automatically select the best model based on the given input-output
data in the sense of maximum likelihood (ML) estimation.

It is well known that real systems of interest are nonlinear, time-varying, and
may contain delays, and some variables or signals of central importance may not be
measured. It is also true that LTI systems are the simplest and most important class
of dynamic systems used in practice and in the literature [109]. Though they are
nothing but idealized models, our experiences show that they can well approximate
many industrial processes. Besides, control design methods based on LTI models
often lead to good results in many cases. Also, it should be emphasized that system
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identification is a technique of approximating real systems by means of our models
since there is no “true” system in practical applications [4].

1.2 Classical Identification Methods

Let the “true” system be represented by

��� ���� � ��������� � �����

where ����� is the “true” plant, and ����� is the output disturbance. Suppose that we
want to fit a stochastic single-input, single-output (SISO) LTI model (Figure 1.3)

��� ���� � � ��� ������ ����� ��	���

to a given set of input-output data, where 	 is a white noise with mean � and variance

�, and � � �

� contains all unknown parameters other than the noise variance. It
may also be noted that the noise � includes the effect of unmeasurable disturbances,
modeling errors, etc.

�
�

� ��� �
�

�
��

�

�����
� �

Figure 1.3. An SISO transfer function model

The transfer function of the plant model is usually given by

� ��� �� �
���� ��

���� ��
�


��
�� � � � �� 
��

��

� � ����� � � � �� �����
� � � �

where, if the plant has a delay, then the parameters 
�� � � � � 
� with � � � reduce to
zero. Also, the transfer function of the noise model is

���� �� �
���� ��

���� ��
�

� � ���
�� � � � �� ���

��

� � ����� � � � �� �����
(1.1)

where ���� �� is of minimal phase with ���� �� � �.
Suppose that we have observed a sequence of input-output data. Let the input-

output data up to time �� � be defined by

���� �� ������ ����� � � �� �� � � � � �� ��
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Then, it can be shown [109] that the one-step predicted estimate of the output ����
based on ���� is given by

����� �� � ������ ��� ��� ������ � ��������� �������

Moreover, we define the one-step prediction error 	��� �� �� ���� � ����� ��. Then, it
can be expressed as

	��� �� � ������ ��������� � ��� ������� ������� ��
���� (1.2)

Suppose that we have a set of data ����. If we specify a particular value to the
parameter �, then from (1.2), we can obtain a sequence of prediction errors

�	��� ��� � � 	� �� � � � � � � ��

where the initial conditions �	��� ��� � � ��� � � � � ��� should be given. When we
fit a model to the data ����, a principle of estimation is to select �� that produces the
minimum variance of prediction error. Thus the criterion function is given by


� ��� �
�

�

����

���

	���� �� (1.3)

A schematic diagram of the prediction error method (PEM) is displayed in Figure
1.4. Thus, a class of algorithms designed so that a function of prediction errors is
minimized is commonly called the PEM. Since the performance criterion of (1.3) is
in general a complicated function of the system parameters, the problem has to be
solved by iterative descent methods, which may get stuck in local minima.

Plant� � ������ ����

�����

� �

Model�
� � �

������ ���
�

����� ��
�

� ���� ��

��

Figure 1.4. Prediction error method

Example 1.1. Let ���� � ��������� in (1.1). Then we get the ARMAX1 model of
the form

1ARMAX= AutoRegressive Moving Average with eXogenous input.
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�������� � �������� � �������� (1.4)

where the unknown parameters are � � �	� � � � 	� 
� � � � 
� �� � � � ���
� and

the noise variance ��. Then, the one-step prediction error for the ARMAX model of
(1.4) is expressed as


��� �� � ����� ���������� ����������� ������� (1.5)

Obviously, the polynomial ���� �� should be stable in order to get a sequence of
prediction errors. Substituting (1.5) into (1.3) yields

�� ��� �
�

�

����

���

�
���� ��

���� ��
�����

���� ��

���� ��
����

��

Thus, in this case, the PEM reduces to a nonlinear optimization problem of minimiz-
ing the performance index �� ��� with respect to the parameter vector � under the
constraint that ���� �� is stable. �

For the detailed exposition of the PEM, including a frequency domain interpre-
tation of the PEM and the analysis of convergence of the estimate, see [109, 145].

1.3 Prediction Error Method for State Space Models

Consider an innovation representation of a discrete-time LTI system of the form

���� �� � ����� ������ ������ (1.6a)

���� � ����� ������ � ���� (1.6b)

where � � �� is the output vector, � � �� the input vector, � � �� the state vector,
� � �

� the innovation vector with mean zero and covariance matrix � � �, and
��� �� �� �� �� are matrices of appropriate dimensions. The unknown parameters
in the state space model are contained in these system matrices and covariance matrix
� of the innovation process.

Consider the application of the PEM to the multi-input multi-output (MIMO)
model (1.6). In view of Theorem 5.2, the prediction error 
��� �� is computed by a
linear state space model with inputs ����, ���� of the form

����� �� �� � ����� ������������ �� ��������� ���������


��� �� � ������� �� ��������� � ����

with the initial condition ����� �� � �. Then, in terms of 
��� ��, the performance
index is given by

�� ��� �
�

�

����
���

�
��� ����
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Thus the PEM estimates are obtained by minimizing �� ��� with respect to �, and the
covariance matrix � of � is estimated by computing the sample covariance matrix of
����, � � �� �� � � � � � � �.

If we can evaluate the gradient ���	��, we can in principle compute a (lo-
cal) minimum of the criterion �� ��� by utilizing a (conjugate) gradient method.
Also optimization methods need canonical parametrizations and it may be difficult
to guess a suitable canonical parametrization from the outset. Since no single con-
tinuous parametrization covers all possible multivariable linear systems with a fixed
McMillan degree, it may be necessary to change parametrization in the course of the
optimization routine.

Even if this difficulty can be tackled by using overlapping parametrizations or
pseudo-canonical forms, sensible complications in the algorithm in general result.
Thus the use of optimization criteria and canonical parametrizations can lead to local
minima far from the true solution, to complicated algorithms for switching between
canonical forms, and to numerically ill-conditioned problems due to poor identifia-
bility, i.e., to near insensitivity of the criterion to the variations of some parameters.
Hence it seems that the PEM method has inherent difficulties for MIMO systems.

It is well known that for a given triplet �
��� ��, there does not exist a global
canonical MIMO linear state space form [57, 67]. But there are some interests in
deriving a convenient parametrization for MIMO systems called an overlapping
parametrization, or pseudo-canonical form [54, 68].

Example 1.2. Consider the state space model of (1.6). An MIMO observable pseudo-
canonical form with �� � �� � � �� 
 � �� can be given by


 �

�
�������������

� � � � � � � � �
� � � � � � � � �
� � � � � � � � �

� � � � � � � � �
� � � � � � � � �
� � � � � � � � �
� � � � � � � � �

� � � � � � � � �
� � � � � � � � �

�
�������������

� � �

�
�������������

� � � �

� � � �

� � � �

� � � �

� � � �

� � � �

� � � �

� � � �

� � � �

�
�������������

� � �

�
�������������

� � �

� � �

� � �

� � �

� � �

� � �

� � �

� � �

� � �

�
�������������

� �

�
�
� � � � � � � � �

� � � � � � � � �

� � � � � � � � �

�
� � � �

�
�
� � � �

� � � �

� � � �

�
�

where � indicates independent parameters. See Appendix C, where an overlapping
parametrization is derived for a stochastic system.

The pair ��� 
� is observable by definition, but the reachability of pairs �
� ��
and �
� �� depends on the actual values of parameters. We see that 
 has �
 inde-
pendent parameters, and all the elements in ��� �� �� are independent parameters,
but the parameters in � are fixed. Thus the number of unknown parameters in the
overlapping parametrization above is �ovlap � 
���	�� 	 ��. On the other hand,



8 1 Introduction

the total number of parameters in ��� �� �� �� �� is �T � ��������	���	,
so that we can save �� parameters by using the above overlapping parametrization.
�

Recently, data driven local coordinates, which is closely related to the overlap-
ping parametrizations, have been introduced in McKelvey et al. [114].

1.4 Subspace Methods of System Identification

In this section, we glance at some basic ideas in subspace identification methods. For
more detail, see Chapter 6.

Basic Idea of Subspace Methods

Subspace identification methods are based on the following idea. Suppose that
an estimate of a sequence of state vectors of the state space model of (1.6) are
somehow constructed from the observed input-output data (see below). Then, for

 � �� �� � � � � � � �, we have�

���
� ��
��
�

�
�

�
� �

� �

� �
���
�

�
�

�
�

�
��
�
��
�

�
(1.7)

where �� � �
� is the estimate of state vector, 
 � �

� the input, � � �
� the output,

and �, � are residuals. It may be noted that since all the variables are given, (1.7) is a

regression model for system parameters � ��

�
� �

� �

�
� �

����������� . Thus the

least-squares estimate of � is given by

� �

�
����
���

�
���
� ��
��
�

� �
����
� 
��
�

�������
���

�
���
�

�
�

� �
����
� 
��
�

����

This class of approaches are called the direct N4SID methods [175]. We see that this
estimate uniquely exists if the rank condition

	
��

�
����� ����� � � � ���� � ��


��� 
��� � � � 
�� � ��

�
� ��	

is satisfied. This condition, discussed some 30 years ago by Gopinath [62], plays an
important role in subspace identification as well; see Section 6.3.

Moreover, the covariance matrices of the residuals are given by

�
� �

�� �

�
�

�

�

����
���

�
��
�
��
�

� �
���
� ���
�

�
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Thus, by solving a certain algebraic Riccati equation, we can derive a steady state
Kalman filter (or an innovation model) of the form�

����� ��
����

�
�

�
� �

� �

� �
�����
����

�
�

�
�

	�

�
�
���

where � is the steady state Kalman gain, �� is the estimate of state vector, and �
 is
the estimate of innovation process.

Computation of State Vectors

We explain how we compute the estimate of state vectors by the LQ decomposition;
this is a basic technique in subspace identification methods (Section 6.6). Suppose
that we have an input-output data from an LTI system. Let the block Hankel matrices
be defined by

������ �

�
����

���� ���� � � � ��� � ��
���� ���� � � � ����

...
...

. . .
...

��
 � �� ��
� � � � ��� � 
 � ��

�
���� � �

����

and

������ �

�
����

���� ���� � � � ��� � ��
���� ���� � � � ����

...
...

. . .
...

��
 � �� ��
� � � � ��� � 
 � ��

�
���� � �

����

where 
 � � and � is sufficiently large.
For notational convenience, let � and � denote the past and future, respectively.

Then, we define the past data as �� �� ������ and �� �� ������. Similarly, we de-
fine the future data as �� �� ������� and �� �� �������. Let the LQ decomposition
be given by �

� ����

��

�
� �

�
���� � �
��� ��� �
��� ��� ���

�
�
�
��

�
�

��
�

��
�

�
�

where ��� � �
����� , ��� � �

������������� and ��� � �
����� are upper

triangular, and ��� � � �� �� 	 are orthogonal matrices. Then, from Theorem 6.3, we

see that the oblique projection of the future �� onto the joint past �� ��

�
��
��

�

along the future �� is given by

� �� ����� ��� ���� � ����
�
����

where ���� denotes the pseudo-inverse. We can show that � can be factored as a
product of the extended observability matrix �� and the future state vector �� ��

��
� � � � ��
 �� � ��� � �

��� . It thus follows that
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� � ���� � ����
�
��
��

Suppose that the SVD of � be given by � � ��� � with ������� � �. Thus,
we can take the extended observability matrix as

�� � ����� (1.8)

Hence, it follows that the state vector is given by �� � �
�

�� � ����� �.
Alternatively, by using a so-called shift invariant property of the extended ob-

servability matrix of (1.8), we can respectively compute matrices � and 	 as

� � �
�
������
� � 	 
�� � 	 ��� 	 � ���� 	 
� � 	 ��

This class of approaches are called the realization-based N4SID methods [175]. For
detail, see the MOESP method in Section 6.5.

Summarizing, under certain assumptions, we can reconstruct the estimate of a
sequence of state vectors and the extended observability matrix from given input-
output data. Numerical methods of obtaining the state estimates and extended ob-
servability matrix of LTI systems will be explained in detail in Chapter 6. Once this
“trick” is understood, subspace identification methods in the literature can be under-
stood without any difficulty.

Why Subspace Methods?

Although modern control design techniques have evolved based on the state space
approach, the classical system identification methods have been developed in the
input-output framework until the mid-1980s. It is quite recent that the state concept
was introduced in system identification, thereby developing many subspace methods
based on classical (stochastic) realization theory.

From Figure 1.5, we see some differences in the classical and subspace meth-
ods of system identification, where the left-hand side is the subspace method, and
the right-hand side is the classical optimization-based method. It is interesting to ob-
serve the difference in the flow of two approaches; in the classical method, a transfer
function model is first identified, and then a state space model is obtained by us-
ing some realization technique; from the state space model, we can compute state
vectors, or the Kalman filter state vectors. In subspace methods, however, we first
construct the state estimates from given input-output data by using a simple proce-
dure based on tools of numerical linear algebra, and a state space model is obtained
by solving a least-squares problem as explained above, from which we can easily
compute a transfer matrix if necessary. Thus an important point of the study of sub-
space methods is to understand the key point of how the Kalman filter state vectors
and the extended observability matrix are obtained by using tools of numerical linear
algebra.

To recapitulate, the advantage of subspace methods, being based on reliable nu-
merical algorithms of the QR decomposition and the SVD, is that we do not need
(nonlinear) optimization techniques, nor do we need to impose onto the system a
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State space
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Kalman filter

Projection/SVD

Least-squares
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Figure 1.5. Subspace and classical methods of system identification ( [165])

canonical form. This implies that subspace algorithms can equally be applicable to
MIMO as well as SISO system identification. In other words, subspace methods do
not suffer from the inconveniences encountered in applying PEM methods to MIMO
system identification.

1.5 Historical Remarks

The origin of subspace methods may date back to multivariable statistical analy-
sis [96], in particular to the principal component analysis (PCA) and canonical cor-
relation analysis (CCA) due to Hotelling [74, 75] developed nearly 70 years ago. It
is, however, generally understood that the concepts of subspace methods have spread
to the areas of signal processing and system identification with the invention of the
MUSIC (MUltiple SIgnal Classification) algorithm due to Schmidt [140]. We can
also observe that the MUSIC is an extension of harmonic decomposition method of
Pisarenko [133], which is in fact closely related to the classical idea of Levin [104]
in the mid-1960s. For more detail, see the editorial of two special issues on Subspace
Methods (Parts I and II) of Signal Processing [176], and also [150, 162].

Canonical Correlation Analysis

Hotelling [75] has developed the CCA technique to analyze linear relations between
two sets of random variables. The CCA has been further developed by Anderson
[14]. The predecessor of the concept of canonical correlations is that of canonical
angles between two subspaces; see [21]. In fact, the �th canonical correlation �� be-
tween two sets of random variables is related to the �th canonical angle �� between
two Hilbert spaces generated by them via �� � ��� ��.
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Gel’fand and Yaglom [52] have introduced mutual information between two sta-
tionary random processes in terms of canonical correlations of the two processes.
Björck and Golub [21] have solved the canonical correlation problem by using the
SVD. Akaike [2, 3] has analyzed the structure of the information interface between
the future and past of a stochastic process by means of the CCA, and thereby de-
veloped a novel stochastic realization theory. Pavon [126] has studied the mutual
information for a vector stationary process, and Desai et al. [42, 43] have developed
a theory of stochastic balanced realization by using the CCA. Also, Jonckheere and
Helton [77] have solved the spectral reduction problem by using the CCA and ex-
plored its relation to the Hankel norm approximation problem.

Hannan and Poskit [68] have derived conditions under which a vector ARMA
process has unit canonical correlations. More recently, several analytical formulas for
computing canonical correlations between the past and future of stationary stochastic
processes have been developed by De Cock [39].

Stochastic Realization

Earlier results on the stochastic realization are due to Anderson [9] and Faurre [45].
Also, related spectral factorization results based on the state space methods are given
by Anderson [7, 8]. By using the deterministic realization theory together with the
LMI and algebraic Riccati equations, Faurre [45–47] has made a fundamental contri-
bution to the stochastic realization theory. In Akaike [1], a stochastic interpretation
of various realization algorithms, including the algorithm of Ho and Kalman [72], is
provided. Moreover, Aoki [15] has derived stochastic realization algorithm based on
the CCA and deterministic realization theory. Subspace methods of identifying state
space models have been developed by De Moor et al. [41], Larimore [100, 101] and
Van Overschee and De Moor [163]. Lindquist and Picci [106] have analyzed state
space identification algorithms in the light of geometric theory of stochastic realiza-
tion. Also, the conditional canonical correlations have been defined and employed
to develop a stochastic realization theory in the presence of exogenous inputs by
Katayama and Picci [90].

Subspace Methods

A new approach to system identification based on the QR decomposition and the
SVD has emerged and many papers have been published in the literature in the late-
1980s, e.g. De Moor [41], Moonen et al. [118, 119]. Then, these new techniques
have led to a development of various subspace identification methods, including
Verhaegen and Dewilde [172, 173], Van Overschee and De Moor [164], Picci and
Katayama [130], etc. In 1996, a first comprehensive book on subspace identifica-
tion of linear systems is published by Van Overschee and De Moor [165]. Moreover,
some recent developments in the asymptotic analysis of N4SID methods are found in
Jansson and Wahlberg [76], Bauer and Jansson [19], and Chiuso and Picci [31, 32].
Frequency domain subspace identification methods are also developed in McKelvey
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et al. [113] and Van Overschee et al. [166]. Among many papers on subspace iden-
tification of continuous-time systems, we just mention Ohsumi et al. [120], which is
based on a mathematically sound distribution approach.

1.6 Outline of the Book

The primary goal of this book is to provide an in-depth knowledge and algorithms
for the subspace methods for system identification to advanced students, engineers
and applied scientists. The plan of this book is as follows.

Part I is devoted to reviews of some results frequently used throughout this book.
More precisely, Chapter 2 introduces basic facts in numerical linear algebra, includ-
ing the QR decomposition, the SVD, the projection and orthogonal projection, the
least-squares method, the rank of Hankel matrices, etc. Some useful matrix formulas
are given at the end of chapter as problems.

Chapter 3 deals with the state space theory for linear discrete-time systems,
including the reachability, observability, realization theory, and model reduction
method, etc.

In Chapter 4, we introduce stochastic processes, spectral analysis, and discuss
the Wold decomposition theorem in a Hilbert space of a second-order stationary
stochastic process. We also present a stochastic state space model, together with
forward and backward Markov models for a stationary process.

Chapter 5 considers the minimum variance state estimation problem based on
the orthogonal projection, and then derives the Kalman filter algorithm and discrete-
time Riccati equations. Also derived are forward and backward stationary Kalman
filters, which are respectively called forward and backward innovation models for a
stationary stochastic process.

Part II provides a comprehensive treatment of the theories of deterministic and
stochastic realization. In Chapter 6, we deal with the classical deterministic realiza-
tion result due to Ho and Kalman [72] based on the SVD of Hankel matrix formed
by impulse responses. By defining the future and past of the data, we explain how
the LQ decomposition of the data matrix is utilized to retrieve the information about
the extended observability matrix of a linear system. We then derive the MOESP
method [172] and N4SID method [164, 165] in deterministic setting. The influence
of white noise on the SVD of a wide rectangular matrix is also discussed, and some
numerical results are included.

Chapter 7 is addressed to the stochastic realization theory due to Faurre [46] by
using the LMI and spectral factorization technique, and to the associated algebraic
Riccati equation (ARE) and algebraic Riccati inequality (ARI). The positive realness
of covariance matrices is also proved with the help of AREs.

In Chapter 8, we present the stochastic realization theory developed by Akaike
[2]. We discuss the predictor spaces for stationary stochastic processes. Then, based
on the canonical correlations of the future and past of a stationary process, balanced
and reduced stochastic realizations of Desai et al. [42, 43] are derived by using the
forward and backward Markov models.
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Part III presents our stochastic realization results and their adaptation to sub-
space identification methods. Chapter 9 considers a stochastic realization theory in
the presence of an exogenous input based on Picci and Katayama [130]. We first re-
view projections in a Hilbert space and consider feedback-free conditions between
the joint input-output process. We then develop a state space model with a natural
block structure of such processes based on a preliminary orthogonal decomposition
of the output process into the deterministic and stochastic components. By adapting
it to the finite input-output data, subspace identification algorithms, called the ORT,
are derived based on the LQ decomposition and the SVD.

In Chapter 10, based on Katayama and Picci [90], we consider the same stochas-
tic realization problem treated in Chapter 9. By formulating it as a multi-stage Wiener
prediction problem and introducing the conditional canonical correlations, we extend
the Akaike’s stochastic realization theory to a stochastic system with an exogenous
input, deriving a subspace stochastic identification method called the CCA method.
Some comparative numerical studies are included.

Chapter 11 is addressed to closed-loop subspace identification problems in the
framework of the joint input-output approach. Based on our results [87, 88], two
methods are derived by applying the ORT and CCA methods, and some simulation
results are included. Also, under the assumption that the system is open-loop stable,
a simple method of identifying the plant, controller and the noise model based on the
ORT method is presented [92].

Finally, Appendix A reviews the classical least-squares method for linear regres-
sion models and its relation to the LQ decomposition. Appendix B is concerned
with input signals for system identification and the PE condition for deterministic
as well as stationary stochastic signals. In Appendix C, we derive an overlapping
parametrization of MIMO linear stochastic systems. Appendix D presents some of
MATLAB R� programs used for simulation studies in this book. Solutions to problems
are also provided in Appendix E.

1.7 Notes and References

Among many books on system identification, we just mention Box and Jenkins [22],
Goodwin and Payne [61], Ljung [109], Söderström and Stoica [145], and a recent
book by Pintelon and Schoukens [132], which is devoted to a frequency domain
approach. The book by Van Overschee and De Moor [165] is a first comprehen-
sive book on subspace identification of linear systems, and there are some sections
dealing with subspace methods in [109, 132]. Also, Mehra and Lainiotis [116], as a
research oriented monograph, includes collections of important articles for system
identification in the mid-1970s.
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Linear Algebra and Preliminaries

In this chapter, we review some basic results in numerical linear algebra, which are
repeatedly used in later chapters. Among others, the QR decomposition and the sin-
gular value decomposition (SVD) are the most valuable tools in the areas of signal
processing and system identification.

2.1 Vectors and Matrices

Let � be the set of real numbers,�� the set of �-dimensional real vectors, and ����

the set of � � � real matrices. The lower case letters �, �, � � � denote vectors, and
capital letters �, �, �, � � � � � , � , 	, � � � denote matrices. Transpositions of a
vector � and a matrix � are denoted by �� and ��, respectively. The determinant of
a square matrix � is denoted by ���, or ������, and the trace by ��������.

The � � � identity matrix is denoted by 
�. If there is no confusion, we simply
write 
 , deleting the subscript denoting the dimension. The inverse of a square matrix
� is denoted by ���. We also use ��� to denote ������ 	 ������. A matrix
satisfying �� 	 � is called a symmetric matrix. If a matrix � � ���� with � � �

satisfies ��� 	 
�, it is called an orthogonal matrix. Thus, for an orthogonal matrix
� 	 
�� �� � � � ���� �� � �

� � 
 	 �� � � � �, we have ��� �� 	 Æ�� , 
� � 	 �� � � � � �,
where Æ�� is the Kronecker delta defined by

Æ�� 	

�
�� 
 	 �


� 
 �	 �

For vectors �� � � �� , the inner product is defined by

��� �� 	 ��� 	

��
���

���� 	 ���

Also, for � � ���� and � � �� , we define the quadratic form
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���� � ��� ��� �
��

�����

������� (2.1)

Define �� � ��������. Then, we have �� ��� � ����. Thus it is assumed without
loss of generality that � is symmetric in defining a quadratic form.

If ���� � �� � �� �, then � is positive definite, and is written as � � �. If
���� � � holds,� is called nonnegative definite, and is written as� � �. Moreover,
if ��� � � (or � �) holds, then we simply write � � � (or � � �).

The basic facts for real vectors and matrices mentioned above can carry over to
complex vectors and matrices. Let � be the set of complex numbers, � � the set of
�-dimensional complex vectors, and ���� the set of �� � complex matrices. The
complex conjugate of 	 � � is denoted by �	, and similarly the complex conjugate
transpose of � � ����� � ���� is denoted by �� � ������. We say that � � � ���

is Hermitian if �� � �, and unitary if ��� � 
�.
The inner product of �� � � � � is defined by

��� �

��

���

����� � ���

As in the real case, the quadratic form ����, � � �
� is defined for a Hermitian

matrix �. We say that � is positive definite if ���� � �� � �� �, and nonnegative
definite if ���� � �; being positive (nonnegative) definite is written as � � �
(� � �).

The characteristic polynomial for � � ���� is defined by

���
� �� �	
�

 ��� � 
� � ��

��� � � � �� ����
 � �� (2.2)

The � roots of ���
� � � are called the eigenvalues of �. The set of eigenvalues of
�, denoted by 	���, is called the spectrum of �. The �th eigenvalue is described by
	����. Since ���
� has real coefficients, if 	 � � is an eigenvalue, so is �	 � � . If
	 � 	���, there exists a vector � � � � satisfying

�� � 	�� � �� �

In this case, � � �
� is called an eigenvector corresponding to the eigenvalue 	. It

may be noted that, since the eigenvalues are complex, the corresponding eigenvectors
are also complex.

Let the characteristic polynomial of � � ���� be given by (2.2). Then the
following matrix polynomial equation holds:

����� �� �� � ���
��� � � � �� ������ �� 
 � � (2.3)

where the right-hand side is the zero matrix of size � � �. This result is known as
the Cayley-Hamilton theorem.

We see that the eigenvalues 	�� � � �� � � � � � of a symmetric nonnegative defi-
nite matrix � � ���� are nonnegative. Thus by means of an orthogonal matrix � ,
we can transform � into a diagonal form, i.e.,
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����� �

�
����

��
��

. . .
��

�
���� � �������� ��� � � � � ���

Define �� �
�
��� � � �� � � � � �. Then we have

� � �

�
����

��
��

. . .
��

�
����

�
����

��
��

. . .
��

�
�����

��

Also, let � be given by

� �

�
����

��
��

. . .
��

�
�����

��

Then it follows that � � ���, so that � is called a square root matrix of �, and is
written as

�
� or ����. For any orthogonal matrix �, we see that �� � �� satisfies

� � ��
�
�� so that �� is also a square root matrix of �, showing that a square root

matrix is not unique.
Suppose that � � �	��� � ���� . Then, ��
 � �� � � 
� denotes the submatrix of

� formed by 
� 
	 �� � � � � � rows and �� � 	 �� � � � � 
 columns, e.g.,

��
 � �� 
 � �� �

�
�
	�� 	�� 	�� 	��
	�� 	�� 	�� 	��
	�� 	�� 	�� 	��

�
�

In particular, ��
 � �� �� means the submatrix formed by 
� 
 	 �� � � � � � rows, and
similarly ���� � � 
� the submatrix formed by �� � 	 �� � � � � 
 columns. Also, ���� ��
and ���� �� respectively represent the �th row and �th column of �.

2.2 Subspaces and Linear Independence

In the following, we assume that scalars are real; but all the results are extended to
complex scalars.

Consider a set � which is not void. For �� � � �, and for a scalar � � �, the
sum � 	 � and product �� are defined. Suppose that the set � satisfies the axiom
of “linear space” with respect to the addition and product defined above. Then � is
called a linear space over �. The set of �-dimensional vectors �� and � � are linear
spaces over � and � , respectively.



20 2 Linear Algebra and Preliminaries

Suppose that � be a subset of a linear space �. For any ��� �� � � and ��,
�� � �, if ���� � ���� �� holds, then� is called a subspace of �, and this fact
is simply expressed as� � �.

For a set of vectors ���� � � � � ��� in �� , if there exist scalars ��� � � � � �� with
�� �� � for at least an � such that

��

���

���� � �

holds, then ���� � � � � ��� are called linearly dependent. Conversely, if we have

��

���

���� � � � �� � � � � � �� � �

then ���� � � � � ��� are called linearly independent.
All the linear combinations of vectors ���� � � � � ��� in �� form a subspace of

�
� , which is written as

� � �������� � � � � ��� �

��
�

��
���

����

���� ��� � � � � �� � �
��
�

If ���� � � � � ��� are linearly independent, they are called a basis of the space�.
Suppose that � is a subspace of �� . Then there exists a basis ���� � � � � ��� in

� such that
� � �������� � � � � ���

Hence, any � � � can be expressed as a linear combination of the form

� �

��
���

���� � ��� � � � � �� � �

where ��� � � � � �� are components of � with respect to the basis ���� � � � � ���.
Choice of basis is not unique, but the number of the elements of any basis is unique.
The number is called the dimension of �, which is denoted by ��	
��.

For a matrix � � ���� , the image of � is defined by

�	
�� � �� � �� � � � ��� � � ��� � ���

This is a subspace of �� , and is also called the range of �. If � � 
	� � � � 	��, then
we have �	
�� � �����	�� � � � � 	��. Moreover, the set of vectors mapped to zero
are called the kernel of �, which is written as

���
�� � �� � �� � �� � ��

This is also called the null space of �, a subspace of �� .
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The rank of � � �
��� is defined by ������ �� and is expressed as ���	���.

We see that ���	��� 
 � if and only if the maximum number of independent vec-
tors among the column vectors ��� � � � � �� of � is �. This is also equal to the
number of independent vectors in row vectors ���

�
� � � � � ���

�
of �. Thus it follows

that ���	��� 
 ���	����.
It can be shown that for � � ���� ,

������ �� � ����
�� �� 
 � (2.4)

Hence, if � 
 � holds, the following are equivalent:

(i) � : nonsingular (ii) 
����� 
 ��� (iii) ���	��� 
 �

Suppose that �� � � �
� . If ��� 
 �, or if the vectors are mutually orthogonal,

we write � � �. If ��� 
 � holds for all � � � � �
� , we say that � is orthogonal

to �, which is written as � � �. The set of � � �
� satisfying � � � is called the

orthogonal complement, which is expressed as

�
� 
 �� � �� � ��� 
 �� �� � ��

The orthogonal complement �� is a subspace whether or not � is a subspace.
Let �� � � �

� be two subspaces. If ��	 
 � holds for any � � � and 	 ��,
then we say that � and� are orthogonal, so that we write � � �. Also, the vector
sum of � and� is defined by

� �� 
 �� � 	 � � � �� 	 �� �

It may be noted that this is not the union � 	� of the two subspaces. Moreover, if
�
� 
 ��� holds, the vector sum is called the direct sum, and is written as ���.
Also, if � �� holds, then it is called the direct orthogonal sum, and is expressed as
���.

For a subspace � � �
� , we have a unique decomposition

�
� 
 �� �� (2.5)

This implies that � � �� has a unique decomposition � 
 � � 	, � � �� 	 � ��.
Let � � �

� be a subspace, and � � ���� a linear transform. Then, if

� � � � �� � � ��� � ��

holds, � is called an �-invariant subspace. The spaces spanned by eigenvectors, and
�����, 
����� are all important �-invariant subspaces of �� .

2.3 Norms of Vectors and Matrices

Definition 2.1. A vector norm �
 � 
� has the following properties.
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(i) ��� � �� ��� � � � � � �

(ii) ���� � ��� ��� � � : scalar

(iii) ��� �� � ���� ��� (triangular inequality) �

For a vector � � ���� � � � � ���
� � �

� , the �-norm (or Euclidean norm) is
defined by

���� �
�
����

� � � � �� ����
�
����

and the infinity-norm is defined by

���� � ��	������ � � � � �����

Since � � �
��� can be viewed as a vector in ��� , the definition of a matrix

norm should be compatible with that of the vector norm. The most popular matrix
norms are the Frobenius norm and the �-norm. The former norm is given by

���� �

����
��
���

��
���

���� �
�


���
����� (2.6)

The latter is called an operator norm, which is defined by

���� � ���
����

�����
����

(2.7)

We have the following inequalities for the above two norms:

����� � ���� ����� ����� � ���� ����� � � �� �

If 	 is orthogonal, i.e., 	�	 � 
 , we have �	���� � ��	�	� � �����. Moreover,
it follows that �	��� � ���� for � � �� � . Thus we see that the �-norm and
Frobenius norm are invariant under orthogonal transforms. We often write the 2-
norm of � as ���, suppressing the subscript.

For a complex vector � � � � , and a complex matrix � � ���� , their norms are
defined similarly to the real cases.

Lemma 2.1. For � � ���� , the spectral radius is defined by

���� � ��	�������� � � � �� � � � � 
� (2.8)

Then, ���� � ���� holds.
Proof. Clearly, there exists an eigenvalue � for which ��� � ����. Let �� � ��,
� 	� �. Let � �� �� � � � � �� � � ��� , and consider �� � �� . Then, for any
matrix norm � � ��, we have

��� � ���� � ����� � ����� � ���� � ����� ���� 	� �

and hence ��� � ���� � ����. �

More precisely, the above result holds for many matrix norms [73].
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2.4 QR Decomposition

In order to consider the QR decomposition, we shall introduce an orthogonal trans-
form, called the Householder transform (see Figure 2.1).

Lemma 2.2. Consider two vectors � �� � � �� with ��� � ���. Then there exists
a vector � � �� such that

�� � ������ � �� ��� � � (2.9)

The vector � is defined uniquely up to signature by

� � �
�� �

��� ��
(2.10)

�

�

�

�
span ��� �

�� � �

span ����

Figure 2.1. Householder transform

Proof. By using (2.10) and the fact that ��� � ��� and ��� � ���, we compute
the left-hand side of (2.9) to get

�� � ������ � ��
���� ����� ���

�� � ������ ��
� � ��

���� ������� ����

���� ��� � ���� ���

� ��
���� ������� ����

������ ����
� �

Suppose now that a vector � � �
� also satisfies the condition of this lemma. Then

we have ��� � �, and hence

� � �� � ������ � �� � ������ � ������ � ������� � �

Putting � � � (or � � �) yields ��� � ��. Thus it follows that � � ��, showing
the uniqueness of the vector � up to signature. �

The matrix � �� � � ���� of Lemma 2.2, called the Householder transform, is
symmetric and satisfies

� � � �� � ������ � � � ���� � ��������� � �
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Thus it follows that ��� � � � ��, implying that � is an orthogonal transform,
and that �� � �, �� � � hold.

Let �� � � �� with ��� � ���. We consider a problem of transforming the vector
� into the vector �, of which the first element is nonzero, but the other elements are
all zeros. More precisely, we wish to find a transform that performs the following
reduction

� �

�
����
��
��
...
��

�
���� �� � �

�
����
��
�
...
�

�
���� � ��� � ��� � ����

Since ��� � ���, we see that �� � ����. It follows that

�� �� �� � �

�
����
�� � ��
��
...
��

�
���� � ����� � ������ � ��� � ������

It should be noted that if the sign of �� is chosen as the same as that of ��, there
is a possibility that ���� ��� has a small value, so that a large relative error may arise
in the term ��� � �����. This difficulty can be simply avoided by choosing the sign
of �� opposite to that of ��.

We now define

� �� � �
������

�����
� � �

�����

����
� � �

�����

�����
(2.11)

Noting that ��� � ��
�

and ��� � ����, we have

�� �

�
� �

��� ����� ���

�����

�
� � ��

��� ������� ����

����� � ���
� �

Hence, by knowing �� � � � � and ��, the vector � can be transformed into the
vector � with the specified form. It is well known that this method is very efficient
and reliable, since only the first component of � is modified in the computation. In
the following, �� plays the role of the vector � in the Householder transform, though
the norm of �� is not unity.

Now we introduce the QR decomposition, which is quite useful in numerical
linear algebra. We assume that matrices are real, though the QR decomposition is
applicable to complex matrices.

Lemma 2.3. A tall rectangular matrix � � �
��� , 	 � 
 is decomposed into a

product of two matrices:
� � �� (2.12)

where � � �
��� is an orthogonal matrix with ��� � ��, and � � �

��� is an
upper triangular matrix. The right-hand side of (2.12) is called the QR decomposi-
tion of �.
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Proof. The decomposition is equivalent to ��� � �, so that �� is an orthogonal
matrix that transforms a given matrix � into an upper triangular matrix. In the fol-
lowing, we give a method of performing this transform by means of the Householder
transforms.

Let ���� � ���� ��, the first column vector of �. By computing ���� �� �� and

�
���
� , we perform the following transform:

���� ��

�
����

���
���

...
���

�
���� �� ���� �

�
����

��� � �
���
�

���
...

���

�
���� � ���� �

�
����

�
���
�

�
...
�

�
����

where ����� � �������. According to (2.11), let

� ��� �� � � �����������	�����������

and � ���� �� ����. Then we get

� ���� � ���� �

�
������

�
���
� �

���
�� �

���
�� � � � �

���
��

� �
���
�� �

���
�� � � � �

���
��

...
...

...
...

� �
���
�� �

���
�� � � � �

���
��

�
������

Thus the first column vector of ���� is reduced to the vector ����, where the column
vectors ��, � � � , �� are subject to effects of � ���. But, in the transforms that follow,
the vector ���� �� ������� �� is intact, and this becomes the first column of �.

Next we consider the transforms of the second column vector of ����. We define
����, ���� and ���� as

���� ��

�
�������

�

�
���
��

�
���
��
...

�
���
��

�
�������

�� ���� �

�
�������

�

�
���
�� � �

���
�

�
���
��
...

�
���
��

�
�������
� ���� �

�
������

�

�
���
�

�
...
�

�
������

where ����� � �������. Let � ��� be defined by

� ��� �� � � �����������	����������� �

�
�����

� � � � � �

� �
���
�� � � � �

���
��

...
...

. . .
...

� �
���
�� � � � �

���
��

�
�����
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We see that � ��� is an orthogonal matrix, for which all the elements of the first row
and column are zero except for ��� ��-element. Thus pre-multiplying ���� by � ���

yields

� ������� � � ���� ���� � ���� �

�
�������

�
���
� �

���
�� �

���
�� � � � �

���
��

�
���
� �

���
�� � � � �

���
��

�
���
�� � � � �

���
��

�

...
...

�
���
�� � � � �

���
��

�
�������

where we note that the first row and column of ���� are the same as those of ����

due to the form of � ���.
Repeating this procedure until the �th column, we get an upper triangular matrix

���� of the form

� ���� �����
� � �� ���� � ���� �

�
�

�

�
(2.13)

Since each component � ���� � � �� � � � � � is orthogonal and symmetric, we get

� � � ���� ���
� � �� ������� � �

�
�

�

�

where � � �
��� is upper triangular and � � �	�� � � � � 	�� � �

��� is orthogonal.
This completes a proof of lemma. �

The QR decomposition is quite useful for computing an orthonormal basis for a
set of vectors. In fact, it is a matrix realization of the Gram-Schmidt orthogonaliza-
tion process. Suppose that � � �

��� and ��	
��� � �. Let the QR decomposition
of � be given by

� � ��� ����

�
�

�

�
� ���� �� � �

��� (2.14)

Since � is nonsingular, we have ����� � ������, i.e., the column vectors of ��

form an orthonormal basis of �����, and those of ��� forms an orthonormal basis
of the orthogonal complement ������.

It should, however, be noted that if ��	
��� � 
 � �, the QR decomposi-
tion does not necessarily gives an orthonormal basis for �����, since some of the
diagonal elements of � become zero. For example, consider the following QR de-
composition

� � ��� �� ��� � �	� 	� 	��

�
� � 
 �
� � �
� � �

�
�

Though we see that ��	
��� � 
, it is impossible to span ����� by any two vectors
from 	�� 	�� 	�. But, for ��	
��� � 
 � �, it is easy to modify the QR decomposi-
tion algorithm so that the 
 column vectors �	�� � � � � 	�� form an orthonormal basis
of ����� with column pivoting; see [59].
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2.5 Projections and Orthogonal Projections

Definition 2.2. Suppose that �� be given by a direct sum of subspaces � and �,
i.e.,

�
� � ���� � �� � ���

Then, � � �� can be uniquely expressed as

� � � � �� � � �� � �� (2.15)

where � is the projection of � onto � along�, and � is the projection of � onto�
along �. The uniqueness follows from � �� � ���. �

�

�

�

�

�

�

�

�
�

Figure 2.2. Oblique (or parallel) projection

The projection is often called the oblique (or parallel) projection, see Figure 2.2.
We write the projection operator that transforms � onto � along � as ����. Then,

we have � � ������� and � � �������, and hence the unique decomposition of
(2.15) is written as

� � ������� � �������

We show that the projection is a linear operator. For �� � � �
� , we have the

following decompositions

� � � � �� � � �� �� �� � � �� �� � ��

Since �� � � �� � �� � �� � ��� �� � � �� � � � ��, we see that � � � is the
oblique projection of �� � onto � along�. Hence, we have

������� �� � � � � � ������� � �������

Moreover, for any �, we get �� � �� � ��� �� � �� �� � �, so that �� is the
oblique projection of �� onto � along�, implying that

�������� � �� � ��������

From the above, we see that the projection ���� is a linear operator on �� , so that it
can be expressed as a matrix.
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Lemma 2.4. Suppose that � � ���� is idempotent, i.e.,

� � � � (2.16)

Then, we have
����� � � ����� � � � (2.17)

and vice versa.

Proof. Let � � ����� �. Then, since �� � �, we get � � �� � � �� � ���� � � �,
implying that ����� � � ������ �. Also, for any � � �� , we see that � ���� �� �
�, showing that ���� � � � � ����� �. This proves (2.17). Conversely, for any
� � �� , let � � ���� ��. Then, we have � � ����� �, so that � � �� � � ���� ��
holds for any � � �� , implying that � � � � . �

Corollary 2.1. Suppose that (2.16) holds. Then, we have

�
� � ���� � 	 ����� � (2.18)

Proof. Since any � � �� can be written as � � ��	���� ��, we see from (2.17)
that

�
� � ���� � � ���� � � � � ���� � ������ � (2.19)

Now let � � ���� � � ����� �. Then we have � � ��, � � �
� and �� � �. From

(2.16), we get � � �� � � �� � �� � � and hence ���� � ������ � � ���. Thus
the right-hand side of (2.19) is expressed as the direct sum. �

We now provide a necessary and sufficient condition such that � is a matrix that
represents an oblique projection.

Lemma 2.5. A matrix � � ���� is the projection matrix onto ���� � along����� �
if and only if (2.16) holds.

Proof. We prove the necessity. Since, for any � � �� , � � �� � ���� �, we have
� ���� � �� � � � �� for all �, implying that � � � � holds. Conversely, to
prove the sufficiency, we define

� 
� �� � � � ��� � � ���� � 
� �� � � � �� � � ��� � � ���

Since � �� � ���, Lemma 2.4 implies that � � �� is decomposed uniquely as

� � ��	 �� � � �� � � 	 �� � � �� � ��

From Definition 2.2, we see that � is the projection matrix onto � � ���� � along
� � ����� �. �

Example 2.1. It can be shown that � � �
��� is a projection if and only if � is

expressed as
� � �	��

�� (2.20)

where � is a nonsingular matrix, and 	� is given by
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�� � ������� � � � � �� �� �
�

� �� � � � � �� (2.21)

In fact, it is obvious that � of (2.20) satisfies � � � � . Conversely, suppose that
� � � � holds. Let

	
�� � � ���
���� � � � � ���� ����� � � ���
������ � � � � ���

Noting that � � 	
�� � � �� � � and that � � ����� � � �� � �, we get

� ��� � � � �� ���� � � � ��� � ��� � � � �� ���� � � � ���

�
�� �
� �

�

From Corollary 2.1, � � ��� � � � ��� is nonsingular, showing that (2.20) holds.
Thus it follows from (2.20) that if � � � � , then ��
��� � � ������� �. �

Definition 2.3. Suppose that � � �
� . Then, any � � �

� can uniquely be decom-
posed as

� � � � 	� � � �� 	 � �� (2.22)

This is a particular case with� � �� in Definition 2.2, and � is called the orthog-
onal projection of � onto �. See Figure 2.3 below. �

�

�

�

�

�

� � �
�

�

�
�

Figure 2.3. Orthogonal projection

For �� 
 � �
� , we consider the orthogonal decompositions � � �� � 	� and


 � �� � 	�, where ��� �� � � and 	�� 	� � ��. Let � be the orthogonal
projection onto � along ��. Then, �� � ��, �� � �
. Since �� � 	�, �� � 	�,

��� �
� � ��� � 	�� ��� � ���� ��� � ���� �� � 	��

� ���� 
� � ��� ��
�

holds for any �� 
, so that we have � � ��. The next lemma provides a necessary
and sufficient condition such that � is an orthogonal projection.

Lemma 2.6. The matrix � � ���� is the orthogonal projection onto 	
�� � if and
only if the following two conditions hold.

(i) � � � � (ii) �� � � (2.23)



30 2 Linear Algebra and Preliminaries

Proof. (Necessity) It is clear from Lemma 2.5 that � � � � holds. The fact that
�� � � is already proved above.

(Sufficiency) It follows from Lemma 2.5 that the condition (i) implies that
� is the projection matrix onto ���� � along ����� �. Condition (ii) implies that
����� � � ������� � ��� � ��. This means that the sufficiency part holds. �

Let � � ���� with ��	
��� � � and ����� � � � �
� . Let the QR decompo-

sition of � be given by (2.14). Then, it follows that ������ � �. Also, define

�� � ���
�
�
� ���� (2.24)

It is clear that ��
�
� �� and � �

�
� ��, so that the conditions (i) and (ii) of Lemma

2.6 are satisfied. Therefore, if we decompose � � �� as

� � �� �� � � �� � � �� (2.25)

then we get � � ��� and � � �� � ����. Hence, �� and � � �� are orthogonal
projections onto ��� �� �� and ��, respectively.

Lemma 2.7. Suppose that� is a subspace of �� . Then, for any � � �� , ��� is the
unique vector satisfying the following

��	
���

�� � �� � �� � ����

Proof. If � � �, then ��� � �. Now suppose that � �� �. For any � � �,
we have � � ��� � �, but �� � ���� is orthogonal to �. Thus it follows that
�� ��� � �� � ����. Hence,

�� � ��� � ��� � ���� � ��� �����
� � ��� � �����

� � ��� ����
�

The right-hand side is minimized by � � ���, which is unique. �

2.6 Singular Value Decomposition

Though the singular value decomposition (SVD) can be applied to complex matrices,
it is assumed here that matrices are real.

Lemma 2.8. Suppose that the rank of � � �
��� is � � ��	�	�
�. Then, there

exist orthogonal matrices � � ���� and � � ���� such that

� � �

�

� 


 


�
� �� 
� �

�
����
��

��
. . .

��

�
���� (2.26)

where ��� � ��, � �� � ��, and
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�� � �� � � � � � �� � ���� � � � � � �� � �� � � ������ ��

We say that ��� � � � � �� are the singular values of �, and that (2.26) is the singular
value decomposition (SVD).

Proof. Suppose that we know the eigenvalue decomposition of a nonnegative def-
inite matrix. Since ��� � �

��� is nonnegative definite, it can be diagonalized by
an orthogonal transform � � ���� . Let the eigenvalues of ��� be given by ��, ��,
� � � , ��, and let the corresponding eigenvectors be given by 	�, 	�, � � � , 	� � �

� .
Thus we have ���	� � ��	�, 
 � �� � � � � �. However, since �	�
��� � �, we have
�� � �� � � � � � �� � ���� � � � � � �� � �. Define �� �

�
��� 
 � �� � � � � �,

and � � ��� ���
, where

�� � �	� 	� � � � 	�
� ��� � �	��� 	��� � � � 	�


It then follows that � �� � �� and that

���	� � ��� 	�� 
 � �� � � � � � (2.27a)

���	� � �� 
 � � � �� � � � � � (2.27b)

Also we define 
� �� ����
��
� � ���� . We see from (2.27a) that ����� � ���

�
�

holds and


�
� 
� � ���� � �

� ������
��
� � ���� � �

� ����
�
���

��
� � �� (2.28)

In other words, the column vectors in 
� form a set of orthonormal basis.
Now we choose �
� � �������� so that


 � �
� �
�
 � ����

is an orthogonal matrix, i.e., 
�
 � ��. Then it follows that


��� �

�

�
�

�
�
�

�
� ��� ���
 �

�

�
� ��� 
�

� �
���

�
�
� ���

�
�
� �

���

�

We see from (2.28) that the ��� ��-block element of the right-hand side of the above
equation is ��. From (2.27b), we get � ��� � �. Thus ��� ��- and ��� ��-block ele-
ments are zero matrices. Also, since �
� and 
� are orthogonal, �
�

� ����
��
� � �,

implying that ��� ��-block element is also zero matrix. Thus we have shown that


��� �

�
�� �
� �

�
� �

This completes the proof. �

It is clear that (2.26) can be expressed as

� � 
�� � � 
����
�
� (2.29)
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where �� � ���� and �� � ���� . Note that in the following, we often write (2.29)
as � � ����

�, which is called the reduced SVD.
Let ���� be the set of singular values of �, and ����� �th singular value. As

we can see from the above proof, the singular values of � are equal to the positive
square roots of the eigenvalues of ���, i.e., for � � ���� ,

����� �
�
�������� � � �� � � � � �

Also, the column vectors of � , the left singular vectors of �, are the eigenvec-
tors of ���, and the column vectors of � , the right singular vectors of �, are the
eigenvectors of ���. From (2.29), we have ��� � ���� and ���� � ����, so
that the �th right singular vector and the �th left singular vector are related by

�	� � ��
�� ��
� � ��	�� � � �� � � � � �
In the following, ���� and ���� denote the maximum and the minimum singular

values, respectively.

Lemma 2.9. Suppose that ������� � � � �	������. Then, the following proper-
ties (i)�(v) hold.

(i) Images and kernels of � and ��:


���� � 
������ ������ � 
�� 
���


����� � 
������ ������� � 
�� 
���

(ii) The dyadic decomposition of �:

� �

��
���

��
�	
�
� �� ��� ��

(iii) The Frobenius norm and �-norm:

���� �
�
��� � � � �� ��

�
� ���� � ��

(iv) Equivalence of norms:

���� � ���� � �

 ����� 
 � �	������

(v) The approximation by a lower rank matrix: Define the matrix �� by

�� �

��
���

��
�	
�
�
� � � �

Then, we have ���� ���� � �, and

�	�
rank�����

������ � ������� � ����

where � � ���� .
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Proof. For a proof, see [59]. We prove only (v). Since

���� � �������� � � � � �� ����� � � � � ����
�

we have �� � ���� � ����. Let � � �
��� be a matrix with rank �. Then, it

suffices to show that �� � ��� � ����. Let ��� � �
� � � � �� � � � � 	 � �� be or-

thonormal vectors such that 	
���� � �
������ � � � � �����. Define also ���� ��
�
���
�� � � � � 
����. We see that ���	
���� � 	 � � and ��������� � � � �.
But 	
���� and ���� are subspaces of �� , so that 	
���� � ���� �� ���.

Let � � 	
���� � ���� 	 �
� be a vector with ��� � �. Then it follows that

�� � � and

�� �

��

���

�����

�
� �� �

����

���

���

�
� ����

Since �
�� ��
� 
 �
��

����� � �, we have

������� � ���� ����� � ����� �

����

���

��� �

�
� ��

� � �����

as was to be proved. �

Finding the rank of a matrix is most reliably done by the SVD. Let the SVD
of � � �

��� be given by (2.26). Let 
 be a perturbation to the matrix �, and
����� � � �� � � � � �� be the singular values of the perturbed matrix � � 
. Then, it
follows from [59] that

��� � ���� � �
�� � ��
�� � � �� � � � � � (2.30)

This implies that the singular values are not very sensitive to perturbations.
We now define a matrix � with rank � � � as

� � ��������� � � � � ����� �� � � � � ���
�

Then we have ������ � ��. Thus, for any matrix� satisfying ������ � ��, the
rank of � is greater than or equal to �. Hence, as a “zero threshold,” if we can choose
a number Æ � �� , we can say that � has numerical rank �. Thus the smallest nonzero
singular value plays a significant role in determining numerical rank of matrices.

2.7 Least-Squares Method

In this section, we consider the least-squares problem:

���
����

���� ��� � � ���� � � � �� (2.31)

where � � 	. Suppose that ������� � 	, and let the QR decomposition of � be
given by
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� � �

�
�
�

�
� � � ���� � � � ����

Since the �-norm is invariant under orthogonal transforms, we have

���� ��� � ������� ���� �

����
�
�
�

�
��

�
��
��

�����
�

� ��� �

�
��
��

�

where �� � �� , �� � ���� . Hence, it follows that

���� ��� � ���� ���
� � ����

�

Since the second term ����
� in the right-hand side is independent of �, the least-

squares problem is reduced to

�� � �� �

�
����
��� ��� � � � ���

��� � � � ���

�
. . .

...
���

�
����

�
����
��
��
...
��

�
���� �

�
����
��
��
...
��

�
����

Since� is upper triangular, the solutions ��, ����, � � � , �� are recursively computed
by back substitution, starting from �� � ������.

If the rank of � � �
��� is less than 	, some of the diagonal elements of � are

zeros, so that the solution of the least-squares problem is not unique. But, putting the
additional condition that the norm ��� is minimum, we can obtain a unique solution.
In the following, we explain a method of finding the minimum norm solution of the
least-squares problem by means of the SVD.

Lemma 2.10. Suppose that the rank of � � ���� is � 
 ������ 	�, and the SVD
is given by � � �
��

�, where � � �
��� and � � �

��� . Then, there exists a
unique solution � satisfying the Moore-Penrose conditions:

(i) ��� � � (iii) ����� � ��

(ii) ��� � � (iv) ����� � ��

The unique solution is given by

� � � 
��
� �� �	 �� (2.32)

In this case,� � �� is called the Moore-Penrose generalized inverse, or the pseudo-
inverse, of �.

Proof. [83] It is easy to see that �� of (2.32) satisfies the above four conditions.
To prove the uniqueness, suppose that both � and � satisfy the conditions. Then, it
follows that

� � ��� � ������ � ����� � ��� ������

� ��� ������ � ��� �� � � �� � �� �� �����

� � � ������� � � � ��� � � �� � �

as was to be proved. Note that all four conditions are used in the proof. �
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In the above lemma, if ������� � �, then �� � ��������� and ��� � ��. If
������� � �, then we have �� � ��������� and ��� � ��.

Lemma 2.11. Suppose that the rank of � � �
��� is � � �. Then, a general

solution of the least-squares problem

���
����

���� ��� � � ���� � � � ��

is given by
� � ���	 ��� �����	� � 	 � �� (2.33)

Moreover, � � ��� is the unique minimum norm solution.

Proof. It follows from Lemma 2.7 that the minimizing vector � should satisfy
�� � 
��, where 
� is the orthogonal projection onto 
����, which is given by
��� � ���. Since ������ � 
��, we see that � � ��� is a solution of the least-
squares problem. We now seek a general solution of the form � � ���	 �, where �
is to be determined. Since

�� � �������� � ��� 
�� � �

we get � � �
����. By using � � �
��
�,

��� � � 
��� ���
��
� � � � �

Since � � � � ��� is the orthogonal projection onto 
����� � ��
� ���, the
orthogonal projection onto �
���� is given by �� � � � � � �� � ���. Thus � �
�
���� is expressed as

� � ��� �����	� 	 � ��

This proves (2.33). Finally, since ��� and ��� �����	 are orthogonal, we get

���� � ������ 	 ���� �����	�� � ������

where the equality holds if and only if 	 � �. This completes the proof. �

Lemma 2.12. A general solution of the least-squares problem

���
������

��� ���� � � � ���� � � � ����

is given by
� � ��� 	 ��� ������� � � � ���� (2.34)

Proof. A proof is similar to that of Lemma 2.11. �

The minimum norm solution defined by (2.33) is expressed as

� � ��� � � 
��� ��� �

��

���

��� �

��
��
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This indicates that if the singular values are small, then small changes in � and � may
result in large changes in the solution �. From Lemma 2.9 (iv), ��������� � ��.
Since the smallest singular value �� equals the distance from � to a set of matrices
with ranks less than � � �, it has the largest effect on the solution �. But, since the
singular values are scale dependent, the normalized quantity, called the condition
number,

���� � ���� � ��
��� �

��

��

is used as the sensitivity measure of the minimum norm solution to the data.
By definition, the condition number satisfies ���� � �. If ���� is very large,

then � is called ill-conditioned. If ���� is not very large, we say that � is well-
conditioned. Obviously, the condition number of any orthogonal matrix is one, so
that orthogonal matrices are perfectly conditioned.

2.8 Rank of Hankel Matrices

In this section, we consider the rank of Hankel matrices [51]. We assume that the
sequence ��� ��� � � � below are real, but results are valid for complex sequences.

Definition 2.4. Consider the infinite matrix

� �

�
����

�� �� �� � � �
�� �� �� � � �
�� �� �� � � �
...

...
...

. . .

�
���� (2.35)

where �	� 
�-element is given by ���� . This is called an infinite Hankel matrix,
or Hankel operator. It should be noted that � has the same element along anti-
diagonals. Also, define the matrix formed by the first � rows and � columns of �
by

���� �

�
������

�� �� �� � � � ��

�� �� �� � � � ����

�� �� �� � � � ����

...
...

...
...

�� ���� ���� � � � ������

�
������

(2.36)

This is called a finite Hankel matrix. �

Lemma 2.13. Consider the finite Hankel matrix ���� of order 
. Suppose that the
first � row vectors are linearly independent, but the first ��� row vectors are linearly
dependent. Then, it follows that ������� �� �.

Proof. Let the first � � � row vectors of ���� be given by ��� ��� � � � � ��� ����.
Since, from the assumption, ��, � � � , �� are linearly independent, we see that ����

is expressed as
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���� �

��

���

��������

In particular, we have

�� �

��

���

������� � � �� �� � � � � � � � (2.37)

Then the matrix formed by the first � row vectors ��� ��� � � � � �� is given by

���� �

�
����

�� �� � � � ��

�� �� � � � ����

...
...

. . .
...

�� ���� � � � ������

�
���� � �

��� (2.38)

where the rank of this matrix is �.
Now consider the column vectors of ����. It follows from (2.37) that all the

column vectors are expressed as a linear combination of the � preceding column
vectors. Hence, in particular, the �� � ��th column vector is linearly dependent on
the first � column vectors. But since the matrix of (2.38) has rank �, the first � column
vectors are linearly independent, showing that ������� �� �. �

Example 2.2. Consider a finite symmetric Hankel matrix

���� �

�
����

�� �� � � � ��

�� �� � � � ����

...
...

. . .
...

�� ���� � � � �����

�
���� � �

���

Define the anti-diagonal matrix (or the backward identity)

�� �

�
�����

�
�

�

. .
.

�
��

�
�����

� �
��� (2.39)

Then it is easy to see that

������ �

�
����

�� ���� � � � �����
���� �� � � � �����

...
...

. . .
...

�� �� � � � ��

�
���� �	 	�

where the matrix 	� is called a Toeplitz matrix with 
�� � ������ , i.e., elements
are constant along each diagonal. Also, from �� � ��� � ���� , we see that ��	 is a
Hankel matrix for any Toeplitz matrix 	 � �

� . �
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Lemma 2.14. The infinite Hankel matrix of (2.35) has finite rank � if and only if
there exist � real numbers ��, ��, � � � � �� such that

�� �

��

���

������� � � � � �� � � �� � � � (2.40)

Moreover, � is the least number with this property.

Proof. Suppose that ������	 � � holds. Then the first � � � rows ��, ��, � � � ,
���� are linearly dependent. Hence, there exists an � �� �	 such that ��� � � � � ��

are linearly independent, and ���� is expressed as their linear combination

���� �

��

���

��������

Now consider the row vectors ����, ����� � � � � ������, where � is an arbitrary
nonnegative integer. From the structure of � , these vectors are obtained by removing
the first � elements from ��, ��� � � � � ����, respectively. Thus we have

������ �

��

���

����������� � � 
� �� � � � (2.41)

It therefore follows that any row vector of � below the ����	th row can be expressed
in terms of a linear combination of the � preceding row vectors, and hence in terms
of linearly independent first � row vectors. Replacing � by � in (2.41), we have (2.40).

Conversely, suppose that (2.40) holds. Then, all the rows (columns) of � are
expressed in terms of linear combinations of the first � rows (columns). Thus all the
minors of � whose orders are greater than � are zero, and � has rank � at most. But
the rank cannot be smaller than �; otherwise (2.40) is satisfied with a smaller value
of �. This contradicts the second condition of the lemma. �

The above result is a basis for the realization theory due to Ho and Kalman [72],
to be discussed in Chapter 3, where a matrix version of Lemma 2.14 will be proved.

2.9 Notes and References

� In this chapter, we have presented basic facts related to numerical linear algebra
which will be needed in later chapters, including the QR decomposition, the or-
thogonal and oblique projections, the SVD, the least-squares method, the rank of
Hankel matrices. Problems at the end of chapter include some useful formulas
and results to be used in this book.

� Main references used are Golub and Van Loan [59], Gantmacher [51], Horn and
Johnson [73], and Trefethen and Bau [157]. Earlier papers that have dealt with
the issues of numerical linear algebra in system theory are [94] and [122]; see
also the preprint book [125].
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� For the history of SVD and related numerical methods, see [60, 148, 165]. The
early developments in statistics, including the least-squares and the measurement
of uncertainties, are covered in [149].

2.10 Problems

2.1 Prove the following by using the SVD, where� � �
��� , � � �

��� .

(a) ����� �������� � �
� � ������������� � �

�

(b) ������� � ��� ���, ������ � ���� ���

(c) ����� � ��� � �������, � ����� � ������

2.2 Prove the following matrix identities
�
� �

� �

�
�

�
� ����

� �

��
������� �

� �

� �
� �

���� �

�

�

�
� �

���� �

� �
� �
� � � �����

� �
� ����

� �

�

where it is assumed that ��� and ��� exist.

2.3 (a) Using the above results, prove the determinant of the block matrix.

	�


�
� �

� �

�
� 	�
��� 	�
�� � ������

� 	�
��� 	�
���������

(b) Defining � � �� and � � ��, show that

	�
��� � ��� � 	�
��� ����

(c) Prove the formulas for the inverses of block matrices

�
� �

� �

���
�

�
��� ������������ ��������

�������� ���

�

�

�
��� ��������

�������� ��� ������������

�

where � �� � � �����, � �� �������. For � � �, we get

�
� �

� �

���
�

�
��� ��������

� ���

�

(d) Prove the matrix inversion lemma.


���������� � ��� �����
� � ������������
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2.4 Show without using the result of Example 2.1 that if � is idempotent (� � � � ),
then all the eigenvalues are either zero or one.

2.5 For � � ���� , show that the following statements are equivalent.

(a) � � � �

(b) ���� � � ����� � � � � �
�

(c) ���	�� � � ���	��� � � � � �

2.6 Suppose that � � 
� � � � �
��� is nonsingular, where � � �

��� , � �

�
������� . Let the inverse matrix of � be given by

��� �

�
�

�

�
� � � ���� � � � ��������

Then it follows that ��� �� � �� and
�
�

�

�

� � � �

�
�� ��

� � � �

�
�

�
�� �
� ����

�

Show that � 
� �� is the oblique projection onto ���� � along ������, and
that	 
� �� is the oblique projection onto ������ 
� ������ along ���� � 
�
����� ��.

2.7 In the above problem, define

� �

�
��
�

�
� � �

�
�


����

�

Compute the projection � � �� by means of � and � . Show that (2.16) is
satisfied if � has the following representation

� �

�
�� 


� �

�
� 
 � �

���

2.8 By using (2.29), prove the following.

(a) ���
�
�

: the orthogonal projection from �
� onto ������

(b) ��� ��
�
�

: the orthogonal projection from �
� onto ������

(c) ���
�
�

: the orthogonal projection from �
� onto �����

(d) ��� ��
�
�

: the orthogonal projection from �
� onto �������

2.9 For � � ���� , show that �������� � �� and �������� � ��.

2.10 Let � � �
��� with � � �. By using the SVD, show that there exist an

orthogonal matrix 	 � �
��� and a nonnegative matrix 
 � �

��� such that
� � 	
 .
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Discrete-Time Linear Systems

This chapter reviews discrete-time LTI systems and related basic results, including
the stability, norms of signals and systems, state space equations, the Lyapunov sta-
bility theory, reachability, and observability, etc. Moreover, we consider canonical
structure of linear systems, balanced realization, model reduction, and realization
theory.

3.1 �-Transform

Let � � ������ ����� � � � � be a one-sided infinite sequence, or a one-sided signal.
Let � be the complex variable, and define

� ��� �

��

���

������� (3.1)

It follows from the theory of power series that there exists � � � such that � ���
absolutely converges for ��� � �, but diverges for ��� � �. Then, � is called the
radius of convergence, and � � ��� is the circle of convergence. If the power series
in the right-hand side of (3.1) converges,� ��� is called the one-sided �-transform of
� , and is written as

� ��� � ��� ���� (3.2)

Also, let � � �� � � � ������ ����� ����� � � � � be a two-sided infinite sequence, or a
two-sided signal. Then, if

� ��� �
��

����

������� (3.3)

does converge, then � ��� is called a two-sided �-transform of � . If the two-sided
transform exists, it converges in an annular domain �� � ��� � ��.

It is obvious that the one-sided �-transform is nothing but a two-sided transform
of a sequence � with ���� � �� � � ��� ��� � � � . Thus both transforms are
expressed as in (3.2).
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Lemma 3.1. Let �� � � �. If the one-sided signal � satisfies

������ � ��� � � � �� �� � � �

Then the �-transform ��� ���� is absolutely convergent for ��� � �, and is analytic
therein.

Proof. The absolute convergence is clear from

��

���

������������� � ��
���

�������� �
�

�� ������
� ����� � �

A proof of analyticity is omitted [36]. �

Similarly, if the two-sided signal � � �� � � � ������ ����� ����� � � � � satisfies

������ �

�
���

�
� � � �� �� � � �

���
�
� � � ��� ��� � � � � � � �� � ��

then the two-sided transform 	 ��� is absolutely convergent for �� � ��� � ��, and is
analytic therein.

Example 3.1. (a) Consider the step function defined by

���� �

�
�� � � �� �� � � �

�� � � ��� ��� � � �

Then the �-transform of ���� is given by

���������� �

��
���

��� �
�

�� ���
�

�

� � �
� ��� � �

(b) For the (one-sided) exponential function ���� � 
�� � � �� �� � � � ,

��� ���� �

��
���


���� �
�

�� 
���
�

�

� � 

� ��� � �
�

(c) Let the two-sided exponential function � be defined by

���� �

��
�
��� � � �� �� � � �

��� � � ��� ��� � � �

where � � � � � � �. Then, the two-sided transform is given by

��� ���� �
��
���

����� 	
���

����

����� �
��� ���

�� � ���� � ��
� � � ��� � � �
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Lemma 3.2. The inverse transform of � ��� is given by the formula

���� �
�

���

�
�

� ���������� � � �� ��� � � � (3.4)

where � denotes a closed curve containing all the poles 	�, 
 � �� � � � � � of � ���.
Thus ���� is also obtained by

���� �

��
���

Res�� �������� � � 	��� � � �� ��� � � �

which is the sum of residues of � ������� at poles contained in � � � .
Proof. See [98, 121]. �

Lemma 3.3. (Properties of �-transform)

(i) (Linearity)

���� � 
����� � ���� ���� � 
�������� �� 
 	 scalars

(ii) (Time shift) Let � be a one-sided signal with ���� � �� � � ��� ��� � � � . Let
� be a shift operator defined by ������� � ��� � ��. Then, the �-transform of
��� is given by

����� ���� �

����
���

��� ���� � � �� ��� � � �

��
�
� ����

����
���

�������
�
� � � �� �� � � �

It should be noted that for the two-sided case, the term consisting of finite sum����

��� �����
�� does not appear in the above formula.

(iii) (Convolution) Consider the convolution of two-sided signals � and �, i.e.,

���� �

��
����

������� � �� �

��
����

��� � ������

Let �-transforms of � and � be absolutely convergent and respectively be given
by

� ��� �

��
����

�������� �� � ��� � ��

and

���� �

��
����

�������� �� � ��� � ��

Then the �-transform of � is absolutely convergent and is given by

���� � � �������� �� � ��� � �� (3.5)

where �� 	� 
������ ��� and �� 	� 

����� ���.
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(iv) Let the partial sum of a one-sided signal � be given by ���� �� ���� � ���� �
� � �� ����. Then the �-transform of � has the form

���� �
�

�� ���
� ��� (3.6)

(v) For the difference of � , i.e., ���� �� ����� ��� � ��, we have

����� ����� ���� � ��� ����� ��� (3.7)

Proof. See [98, 121]. �

In the following, it is necessary to consider the case where

� � �� � � � ������ ����� ����� � � � �

is a sequence of vectors or matrices. For a vector or matrix case, the �-transform is
defined componentwise. For example, let ���� � �	������� � � �� ��� � � � , where

 � �� � � � � � and � � �� � � � � 
. Then, the �-transform of the matrix function ����
is defined by

���������� �

�
��
��	��������� � � � ��	���������

...
. . .

...
��	��������� � � � ��	���������

�
��

3.2 Discrete-Time LTI Systems

�

�
���� �

�

Figure 3.1. Discrete-time LTI system

Consider a single-input, single-output (SISO) discrete-time LTI system shown in
Figure 3.1, where � is the input and � the output. We assume that the system is at rest
for � � ��� �	� � � � , i.e., ���� � �� ���� � �� � � �. Then the output is expressed
as a convolution of the form

���� �

��
���

�������� ��� � � �� �� � � � (3.8)

where � � ������ ����� � � � � is the impulse response of the system. An impulse
response sequence satisfying ���� � �� � � ��� �	� � � � is called physically realiz-
able, or causal, because physical systems are causal.
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Let the �-transform of the impulse response � be given by

���� �

��

���

�������� ��� � � (3.9)

We say that ���� is the transfer function from � to �. Let the �-transforms of � and
� be defined by ���� and ����, respectively1. It then follows from (3.8) and Lemma
3.3 (iii) that

���� � �������� (3.10)

Example 3.2. Consider a difference equation of the form

��	� � 
���	� �� � 
���	� �� � 
���	� ��

� ����	� �� � ����	� �� � ����	� ��

Taking the �-transform of the above equation under the assumption that all the initial
values are zero, we get the transfer function of the form

���� �
���

� � ��� � ��

�� � 
��� � 
�� � 
�

This is a rational function in �, so that ���� is called a rational transfer function. �

Most transfer functions treated in this book are rational, so that ���� is expressed
as a ratio of two polynomials

���� �
����


���
� ��	 ���� � ��	 
��� (3.11)

where 
��� and ���� are polynomials in �. We say that the transfer function ����
with ��	 ���� � ��	 
��� is proper. It should be noted that since ��	� � 
� 	 � 
,
the transfer function ���� of (3.9) is always proper.

Definition 3.1. Consider the discrete-time LTI system with the transfer function
���� shown in Figure 3.1. We say that the system is bounded-input bounded-output
(BIBO) stable if for any bounded signal �, the output � is bounded. In this case, we
simply say that the system is stable, or ���� is stable. �

Theorem 3.1. The discrete-time LTI system shown in Figure 3.1 is stable if and only
if the impulse response is absolutely summable, i.e.,

��

���

���
�� �� (3.12)

Proof. (Sufficiency) Let � be a bounded input with ���	�� � � . Then it follows
from (3.8) that

1For simplicity, we do not use the hat notation like ����� and ����� in this book.
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������ �

��

���

������ � ����� ��� ��

��

���

������ ��

(Necessity) Suppose that the absolute sum in (3.12) diverges. Let ��� � �
�� �� � � � be a divergent sequence. Then, there exists a divergent sequence ��� � �
�� �� � � � such that

���
��� ������ ���� � � �� �� � � � . Define �� as

����� � �� �

�
�� ���� � �

��� ���� � �

Then we have

����� �

���
���

��������� � �� �

���
���

������ ���� � � �� �� � � �

This implies that if the absolute sum of impulse response diverges, we can make the
output diverge by using the bounded input ��, so that the system is unstable. This
completes a proof of the theorem. �

In the following, a number 	 � � is called a pole of 
��� if 
�	� � �. It is
also called a zero of 
��� if 
�	� � �.

Theorem 3.2. A discrete-time LTI system with a proper transfer function 
��� is
stable if and only if all the poles of the transfer function lie inside the unit disk.

Proof. Let ��� � � � � �� be poles of 
���. We assume for simplicity that they are
distinct. Partial fraction expansion of the right-hand side of (3.11) yields


���

�
�


�

�
�


�

� � ��
� � � ��


�

� � ��

Since the right-hand side is absolutely convergent for ��� � �	
� ����, the inverse
�-transform is given by

���� � 
�Æ�� �
�����
� � � � ��
�����

�� � � �� �� � � �

Now suppose that ���� � �, � � �� � � � � �. Then we have

��
���

������ � �
���

��
���

��
���

�
������
� ��

Thus it follows from Theorem 3.1 that the system is stable. Conversely, suppose that
at least one �� is outside of the unit disk. Without loss of generality, we assume that
���� � � and ���� � �, � � �� � � � � �. Then, it follows that

������ � �
�������
�� �

��
���

�
�������
�� � �
��Æ��

Note that the sum of the first term in the right-hand side of the above inequality
diverges, and that those of the second and the third terms converge. Thus, we have�
�

��� ������ ��, showing that the system is unstable. �
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3.3 Norms of Signals and Systems

We begin with norms of signals. Let ����� � � �� ��� � � � be�-dimensional vectors.
Define � � �� � � � ������ ����� ����� � � � � be a two-sided signal. The 2-norm of �
is then defined by

���� �

���� ��
����

�������

where � � � denotes the Euclidean norm of a vector. The set of signals � with finite
2-norm is a Hilbert space denoted by

������ �� � �� � ���� ���

If the signal is one-sided, i.e., ���� � �� � � �, then the space is denoted by ����� ��.
For � � ������ ��, the Fourier transform, or the two-sided �-transform, is

defined by

���� �

��
����

�������� � � ���

Then, the 2-norm of � in the frequency domain is expressed as

���� �
� �

��

� �

��

���	
���	
��

����

�
� �

��

� �

��

���	
����

����

where ���	
� � ����	
� denotes the complex conjugate transpose.
We now consider a stable discrete-time LTI system with the input � � �

� and
the output � � �� . Let
��� be a �	� transfer matrix, and 
����� the ��� 	�-element
of 
���. Then, if all the elements 
����� are BIBO stable, we simply say that 
���
is stable.

Definition 3.2. For a stable �	� transfer matrix 
���, two different norms can be
defined:

(i) ��-norm:

�
�� �
� �

��

� �

��

��	
��
������
�������

����

where ��	
� � � � denotes the trace of a matrix.

(ii) ��-norm:
�
�� � 
��

������
��
������

where �� � � denotes the maximum singular value of a matrix. Also, the ��-norm
can be expressed as

�
�� � 
��
	 ���

�
���
����

� 
��
	 ���

����
����

� � � ����� ��

This is called the ��-induced norm. �
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Lemma 3.4. Suppose that ���� is stable, and satisfies ���� ��.

(i) If � � ������ ��, then the output satisfies � � ������ ��.

(ii) Let the �-transforms of � and � be given by ���� and ����, respectively. The
inner product ��� �� is expressed as

��

����

��������� �
�

��	

�
�����

����������������

�

�
(3.13a)

�
�

��

� �

��

���������������������
� (3.13b)

Proof. (i) Since � � �����, it follows that

����
�
�

�

��

� �

��

�������������
�

�
�

��

� �

��

��������������������������
�

� �����
�

��

� �

��

�������������
� � ��������
�

�

Thus we get ���� � �������� ��.
(ii) From item (i), if � � ������ ��, the inner product ��� is bounded, so

that the sum in the left-hand side of (3.13a) converges. It follows from the inversion
formula of Lemma 3.2 that

��
����

��������� �

��
����

�
�

��	

�
�����

���� � �

�

�

��
����

�
�

��	

�
�����

�����

�
��

����

����� �

�

�

�

�
�

��	

�
�����

�����������

�

�

Since ���� � ��������, we get (3.13a). Letting � � ��� ��� � � � �� gives
(3.13b). �

3.4 State Space Systems

Consider an 
-input, �-output discrete-time LTI system described by

���� �� � ����� ������ (3.14a)

���� � ����� ������� � � �� �� � � � (3.14b)
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where � � �
� is the state vector, � � �

� the input vector, and � � �
� the out-

put vector. The matrices � � �
��� , � � �

��� , � � �
��� , � � �

��� are
constant. Given the initial condition ���� and the inputs ����� � � �� �� � � � , we
see that the state vectors ����� � � �� �� � � � are recursively obtained, and hence
the outputs ����� � � �� �� � � � are determined. In the following, we simply write
	 � ��� �� �� �� for the LTI system described by (3.14).

By solving (3.14),

���� � ������� ������ �

����

���

����������
�� � � �� �� � � �

If ���� � �� � � �� �� � � � , the above equation reduces to

���� � �������� � � �� �� � � � (3.15)

This equation is called the zero-input response. Also, if ���� � �, we have

���� � ����� �

����

���

����������
�� � � �� �� � � � (3.16)

which is the response due to the external input ����, and is called the zero-state
response. Thus the response of a linear state space system can always be expressed
as the sum of the zero-input response and the zero-state response.

In connection with the zero state response, we define the ��� matrices as


� �

�
�� � � �

������� � � �� �� � � �
(3.17)

The �
�� 
�� � � � � is called the impulse response, or the Markov parameters, of the
LTI system 	 � ��� �� �� ��.

Taking the �-transform of the impulse response, we have


��� ��

�
� �

� �

�
� � � ���� ������ (3.18)

which is called the transfer matrix of the LTI system 	 � ��� �� �� ��.
As shown in Figure 3.1, we can directly access the input and output vectors �

and � from the outside of the system, so these vectors are called external vectors.
Hence, the transfer matrix 
��� relating the input vector to the output vector is an
external description of the system 	. On the other hand, we cannot directly access
the state vector appearing in (3.14), since it is inside the system. Thus (3.14) is called
an internal description of the LTI system 	 with the state vector �.

We easily observe that if an internal description of the system	 � ��� �� �� ��
is given, the transfer matrix and impulse response matrices are calculated by means
of (3.18) and (3.17), respectively. But, for a given external description 
���, there
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exist infinitely many internal descriptions that realize the external description. In fact,
let � � �

��� be an arbitrary nonsingular matrix, and define

�� � ������ �� � ����� �� � ��� �� � � (3.19)

Then, a simple computation shows that

����� � �� � ����� � ����� ��

� � � �� ��� � ����� �������

� � � ���� ������ � ����

Thus the two internal descriptions �	 � � ��� ��� ��� �� and 	 � ��� �� �� ��
have the same external description. The LTI systems	 and �	 that represent the same
input-output relation are called input-output equivalent.

This implies that models we obtain from the input-output data by using system
identification techniques are necessarily external representations of systems. To get
a state space model from a given external representation, we need to specify a coor-
dinate of the state space.

3.5 Lyapunov Stability

Let 
 � � in (3.14). Then we have a homogeneous system

���� �� � ������ ���� � �� (3.20)

A set �� � � � ��� of state vectors are called the equilibrium points. It is clear that
the origin � � � is an equilibrium point of (3.20). If ��	�� � �� �� �, then � � � is
the unique equilibrium point.

Definition 3.3. If for any ���� � �
� the solution ���� converges to �, then the origin

of the system (3.20) is asymptotically stable. In this case, we say that the system
(3.20) is asymptotically stable. Moreover, � is simply called stable. �

We now prove the Lyapunov stability theorem.

Theorem 3.3. The following are equivalent conditions such that the homogeneous
system (3.20) is asymptotically stable.

(i) The absolute values of all the eigenvalues of � are less than �, i.e.

�
����� � �� � � �� � � � � � (3.21)

It may be noted that this is simply written as ���� � �.

(ii) For any � � �, there exists a unique solution � � � that satisfies

� � ��� ��� (3.22)

The above matrix equation is called a Lyapunov equation for a discrete-time LTI
system.
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Proof. (i) From ���� � ������, we see that (3.21) is a necessary and sufficient
condition of the asymptotic stability of (3.20).

(ii) (Necessity) Suppose that (3.21) holds. Then, the sum

� �

��

���

�������� � ����

�
��
���

������������

�
� (3.23)

converges. It is easy to see that � defined above is a solution of (3.22), and that
� � � since � � �. To prove the uniqueness of � , suppose that �� and �� are two
solutions of (3.22). Then we have

�� � �� � ����� � ���� � �������� � ����
�

Since � is stable, �� � �� follows taking the limit � ��.
(Sufficiency) Suppose that the solution of (3.22) is positive definite, i.e., � � �,

but � is not stable. Then, there exist an eigenvalue �� and an eigenvector � � � �

such that
�� � ���	 ���� � �	 � �� � (3.24)

Pre-multiplying (3.22) by �� and post-multiplying by � yield

���� � ����� �� � ��
�
� � ����
����� � ����

Thus it follows that ������ � ������ � ���� � �. Since ���� � �, the two terms in
the left-hand side of this equation should be zero. In particular, we have �� � �, so
that � � �, a contradiction. Thus � is stable. �

3.6 Reachability and Observability

In this section, we present basic definitions and theorems for reachability and ob-
servability of the discrete-time LTI system � � ��	 �	 
	 
�.

Definition 3.4. Consider a discrete-time LTI system �. If the initial state vector
���� � � can be transferred to any state � � �� at time �, i.e., ���� � �, by means
of a sequence of control vectors ����	 ����	 � � � 	 ���� ��, then the system is called
reachable. Also, if any state ���� � �� can be transferred to the zero state by means
of a sequence of control vectors, the system is called controllable. �

We simply say that ��	 �� is reachable (or controllable), since the reachability
(or controllability) is related to the pair ��	 �� only.

Theorem 3.4. The following are necessary and sufficient conditions such that the
pair ��	 �� is reachable.

(i) Define the reachability matrix as

� � �� �� � � � ������ � ����� (3.25)

Then �	
���� � � holds, or �
��� � �� .
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(ii) For any � � � , ���� ��� �� �� � � holds.

(iii) The eigenvalues of � � �� are arbitrarily assigned by a suitable choice of
� � ���� .

Proof. We prove item (i) only. By using (3.14) and (3.25), the state vector at time �
is described by

���	 � ����
	 ��������
	 � � � �������� �	 ������ �	

� ����
	 � �

�
����
���� �	
���� �	

...
��
	

�
����

Let ��
	 � 
. Then, we see that the vector ���	 takes arbitrary values in �� if and
only if item (i) holds. For items (ii) and (iii), see Kailath [80]. �

From Definition 3.4, ��� �	 is controllable if and only if there exists a sequence
of control vectors that transfers the state to zero at �. This is equivalent to

����
	 � 
���	� ���
	 � �
�

Thus if � is nonsingular, the above condition is reduced to 
���	 � �� , which is
equivalent to item (i) of Theorem 3.4. Hence if � is nonsingular, we see that the
reachability and controllability of ��� �	 are equivalent.

Theorem 3.5. Suppose that the pair ��� �	 is not reachable, and let ���� ��	 �
�� 	 �. Then, there exists a nonsingular matrix 
 such that � and � are decom-
posed as


���
 �

�
��� ���


 ���

�
� 
��� �

�
��




�
(3.26)

where ��� � �
����� , �� � �

����, and where ����� ��	 are reachable.

Proof. For a proof, see Kailath [80]. �

Definition 3.5. We say that ��� �	 is stabilizable, if there exists a matrix � �
���� such that � � �� is stable, i.e., ��� � ��	 	 �. This is equivalent to the
fact that the system � is stabilized by a state feedback control � � ��. �

Theorem 3.6. The following are necessary and sufficient conditions such that the
pair ��� �	 is stabilizable.

(i) For any � � � with ��� � �, we have ���� ��� �� �� � �.

(ii) Suppose that � and � are decomposed as in (3.26). Then, ��� is stable, i.e.
�����	 	 � holds.

Proof. For a proof, see Kailath [80]. �



3.6 Reachability and Observability 53

We introduce the observability for the discrete-time LTI system, which is the dual
of the reachability.

Definition 3.6. Let � � � in (3.14). We say that the system is observable, if the
initial state ���� is completely recoverable from � output observations ����, ����,
� � � , ��� � ��. In this case, we say that ��� �� is observable. This is equivalent
to the fact that if both the input and output are zero, i.e., ���� � �� ���� � � for
� � �� �� � � � � �� �, then we can say that the initial state is ���� � �. �

Theorem 3.7. The following are necessary and sufficient conditions such that the
pair ��� �� is observable.

(i) Define the observability matrix as

� �

�
����

�

��
...

�����

�
���� � ����� (3.27)

Then, we have ������� � �, or 	
���� � ���.

(ii) For any � � � , it follows that ����

�
�� �	

�

�
� � holds.

(iii) All the eigenvalues of � � 
� are specified arbitrarily by a suitable choice of

 � ���� .

Proof. For a proof, see [80]. �

Theorem 3.8. Suppose that ��� �� is not observable, and define ������� � �� �

�. Then, there exists a nonsingular matrix � such that � and � are decomposed as

����� �

�
��� �
��� ���

�
� �� � ��� �
 (3.28)

where ��� � ������ , �� � ����� with the pair ���� ���� observable. �

Now we provide the definition of detectability, which is weaker than the observ-
ability condition stated above.

Definition 3.7. Let � � � in (3.14). If ���
���

���� � � implies that ���
���

���� � �,

then ��� �� is called detectable. �

Theorem 3.9. The following are necessary and sufficient conditions such that the
pair ��� �� is detectable.

(i) There exists a matrix 
 � �
��� such that �� 
� is stabilized.

(ii) For any � � � with ��� � �, ����

�
�� �	

�

�
� � holds.
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(iii) Suppose that � and � are decomposed as in (3.28). Then ������ � � holds.

Proof. According to Definition 3.7, we show item (iii). Define � � � ��. It then
follows from (3.28) that

������ �� � ��������� (3.29a)

������ �� � ��������� ���������� (3.29b)

���� � �������� (3.29c)

From (3.29a) and (3.29c),
�
����

����
���� ��

...
���� �� � ��

�
���� �

�
����

��
�����

...
�������

����

�
���� ������

Since ���	 ���� is observable, the observability matrix formed by ���	 ���� has
full rank. Thus we see that ���

���

���� � 	 implies that ���
���

������ � 	. Hence it

suffices to consider the condition so that ������ converges to zero as ������ tends to
zero. From (3.29b) it follows that

������ � �����
�����	� �

����
���

�����
������������
�

It can be shown that ���
���

������ � 	 holds, if ��� is stable (see Problems 3.6 and

3.7). This shows that the detectability of ��	 �� requires that unobservable modes
are stable. �

Theorem 3.10. Suppose that ��	 �� is detectable (observable). Then � is stable if
and only if the Lyapunov equation

� � ��� �� ��� (3.30)

has a unique nonnegative (positive) definite solution � .

Proof. (Sufficiency) If � is stable, then the solution of (3.30) is given by

� �

��
���

����������

Since � � ��� � 	, we have � � 	. (� 
 	 if and only if ��	�� is observable.)
For uniqueness of � , see the proof in Theorem 3.3.

(Necessity) Suppose that � is not stable. Then, there exists an unstable eigen-
value �� and a nonzero vector � � � � such that

�� � ���	 ���� � �	 � �� 	 (3.31)
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Pre-multiplying (3.30) by �� and post-multiplying � yield

���� � ����� �� � ������ � ����
����� � ������

so that we get ������ � ������ � ������ � �. Since ���� � �, both terms in the
left-hand side are nonnegative. Thus we have �� � �, which together with (3.31)
shows that

�� � ���� �� � �� ���� � �� � �� �

It follows from the item (ii) of Theorem 3.9 that this implies that ��� �� is not
detectable, a contradiction. This completes the proof. �

3.7 Canonical Decomposition of Linear Systems

We consider a finite-dimensional block Hankel matrix defined by

���� �

�
������

�� ��� ���� � � � ������

��� ���� � � � � � � ����

����
...

...
...

������ � � � � � � � � � �������

�
������
� ������ (3.32)

This is called the Hankel matrix associated with the system � � ��� �� �� 	�, so
that its elements are formed by the impulse response matrices of the discrete-time
LTI system �.

In terms of the observability matrix � of (3.25) and the reachability matrix � of
(3.27), the block Hankel matrix is decomposed as ���� � ��. Thus we see that
���	������ � 
� � 
���
�� 
�� � 
 (see Lemma 3.11 below).

The following is the canonical decomposition theorem due to Kalman [82].

Theorem 3.11. (Canonical decomposition) By means of a nonsingular transform,
the system � � ��� �� �� 	� can be reduced to �� � � ��� ��� ��� �	� of the form

�
���
�������� ��
������� ��
��������� ��
�������� ��

�
��� �

�
���

����
����

����
����

� ���� � ����

� � ����
����

� � � ����

�
���

�
���
��������
�������
���������
��������

�
����

�
���

���

���

�
�

�
���
��� (3.33a)

���� � 
 � ��� � ��� �

�
���
��������
�������
���������
��������

�
����	
��� (3.33b)

where the vector �������� is reachable but not observable; ������� reachable and ob-
servable; ��������� not reachable and not observable; �������� observable but not reach-
able. Also, it follows that ��
 �������� � 
� � 
�, ��
 ������� � 
�; ��
 ��������� �

� 
� � 
� � 
�; ��
 �������� � 
� � 
�. �
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� � ���

�

�
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�
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�����

�

�

�

Figure 3.2. Canonical decomposition of LTI system

Figure 3.2 shows the canonical structure of the linear system �, where ����,
���,�����, ���� respectively denote subsystems whose state vectors are ��������, �������,
���������, ��������, and the arrows reflect the block structure of system matrices in ��.

As mentioned in Section 3.4, the external description of the system � is invariant
under nonsingular transforms, so that the transfer matrices and impulse response
matrices of � and �� are the same; they are given by

���� � ������ � �����
�� ��� � �	

and
�� � ���� �����

��� ���
 � � �
 �
 � � �

Hence we see that �� �� � ����
 ���
 ���
 �	�, �� and � are all equivalent. This im-
plies that the transfer matrix of a system is related to the subsystem �� only. In other
words, models we obtain from the input-output data by using system identification
techniques are necessarily those of the subsystem ��.

Given a transfer matrix ����, the system � � ��
 �
 �
 	� is called a real-
ization of ����. As shown above, the realizations are not unique. A realization with
the least dimension is referred to as a minimal realization, which is unique up to
nonsingular transforms. In fact, we have the following theorem.

Theorem 3.12. A triplet ��
 �
 �� is minimal if and only if ��
 �� is reachable
and ��
 �� is observable. Moreover, if both �� � ���
 ��
 ��
 	�� and �� �
���
 ��
 ��
 	�� are minimal realizations of ����, then the relation of (3.19) holds
for some nonsingular transform � .

Proof. The first part is obvious from Theorem 3.11. We show the second part.
Define the reachability and observability matrices as

�� � ��� ���� � � � ����

�
��	
 �� � ��� ���� � � � ����

�
��	
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�� �

�
����

��
����

...
���

���

�

�
���� � �� �

�
����

��
����

...
���

���

�

�
����

Then, from the hypothesis, we have �� � �� and

����� ����
���� � ����� ����

����

By using a series expansion of the above relation, it can easily be shown that

���
�

��� � ���
�

���� � � �� �� � � �

This implies that ���� � ����. Since �� and �� have full rank, we define two
matrices

�� � ���
�

� ����
�

� �
��� �� � ���� ���

��
�
�

� ��

It can be shown that ���� � ��, implying that both �� and �� are nonsingular
with �� � ���

�
. Also, we have ���� � �� and���� � ��. Therefore it follows that

������ � ������ � ���
��

�
������

Since �������� � 	 and �������� � 	, it follows that �� � ���
�

����. Hence,
comparing the first block columns of ���

�
�� � �� yields ���

�
�� � ��. Similarly,

from ���� � ��, we have ���� � ��. This completes the input-output equivalence
of ���� ��� ��� and ���� ��� ���. �

Example 3.3. Consider the transfer function of an SISO system


��� �
���

��� 	 � � �	 ��

�� 	 ������ 	 � � �	 ��

It is easy to see that both


 �

�
����

�
����

� � �
. . .

�
��� ����� � � � ���

�
���� �

�
����

�
...
�
�

�
���� � 
�� ���� � � � ���

	



�

and

�
 �

�
����

�
����

� ���
� �����

. . .
...

� ���

�
���� �

�
����

��
����

...
��

�
���� � 
� � � � � ��

	



�

are realizations of
���. It is clear that ��� �� is reachable and � ��� ��� is observable,
and that �� � ��, �� � ��, �� � �� hold. �
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3.8 Balanced Realization and Model Reduction

For a given linear system, there exist infinitely many realizations; among others, the
balanced realization described below is quite useful in modeling and system identi-
fication. First we give the definition of two Gramians associated with a discrete-time
LTI system.

Definition 3.8. Let a realization be given by ��� �� �� with � stable. Consider two
Lyapunov equations defined by

� � ���� ���� (3.34)

and
� � ����� ��� (3.35)

Then, the solutions � and � are respectively called reachability Gramian and ob-
servability Gramian, where they are nonnegative definite. Also, the square roots of
the eigenvalues of �� are called the Hankel singular values of ��� �� ��. �

Lemma 3.5. Suppose that � is stable. Then, we have

��� �� � reachable � � � �� ��� �� � observable � � � �

Proof. (Necessity) Since � is stable, the solution of (3.34) is given by

� �

��

���

���������� �

����

���

����������

Thus, if ��� �� is reachable, � � � follows.
(Sufficiency) Suppose that � is positive definite, but ��� �� is not reachable.

Then there exist � � � � and � � � such that

��� � ���� ��� � �� � �� �

where ��� 	 �. Pre-multiplying (3.34) by �� and post-multiplying � yield

���� � ������� � ������ � �������� � ��� ��������� � �

Since � � ���� �� �, we get ���� � �, implying that � is not positive definite, a
contradiction. This proves the first half of this lemma. The assertion for the Gramian
� is proved similarly. �

Definition 3.9. Let
��� � ��� �� �� �� be a minimal realization. Then it is called
a balanced realization if the following conditions (i) and (ii) hold.

(i) The matrix � is stable, i.e., 
��� 	 �.
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(ii) The Gramians � and � are equal, and diagonal, i.e., there exists a diagonal
matrix

� �

�
����
��
��

. . .
��

�
���� � �� � �� � � � � � �� � �

satisfying
� � ���� ����� � � ����� ��� (3.36)

Note that ��� ��� � � � �� are Hankel singular values of ��� �� ��. �

Lemma 3.6. If ��� �� �� 	� is a balanced realization, then the 2-norm of �, the
maximum singular value, satisfies ���� � ���� � �. Moreover, if all the elements
of � are different, we have ���� 
 �.

Proof. We prove the first part of the lemma. Pre-multiplying the first equation of
(3.36) by �� and post-multiplying �, and then adding the resultant equation to the
second equation yield

��������� � ��������� ���� (3.37)

Let � � � be an eigenvalue of ���, and � � �� a corresponding eigenvector. Then,
we have ���� � ��, � �� �. Pre-multiplying (3.37) by �� and post-multiplying �
yield

��� � ������ � ����������� � ������� � �

Since ���� � �, we have �� � �. But ��� is a singular value of �, so that we get
���� � �. For a proof of the latter half, see [127]. �

Partition � into �� � ���	���� � � � � ��� and �� � ���	������ � � � � ���, and
accordingly write �� �� � as

� �

�
��� ���
��� ���

�
� � �

�
��
��

�
� � � 
�� ��� (3.38)

where �� � ���� , �� � ���� and �� � ���� .

Lemma 3.7. Suppose that ��� �� �� 	� is a balanced realization with � stable.
From (3.38), we define a reduced order model


���� � ����� ��� ��� 	� (3.39)

Then, the following (i) � (iii) hold 2.

(i) The model 
���� is stable.

2Unlike continuous-time systems, the discrete-time model ����� is not balanced. If, how-
ever, we relax the definition of balanced realization by using the Riccati inequalities rather
than Riccati equations, then ����� may be called a balanced realization [185].
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(ii) If �� � ����, then ����� is a minimal realization.

(iii) For any � � �� � � � � �� �, the following bound holds.

������������
����� � ������ � � � �� ��� (3.40)

Proof. First we show (i). From (3.38), the first Lyapunov equation of (3.36) is
rewritten as

�
�� �
� ��

�
�

�
	�� 	��
	�� 	��

��
�� �
� ��

� �
	�� 	��
	�� 	��

��
�

�

�

�

�
�
�

� 
�
� �

Thus we have

�� � 	����	
�
�� �	����	

�
�� �
�


�
� (3.41a)

�� � 	����	
�
�� �	����	

�
�� �
�


�
� (3.41b)

� � 	����	
�
�� �	����	

�
�� �
�


�
� (3.41c)

Let � � � be a non-zero eigenvalue of 	���, and � � � � be a corresponding
eigenvector, i.e., 	���� � ��. Pre-multiplying (3.41a) by �� and post-multiplying �
yield

��� ���������� � ��	����	
�
��� � ��
�


�
� � (3.42)

Since the right-hand side of the above equation is nonnegative, and since ����� � �,
we get ��� � �.

Now suppose that ��� � �. Then the left-hand side of (3.42) becomes �. But,
noting that �� � �, we have

��	�� � �� ��
� � �

Since ��	�� � 	���, it follows that

��� ��

�
	�� 	��
	�� 	��

�
� 	���� ��� ��� ��

�

�

�

�
� �

But from Theorem 3.4 (ii), this contradicts the reachability of �	� 
�. Hence, we
have ��� �� �, so that ��� 
 �. A similar proof is also applicable to the second
equation of (3.36).

Now we show item (ii). From the second equation of (3.36),

�
�� �
� ��

�
�

�
	�� 	��
	�� 	��

�� �
�� �
� ��

� �
	�� 	��
	�� 	��

�
�

�
���
���

�
��� ���

Hence, the ��� ��-block of the above equation gives

	�����	�� �	�����	�� ��� � ���� �� (3.43)

Suppose that ���� 	��� is not observable. Then, there exist an eigenvalue � � � and
an eigenvector � � � � of 	�� such that



3.8 Balanced Realization and Model Reduction 61

���� � � �� ��� � � (3.44)

We assume without loss of generality that ��� � �. Pre-multiplying (3.43) by ��

and post-multiplying � yield

����� � ������� � ������������ � �

Since
����� � ������ ������������ � ������

������

hold, we see that
��� ���������� � ������

������

From Lemma 3.6, it follows that ���� � �, so that the norm of any submatrix of �
is less than �. Hence, we get����

�
���
���

�
�

���� � � � ������
� � ������

� � �

Since, from (3.44), ������� � ����, it follows that ������� � � � ����, implying
that

��� ���������� � ��� ����������

Since ���� � �, we have ����� � �����. But this contradicts the assumption that
�� � ����. Hence we conclude that ���� ���� is observable. Similarly, we can show
that ����� 	�� is reachable.

For a proof of (iii), see [5, 71, 185]. �

Similarly to the proof of Lemma 3.7 (i), we can show that the subsystem
����� 	�� ��� is also stable. Thus, since �������� � �, we see that 
� � ��� is
nonsingular, where �
� � �, 
 � � . Hence we can define ���� 	�� ��� ��� as

�� � ��� �����
� �����
����� (3.45a)

	� � 	� �����
� �����
��	� (3.45b)

�� � �� � ���
� �����
����� (3.45c)

�� � � � ���
� �����
��	� (3.45d)

Then, we have the following lemma.

Lemma 3.8. Suppose that ��� 	� �� �� is a balanced realization. Then, we have
the following (i) � (iii).

(i) The triplet ��� � 	�� ��� defined by (3.45) satisfies the following Lyapunov
equations

�� � �����
�
�
�	�	

�
�
� �� � ��

�
���� � ��

�
��

where �� � ���	���� � � � � ���. Hence ���� 	�� ��� is a balanced realization
with ����� � �.
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(ii) If the Gramians �� and �� have no common elements, or �� � ����, then ��

is stable, and ����� � ���� ��� ��� 	�� is a minimal realization.

(iii) The approximation error is the same as that of (3.40), i.e.,

���
�������

����� � ������ � � � �� ���

Proof. We show (i). For simplicity, define � � �
 � ���. Then by the definitions
of �� and ��,

� � � �����
�
� ����

�
�

� ���� �����
������������ �����

������
�

� ��� �����
�������� �����

�����
�

We show that � equals �� by a direct calculation. Expanding the above equation
gives

� � ������
�
�� �������

�
���

������ �����
��������

�
��

�����
��������

�
���

������ ����
�
� ����

�
� �

������

�����
�����

�
� �����

�����
�
� �

������

Substituting ����
� , ����

� , ����
� and ����

� from (3.41) into the above equation,
we get

� � �� �������
�
�� �������

�
���

������ �����
��������

�
��

�����
��������

�
���

������ �����
�����

������

Collecting the terms involving �� yields

� ��� � ����
����� ��������

������ � �

since ��� � �. This proves the first Lyapunov equation �� � �����
�
� � ���

�
� of

this lemma. In similar fashion, we can show �� � ��� ���� � ��� ��.
(ii) This can be proved similarly to that of (ii) of Lemma 3.7.
(iii) This part is omitted. See references [5, 71, 108, 185]. �

The reduced order model ����� obtained by Lemma 3.8 is called a balanced
reduced order model for a discrete-time LTI system ����. The method of deriving
����� in Lemma 3.8 is called the singular perturbation approximation (SPA) method.
It can easily be shown that ���� � �����, and hence ���� � �����. This implies
that the reduced order model by the SPA method preserves the steady state gains of
����� and ����. However, this does not hold for the direct method of Lemma 3.7.

Before concluding this section, we provide a method of computing Gramians of
unstable systems.
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Definition 3.10. [168, 186]. Suppose that ���� � ��� �� �� ��, where � is pos-
sibly unstable, but has no eigenvalues on the unit circle. Then, the reachability and
observability Gramians � and � are respectively defined by

� �
�

�	

� ��

�

�
��� ���������
���� �������
 (3.46)

and

� �
�

�	

�
��

�

�
���� ����������
��� ������
 (3.47)

It should be noted that if � is stable, � and � above reduce to standard Gramians
of (3.34) and (3.35), respectively. �

Lemma 3.9. [168, 186] Suppose that ��� �� is stabilizable, and ��� �� is de-
tectable. Let � and � respectively be the stabilizing solutions of the algebraic Ric-
cati equations

� � ���� ������ �������������

and
� � ��� � � ����� � �� ������� ���

Also, define

� � ���� ������������� ��� � ��� ��������

and
� � ��� ����� � �� ������ � �� � ��� � �� �����

Then, the Gramians � and � respectively satisfy Lyapunov equations

� � ����� �� ����� �� ����� ���������� (3.48)

and
� � ��� �������� ��� � ����� � �� ������ (3.49)

Proof. Consider the following right coprime factorization

��� ������ � ����������

where ���� is an ��� inner matrix, satisfying ����������� � ��. Then, we
have the following realization

�
����

����

�
�

�
����� ��

�� �
� �

�
� � � � ���� � � � �

���

where �� 	� ���� is stable. By using the above coprime factorization, we have
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���������������������������������
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�
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�

����������������

�
�
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�
��

�

����� ��� �
��	

�	������� ���� �

����

�
�

��

�
��

�

����� ��� �
��	��� �	��	���	������� ���� �

����

�

��
���

��
�	��� �	��	���	����� �

�

This shows that � satisfies (3.48). Similarly, let a left coprime factorization be given
by

��
�� ����� � �����
� ���
��

where ���
� is an � � � co-inner matrix with ���
� ����
��� � ��. A realization
of � ���
� ���
�� is then given by

� ���
� ���
�� �

�
�� �� �� �

� � 	 �

�
� � � ���� � � � ����

Similarly, we can show that the observability Gramian � satisfies (3.49). �

Example 3.4. Suppose that ��� 	� �� are given by

� �

�
�� 	
	 ��

�
� 	 �

�
	�

	�

�
� � �

�
�� ��

�
(3.50)

where �� is stable, and �� is anti-stable. Define

�� � �����
�

�
�	�	

�

�
� �� � �����

�

�
�	�	

�

�

�� � ��
�
���� � ��

�
��� �� � ��

�
���� � ��

�
��

We wish to show that the reachability Gramian � and the observability Gramian �

of ��� 	� �� are given by � �

�
�� 	
	 ��

�
and � �

�
�� 	
	 ��

�
, respectively.

From (3.46), we have

� �
�

��

�
��

�

����� �����		������� ��������

�
�

���

�
�����

�
� �����		��
��� ������
�
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where ��� � � denotes the unit circle. According to (3.50), partition � as

� �

�
��� ���
��� ���

�

Noting that �� is stable and �� is anti-stable, we have

��� �
�

���

�
�����

��� ����
�����

�
� ��

��� ���
� �

�� ��

�
� ��

��� �
�

���

�
�����

��� ����
�����

�
� ��

��� ���
� �

�� ��

�
� ��

��� �
�

���

�
�����

��� ����
�����

�
� ��

��� ���
� �

�� ��

�
� �

We see that the third integral is zero since the integrand is analytic in ��� � �, and

similarly ��� � �. Hence we have � �

�
�� �
� ��

�
. That 	 �

�
	� �
� 	�

�
is proved in

the same way. �

3.9 Realization Theory

In this section, we prove basic realization results, which will be used in Chapter 6 to
discuss the deterministic realization theory.

Consider an infinite sequence 
 � �
�� 
�� � � � � with 
� � �
��� . Let the

infinite matrix formed by 
�, � � �� �� � � � be given by


 �

�
����

� 
� 
� � � �

� 
� 
� � � �

� 
� 
� � � �
...

...
...

. . .

�
���� (3.51)

This is called an infinite block Hankel matrix. By using the shift operator �, we
define ��
 � �
���� 
���� � � � � and the block Hankel matrix as

��
 �

�
����

��� 
��� 
��� � � �

��� 
��� 
��� � � �

��� 
��� 
��� � � �

...
...

...
. . .

�
���� � � � �� �� � � � (3.52)

Definition 3.11. If ��� �� �� satisfies


� � ������� � � �� �� � � � (3.53)

then the triplet ��� �� �� is called a realization of 
 . �
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Let the � � � block submatrix appearing in the upper-left corner of the infinite
Hankel matrix � be given by

���� �

�
������

�� �� �� � � � ��
�� �� �� � � � ����
�� �� �� � � � ����
...

...
. . .

...
�� ���� � � � � � � ������

�
������

(3.54)

Moreover, we define the �-observability matrix and �-reachability matrix as

�� �

�
����

�

��
...

�����

�
���� � �� � �� �� � � � ������ (3.55)

where � � �
��� , � � �

��� , � � �
��� . If � � 	 (or � � 	), then �� (or ��) is

called an extended observability (or reachability) matrix, and the 	-reachability (or
	-observability) matrix is simply called the reachability (or observability) matrix.

Let 
 be the smallest positive integer such that ���������� � ��������. Then
this value of 
 is called the reachability index of � � ��� �� ��. Similarly, the
smallest positive integer � such that ���������� � �������� is referred to as the
observability index.

Lemma 3.10. If ��� �� �� is a realization of � , then

���� � ����� �� � � 	� 
� � � � (3.56)

holds, and vice versa. In this case, we have the following rank conditions.

���������� � ���� ��������� �������� � � 	

Proof. Equation (3.56) is clear from Definition 3.11 and (3.55). The inequalities
above are also obvious from (3.56). �

From the canonical decomposition theorem (Theorem 3.11), if there exists a re-
alization of � , then there exists a minimal realization. Thus, we have the following
lemma.

Lemma 3.11. If ��� �� �� is a minimal realization, we have

���������� � 	� �� � � 	� 	
 	� � � � (3.57)

Proof. For �� � � 	, it follows that �������� � 	 and �������� � 	. Hence, we
get

�
�
��� � 
�� ���

�
� � 
�

From (3.56), this implies that
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�� � �
�
������

�
� � �������������

�
� � � �

Thus ���������� � � holds. But from Lemma 3.10, we have ���������� � �. This
completes the proof. �

Now we define the rank of an infinite Hankel matrix. It may be, however, noted
that the condition cannot be checked by a finite step procedure.

Definition 3.12. The rank of the infinite block Hankel matrix � of (3.51) is defined
by

������� � ��	
���

���������� �

We consider the realizability condition of an infinite impulse response sequence
in terms of the concept of recursive sequence. Suppose that there exist��� � � � � �� �
� such that

������ 


��

���

���������� � �� � � �� �� � � � (3.58)

holds. In this case, we say that � � ���� ��� � � � � is a recursive sequence of order �.
The following theorem gives an important result for the realizability of the infinite
block Hankel matrix, which is an extension of Lemma 2.14 to a matrix case.

Theorem 3.13. An infinite block Hankel matrix � is realizable if and only if � is
recursive.

Proof. To prove the necessity, let �� � �����	� 
 � �� 
� � � � and let the charac-
teristic polynomial of � be given by

����� � �� 
 ���
��� 
 � � �
 ����� 
 ��

Then, from the Cayley-Hamilton theorem,

�� 
 ���
��� 
 � � �
 �����
 �� � � �

Pre-multiplying this by ����� and post-multiplying by 	 yield (3.58).
The sufficiency will be proved by constructing a realization and then a minimal

realization. To this end, we consider the block Hankel matrix 
�� of (3.52). Let the
�� � block submatrix appearing in the upper-left corner of 
�� be given by

�
������ �

�
����

���� ���� � � � ����
���� ���� � � � ������

...
...

. . .
...

���� ������ � � � �������

�
���� � �

�����

Also, let the block companion matrix be defined by
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� �

�
������

� �� � � � � �

� � �� � � � �
...

...
...

. . .
...

� � � � � � ��

����� ������� ������� � � � �����

�
������
� �

�����

It follows from (3.58) that

��������� � ����������� � � �� �� � � �

Hence we have
������ � ��������� � � �� �� � � � (3.59)

Since the ��� ��-block element of �������� is just ����, we get

���� � ��� � � � � ��������

�
����

��
�
...
�

�
���� � � � �� �� � � �

For notational convenience, we define ��
� � ��� � � � � �� � ����� , and

�� �

�
����

��
�
...
�

�
���� � �

���� � �	 � ������ �

�
����

��
��
...
��

�
���� � �

����

Also, define �
 �� and �� � ��. Then, it follows that

���� � ��
��

������� � �� �
� �	� � � �� �� � � � (3.60)

This concludes that � �
� �	� ��� is a (non-minimal) realization with �
 � �
����� .

We derive a minimal realization from this non-minimal realization � �
� �	� ���.
Define a block companion matrix

� �

�
������

� � � � � � �����
�� � � � � � �������
� �� � � � � �������
...

...
. . .

...
...

� � � � � �� �����

�
������
� �

�����

Then, similarly to the procedure of deriving (3.59),

�����
� � ��������� � � �� �� � � � (3.61)

Hence, from (3.59) and (3.61), we have ������ � �����
�, � � �� �� � � � .
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Suppose that ���������� � �. Let the SVD of ���� be given by

���� � ��� � � �

�
�� �
� �

�
� � � �����

�
� � �

�����

where �� � �, �� � �
��� , and ��

� �� � ��, � �
� �� � ��, From Lemma 2.10, the

pseudo-inverse of���� is given by��
��� � ���

��
� ��

� , so that we have�����
�
��� �

���
�
� and ��

������� � ���
�
� .

By using the SVD and pseudo-inverses, ���� of (3.60) is computed as

���� � ��
�	

������� � ��
� ����
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�������
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�
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� ������

� � �
� ���

Define � �� �
����
� ��

� 	�������
����
� � �

��� , � �� �
���
� � �

� �� � �
��� , and


 �� ��
� ���

���
� � �

��� . Then we see that
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� 	�������
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�

Thus, inductively, we can show that ���� � 
���, implying that ��� �� 
� is a
minimal realization with � � �

��� . �

It follows from this theorem that � is realizable if and only if the rank of � is
finite. If ������� � �, then the rank of a minimal realization is also �. It may be,
however, noted that this statement cannot be verified in an empirical way. But we
have the following theorem in this connection.

Theorem 3.14. Suppose that for ��� � � 	� � � � � 
�, the following conditions are
satisfied:

���������� � ������������ � ������������ � �

Then, there exists a unique Markov sequence � � ���� ��� � � � � with rank � such
that the first 
� parameters exactly equal the given ��� � � 	� � � � � 
�.

Proof. From ���������� � ������������, the last � rows of ������ must be
linear combinations of the rows of ����. Hence, there exist � � � matrices 
�� � �
	� � � � � � such that
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�� � ������ � � � �� ������� � � �� �� � � � � �� (3.62)

Similarly, from ���������	 � �����������	, we see that the last � columns of
������ must be linear combinations of the columns of����. Thus, there exist���

matrices ��� � � �� � � � � � such that

�� � ������ � � � �� ������� � � �� �� � � � � �� (3.63)

Now we recursively define �� � � � �� � �� � � � by means of (3.62), so that we
have an infinite sequence � � ���� ��� � � � 	. By this construction, the rank of the
infinite block Hankel matrix � has rank smaller than 	�. We show that the rank is
in fact �. To this end, we show that (3.63) also holds for � � �� � �� �� � �� � � � .
From (3.62) and (3.63), for � 
 ��

���� �

��

���

�������� �

��

���

��

��

���

����������

�

��

���

�
��

���

����������

�
�� �

��
���

��������

Thus the columns of � are linearly dependent on the first �� columns, and hence
we have ������	 � ���������	 � �.

Finally, the uniqueness is proved as follows. Suppose that we have two Markov
sequences � � and � �. Define � 
� � �

� � �. Then we see that the rank of � is
at most �� and that the first �� parameters are zero. Therefore, from Theorem 3.13,
applying (3.58) with � 
� ��, we have � � �. This completes the proof. �

3.10 Notes and References

� After a brief review of �-transform in Section 3.1, we have introduced discrete-
time systems and signals, together with their norms in Sections 3.2 and 3.3. Used
are references [98, 121, 144] for systems and signals and [36] for complex func-
tion theory.

� In Sections 3.4 to 3.7, state-space methods are considered, including Lyapunov
stability, reachability and observability of discrete-time LTI systems. In relation
to the realization and system identification, the canonical decomposition theorem
(Theorem 3.11) is theoretically most important because it tells us that the transfer
matrix of an LTI system is related to the reachable and observable subsystem
only. Thus the unreachable or unobservable parts of the system are irrelevant to
system identification. The basic references are [27, 80, 185].

� In Section 3.8, we present balanced realization theory and model reduction tech-
niques for discrete-time LTI systems by using [5, 108, 127, 168, 186]. It is well
known that for continuous-time systems, a reduced-order model derived from a
balanced realization by retaining principal modes is balanced, but this fact is no
longer true for discrete-time systems.
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� However, by using Lyapunov inequalities rather than Lyapunov equations, it can
be shown in [71, 185] that reduced-order balanced models are obtained from
higher-order balanced models. These model reduction theory and technique are
employed in Chapter 8 to consider the theory of balanced stochastic realization
and in Chapter 11 to compute reduced-order models in closed-loop identification
algorithms.

� The basic results for the realization theory treated in Section 3.9 are found in
[72,85,147]. The proof of Theorem 3.13 is based on [85] and the SVD technique
due to [184], and this theorem is a basis of the classical deterministic realization
theory to be developed in Chapter 6.
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Figure 3.3. A diagonal system with � � �

3.11 Problems

3.1 Suppose that the impulse response of ���� is given by

�� �
�������

�
� � � �� �� � � �

with �� � �. Consider the stability of this system by means of Theorem 3.1.

3.2 Find a necessary and sufficient condition such that the second-order polynomial
���� �� ��� ������ is stable. Note that a polynomial is called stable if all the
roots are inside the unit circle.

3.3 Derive a state space model for the system shown in Figure 3.3, and obtain the
reachability condition.

3.4 Consider a realization ��� �� 	� of an SISO system with ��� �� reachable. Show
that �� � �

���� and �� � �
��� are given by

�� �

�
����

� �
�
� �
���

. . .
...

� �
�

�
���� � �� �

�
����

�
�
...
�

�
����

where � is the reachability matrix.
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3.5 Show that ��� �� is reachable (stabilizable) if and only if �� � ��� �� is
reachable (stabilizable). Also, ��� �� is observable (detectable) if and only if
��� �� ��� is observable (detectable).

3.6 [73] Let � � �
��� . Show that for any � � �, there exists a constant � � �

such that ��������
�� � ������ � ���� 	 � �� �� � � �

where 
� � � �� � � � � �. Recall that ���� is the spectral radius (see Lemma 2.1).

3.7 Consider a discrete-time LTI system of the form


��� �� � �
��� � ����� � � �� �� � � �

where ���� � �
� is an exogenous input, and � � �

��� is stable. Show that if
������ � �, then 
��� converges to zero as ���.

3.8 Define the system matrix

���� �

�
�� �� �

�� �

�

Show that the following equality holds:

��	
����� � �� ��	
�����

where rank� denotes the maximal rank for � � � ; note that this rank is called
the normal rank.

3.9 [51] Consider the Hankel matrix � of (3.51) with scalar elements �� � ��,

 � �� �� � � � . Then, � has finite rank if and only if the series

���� ��
��

�
�
��

��
� � � �

is a rational function of �. Moreover, the rank of � is equal to the number of
poles of ����.

3.10 Show that the sequence ���� 	 � �� �� � � � � in Problem 3.1 cannot have a finite
dimensional realization.
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Stochastic Processes

This chapter is concerned with discrete-time stochastic processes and linear dynamic
systems with random inputs. We introduce basic properties of stochastic processes,
including stationarity, Markov and ergodic properties. We then study the spectral
analysis of stationary stochastic processes. By defining Hilbert spaces generated by
stationary processes, we discuss the optimal prediction problem for stationary pro-
cesses. Finally, we turn to the study of linear stochastic systems driven by white
noises, or Markov models, which play important roles in prediction, filtering and
system identification. We also introduce backward Markov models for stationary
processes.

4.1 Stochastic Processes

Consider a physical variable � that evolves in time in a manner governed by some
probabilistic laws. There are many examples for these kinds of variables, including
thermal noise in electrical circuits, radar signals, random fluctuation of ships due to
ocean waves, temperature and pressure variations in chemical reactors, stock prices,
waves observed in earthquakes, etc. The collection of all possible variations in time
of any such variable is called a stochastic process, or a time series.

To be more precise, a stochastic process is a family of real valued (or complex
valued) time functions, implying that a stochastic process is composed of a collec-
tion or ensemble of random variables over an index set, say, � . Let � be a sample
space appropriately defined for the experiment under consideration. Then, a stochas-
tic process is expressed as ����� ��� � � ��, where � � �. For a fixed � � ��, we
have a random variable ����� �� on the sample space �. Also, if we fix � � ��, then
���� ��� is a function of time called a sample function. This definition of stochastic
process is very general, so that we usually assume a suitable statistical (or dynamic)
model with a finite number of parameters for analyzing a random phenomenon (or
system) of interest.

If the index set is �� � ���� ��, or the interval ��� �� � �
� , then the process is

called a continuous-time stochastic process. If, on the other hand, the index set is��
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�� � �� ��� � � � �, we have a discrete-time stochastic process, or a time series. In this
book, we consider discrete-time stochastic processes, so that they are expressed as
������ � � �� ��� � � � �, ������, or simply � by suppressing the stochastic parameter
� � �.

Consider the distribution of a stochastic process ������. Let ��� � � � � �� be �

time instants. Then, for ��� � � � � �� � �, the joint distribution of ������ � � � � �����
is defined by

������� � ��� � � � � ����� � ���

�

� ��

��

� � �

� ��

��

���� ��� � �� ���� � � � � ���	�� � � � 	�� (4.1)

where ���� ��� � �� ���� � � � � ��� is the joint probability density function of ������ � � � �
�����. The joint distribution of (4.1) is called a finite dimensional distribution of the
stochastic process at ��� � � � � ��. The distribution of a stochastic process can be de-
termined by all the finite distributions of (4.1). In particular, if any finite distribution
of � is Gaussian, then the distribution of � is called Gaussian.

Example 4.1. A stochastic process �
���� � � �� �� � � � � is called a white noise, if

��� and 
��� are independent for any � �� �, i.e.,

��� ��
���� 
���� � ���
�������
����� � �� �

The white noise is conveniently used for generating various processes with different
stochastic properties. For example, a random walk ���� is expressed as a sum of
white noises

���� � 
��� � 
��� � � � �� 
���� � � �� �� � � � (4.2)

with ���� � �. It thus follows from (4.2) that

���� � ���� �� � 
���� ���� � � (4.3)

Statistical property of the random walk is considered in Example 4.3. �

4.1.1 Markov Processes

Let ������ � � �� ��� � � � � be a stochastic process. We introduce the minimal �-
algebra that makes ������ � � �� measurable, denoted by �� � ������� � � ��. The
�-algebra �� satisfies ��� � ���� �� � ��, and is called a filtration. It involves all the
information carried by ����� ��� � ��� � � � .

Suppose that for � � � and ���� 	 ��, we have

��������� � � 
 ���� � ��������� � � 
 ���������

� ��������� � � 
 ������ (4.4)
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Then we say that ������ has Markov property. In terms of the conditional probability
density functions, the Markov property is written as

������� � �������� � � � � ������ � ������� � �������� (4.5)

A stochastic process with the Markov property is called a Markov process. The ran-
dom walk ���� in Example 4.1 is a Markov process, since for any � � � � �,

������ � ���� ��� � � � ����� � ������ � ���� ���

Let �� � �� � � � � � �� � ����. Then, for a Markov process, the conditional
probability of ������� given ��� depends only on �����, and is independent of the
information ����� . Let ����� be the past, ����� present, and ������� the future.
Then, for Markov processes, the information for the present state ����� makes the
past and the future independent. Also, by using Bayes’ rule, the joint probability
density function of a Markov process is expressed as

�������� � � � � ������ � ������� � ������ � � � � ���������������� � � � � ��������

� ������� � ���������������� � � � � ��������

Continuing this procedure, we get

�������� � � � � ������ � ��������

��
���

������� � ��������

We therefore see that the joint probability density function of a Markov process is
determined by the first-order probability density functions �������� and the transition
probability density functions ������� � ��������. Also, since

������� � �������� �
�������� ��������

����������

we can say that the distribution of a Markov process is determined by the first- and
second-order probability density functions �������� and �������� ��������.

4.1.2 Means and Covariance Matrices

Let ������ � � �� ��� � � � � be a stochastic process. Given the distribution of ������
of (4.1), we can compute various expectations associated with the stochastic process.
In particular, the expectation of the product ����� � � ������ is called the �th-order
moment function, which is given by

����� � � � � ��� � 	������ � � �������

�

�
�

��

� � �

�
�

��

�� � � ���������� � �� ���� � � � � ���
�� � � � 
��
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where ���� denotes the mathematical expectation.
In the following, we are mainly interested in the first- and second-order moment

functions, which are respectively called the mean function and the (auto-) covariance
function; they are written as

����� � �������� ������ �� � �������� ����������� � �������

The covariance function is also written as ��������� �����, and in particular,

������ � ��������� ����� � ������ ��

is called the variance of ����. Stochastic processes with finite variances are called
second-order processes.

Example 4.2. Let ������ � � �� �	� � � � � be a Gaussian stochastic process. Let the
mean and covariance functions be given by ����� and ���� ��, respectively. Then, the
joint probability density function of ������ � � � � ����� is expressed as

������� � ������ � � � � ���

�
	

�
	�����
����
��


�
�
	




��
�����


��

�� ��� � ���������� � �������
�

where 
 � ������ ���� � �
��� is the covariance matrix, and 
��

�� denotes the
��� ��-element of the inverse 
��. If ���� is a white noise, we see that 
 becomes a
diagonal matrix. �

Before concluding this section, we briefly discuss vector stochastic processes.
Let ������ � � �� �	� � � � � be an 
-dimensional vector process, i.e.,

���� �

�
��
�����

...
�����

�
��

where ����� are scalar stochastic processes. Then we can respectively define the mean
vector and covariance matrix as

����� �

�
��
������

...
������

�
��

and

������ �� � �������� ����������� � ������
��

�

�
����

��������������� ��������������� � � � ���������������
��������������� ��������������� � � � ���������������

...
...

. . .
...

��������������� ��������������� � � � ���������������

�
����
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where ����� �� ���� � �����. We see that the diagonal elements of ������ �� are the
covariance functions of ������� � � �� ��� � � � �, and the non-diagonal elements are
the cross-covariance functions of ����� and �����, � �� �.

4.2 Stationary Stochastic Processes

Consider a stochastic process ������ � � �� ��� � � � � whose statistical properties do
not change in time. This is roughly equivalent to saying that the future is statistically
the same as the past, and can be expressed in terms of the joint probability density
functions as

���� ��� � �� ���� � � � � ��� � ������ ��� � �������� � � � � ���� 	 � �� ��� � � � (4.6)

If (4.6) holds, ������ is called a strongly stationary process.
Let ������ � � �� ��� � � � � be a strongly stationary process with the finite 
th-

order moment function. It follows from (4.6) that

����� � � � � ��� � ���� � 	� � � � � �� � 	�

� ���� � ��� � � � � ���� � ��� ��� 	 � �� ��� � � � (4.7)

In particular, for the mean and covariance functions, we have

����� � ������� � ������ ������ �� � ������ �� ��

Thus, for a strongly stationary process with a finite second-order moment, we see
that the mean function is constant and the covariance function depends only on the
time difference. In this case, the covariance function is simply written as ������ ��
instead of ������ ��.

Let ������ � � �� ��� � � � � be a second-order stochastic process. If the mean
function is constant, and if the covariance function is characterized by the time dif-
ference, then the process is called a weakly stationary process. Clearly, a strongly
stationary process with a finite variance is weakly stationary; but the converse is not
true. In fact, there are cases where the probability density function of (4.6) may not
be a function of time difference for a second-order stationary process. However, note
that a weakly stationary Gaussian process is strongly stationary.

Example 4.3. (Random walk) We compute the mean and variance of the random
walk considered in Example 4.1. Since 
 is a zero mean Gaussian white noise with
unit variance, we have ��
���� � � and ��
���
���� � Æ��. Hence, the mean of
���� becomes

����� � ��
��� � 
��� � � � �� 
���� � �

Since ��������� �
��

�����
��� and ���� �
��

��� 
�
� are independent for � � �,
we get

������ �� � ����������� � �������� ���������� ����������� � �
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Similarly, for � � �, we get ������ �� � �. Thus the covariance function of the ran-
dom walk is given by ������ �� � ������ ��, which is not a function of the difference
�� �, so that the random walk is a non-stationary process. �

We now consider a second-order stationary process ������ � � �� ��� � � � �.
Since the mean function �� is constant, we put ���� �� ���� � ��. Then, without
loss of generality, we can assume from the outset that a stationary process has zero
mean. Moreover, being dependent only on the time difference � � �, the covariance
function is written as

������ � � ����	 ������� � � � �� ��� � � � (4.8)

Lemma 4.1. The covariance function ������ has the following properties.

(i) (Boundedness) �������� � ������ � 	��� � � ��� �
� � � �

(ii) (Symmetry) ������ � �������� � � �� 
� � � �

(iii) (Nonnegativeness) For any ��� � � � � �� � �� 
�� � � � � 
� � �, we have

��

�����


�
������� � ��� � �

Proof. Item (i) is proved by putting � � ����� � � ���� in the Schwartz inequality
�������� � ����������. Item (ii) is obvious from stationarity, and (iii) is obtained

from �
�����

��� 
������
���� � �. �

Consider a joint process ������ 
���� � � �� ��� � � � � with means zero. If the

vector process � �

�
�




�
is stationary, then we say that � and 
 are jointly stationary.

Since the covariance matrix of � is given by�
�����	 �� �� �����	 �� ��

�����	 �� �� �����	 �� ��

�
� �

��
���	 ��

��	 ��

�
������ 
����


	

� �������	 ������� (4.9)

the stationarity of � implies that the four covariances of (4.9) are functions of the
time difference � only. The expectation of the product ��� 	 ��
���, i.e.,

������ � � ����	 ��
���� (4.10)

is called the cross-covariance function of � and 
. If ������ � � for all �, then two
processes � and 
 are mutually uncorrelated or orthogonal.

Lemma 4.2. The cross-covariance function ������ has the following properties.

(i) (Anti-symmetry) ������ � �������� � � �� 
� � � �

(ii) (Boundedness) ��������
� � ������������� � � ��� �
� � � �

Proof. (i) Obvious. (ii) This is easily proved by the Schwartz inequality. �
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4.3 Ergodic Processes

A basic problem in analyses of stationary stochastic processes is to estimate statis-
tical parameters from observed data. Since the parameters are related to expected
values of some function of a stochastic process, we study the estimation problem of
the mean of a stationary stochastic process.

Suppose that �����, � � �� ��� � � � � is a second-order stationary process with
mean zero. Define a time average of the process by

������ � ���
���

�

�� 	 �

��

����

���	 ������� � � ����� � � � (4.11)

This quantity is also called the (auto-) covariance function. The covariance function
of (4.8) is defined as an ensemble average, but ������ of (4.11) is defined as a time
average for a sample process

� � � � � � � ������ ����� ����� � � � �

For data analysis, we deal with a time function, or a sample process, generated
from a particular experiment rather than an ensemble. Hence, from practical points
of view, the definition of moment functions in terms of the time average is preferable
to the one defined by the ensemble average. But, we do not know whether the time
average ������ is equal to the ensemble average ������ or not.

A stochastic process whose statistical properties are determined from its sample
process is called an ergodic process. In other words, for an ergodic process, the time
average equals the ensemble average. In the following, we state ergodic theorems for
the mean and covariance functions.

We first consider the ergodic theorem for the mean. Let � be a second-order
stationary stochastic process with mean ��, and consider the sample mean

���� �
�

�� 	 �

��

����

���� (4.12)

Then, we see that 	������ � ��, which implies that the mathematical expectation
of ���� is equal to the ensemble mean. Also, the variance of ���� is given by

	������� ���
�� � 	

��
�
�

�

�� 	 �

��
����

����� � ���

����
�

�
�

��� 	 ���

��
����

��
����

������ 
�

�
�

�� 	 �

���
�����

	
��

���

�� 	 �



������ (4.13)

Thus we have the following theorem.
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Theorem 4.1. (Mean ergodic theorem) A necessary and sufficient condition that
���
���

���� � �� holds in the quadratic mean is that

���
���

�

�� � �

���

�����

�
��

���

�� � �

�
������ � 	 (4.14)

Proof. For a proof, see Problem 4.2. �

We see that if ���
���

������ � 	, then the Cesàro sum also does converge to zero,

i.e.,

���
���

�

� � �

��
���

������ � 	 (4.15)

holds, and hence (4.14) follows (see Problem 4.3 (b)).
Next we consider an ergodic theorem for a covariance function. Suppose that

� is a stationary process with mean zero. Let the sample average of the product
��� � ������ be defined by

�����
�� �
�

�� � �

��
����

���� ������ (4.16)

Obviously we have

	������
��� �
�

�� � �

��
����

	����� ������� � ������

so that the expectation of �����
�� equals the covariance function ������.
To evaluate the variance of �����
��, we define 
��� � ��� � ������, and apply

the mean ergodic theorem to 
���. We see that �� � 	�
���� � ������ and that

������ � 	������ � � ������ ��� �������� ������ � ����

� 	����� � � ������ ������ ������� � ��� (4.17)

Also, similarly to the derivation of (4.13), it follows that

	�������
��� �������
�� � 	

��
�
�

�

�� � �

��
����

�
��� � ���

���	



�
�

�� � �

���
�����

�
��

���
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�
������

Thus, we have an ergodic theorem for the covariance function.
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Theorem 4.2. (Covariance ergodic theorem) A necessary and sufficient condition
that

���
���

�������� � ������ (4.18)

holds in the quadratic mean is that

���
���

�

�� 	 �

���

�����

�
��

���

�� 	 �

�
������ � 
 (4.19)

Moreover, suppose that � is a Gaussian process with mean zero. If the condition

���
���

�

� 	 �

��
���

������� � 
 (4.20)

is satisfied, then (4.19) and hence (4.18) holds in the quadratic mean.

Proof. See Problem 4.4. �

Example 4.4. Consider a zero mean Gaussian process � with the covariance function
������ � ������� � � 
� ��� � � � �
 	 ��� 	 �� �� 
 
� (see Figure 4.2 below).
Since (4.15) and (4.20) are satisfied, Theorems 4.1 and 4.2 indicate that a stochastic
process with exponential covariance function is ergodic. �

4.4 Spectral Analysis

We consider a second-order stationary process ������ � � 
� ��� � � � � with mean
zero. Suppose that its covariance function �������, � � 
� ��� � � � � satisfies the
summability condition

��
����

�������� 	� (4.21)

Definition 4.1. Suppose that the covariance function satisfies the condition (4.21).
Then, the Fourier transform (or two-sided �-transform) of ������ is defined by


����� �

��
����

�������
�� (4.22)

This is called the spectral density function of the stochastic process ������. �

Putting � � ���� �� 	 � 	 �, the spectral density function can be viewed as a
function of � (rad)


����� �

��
����

������������ �� 	 � 	 � (4.23)
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We observe from the definition (4.23) that the spectral density function shows the
distribution of power of the stationary process in the frequency domain.

It is well known that the covariance function is expressed as an inverse transform
of the spectral density function as

������ �
�

���

�
�����

�������
����� (4.24a)

�
�

��

� �

��

������������	 � � �	 ��	 � � � (4.24b)

The relations in (4.24) are called the Wiener-Khinchine formula. We see from (4.22)
and (4.24a) that the covariance function and spectral density function involve the
same information about a stationary stochastic process since there exists a one-to-
one correspondence between them.

If the sampling interval is given by 
�, then the spectral density function is de-
fined by

������
�� � 
�

��
����

�������������	 �
�


�

 � 


�


�
(4.25)

and its inverse is

������ �
�

��

� �	��

��	��

������������
����	 � � �	 ��	 � � � (4.26)

It should be noted that � in (4.23) and � in (4.25) are related by � � �
�, and hence
� has the dimension [rad/sec].

Lemma 4.3. The spectral density function satisfies the following.

(i) (Symmetry) ������ � �������	 �� 
 � � �

(ii) (Nonnegativeness) ������ � �	 �� 
 � � �

Proof. (i) The symmetry is immediate from ������ � �������. (ii) This follows
from the nonnegativeness of ������ described in Lemma 4.1 (iii). For an alternate
proof, see Problem 4.5. �

�

�
���� �

�

Figure 4.1. Discrete-time LTI system

Consider a discrete-time LTI system depicted in Figure 4.1, where � is the input
and � is the output, and the impulse response of the system is given by �����	 � �
�	 �	 � � � � with ���� � �	 � 
 �. The transfer function is then expressed as
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���� �

��

���

������� (4.27)

As mentioned in Theorem 3.1, ���� is stable if and only if the impulse response
sequence ������ � � �� �� � � � � is absolutely summable.

Lemma 4.4. Consider an LTI system shown in Figure 4.1 with ���� stable. Suppose
that the input � is a zero mean second-order stationary process with the covariance
function ������ satisfying

��

����

�������� �� (4.28)

Then, the output 	 is also a zero mean second-order process with the spectral density
function of the form


����� � ����������
����� (4.29)

or

����� � ���������
����� (4.30)

Further, the variance of 	 is given by


�� �
�

��

� �

��

���������
������� (4.31)

Proof. Since ���� is stable, the output 	��� is expressed as

	��� �

��
���

�������� ��

Hence, it follows that �� � ��	���� � � and that the covariance function of 	 is
given by

������ � ��	��� ��	����
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���
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���

�������������� � � ������ ���

�

��
���

��
���

������������� � � � �� (4.32)

Since the right-hand side is a function of �, so is the left-hand side. Taking the sum
of absolute values of the above equation, it follows from (4.28) and the stability of
���� that
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where the sum with respect to � should be taken first. From this equation, we see
that �������� ��, implying that � is a second-order process. Also, we can take the
Fourier transform of both sides of (4.32) to get
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�������
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���
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������������� � � � ��
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���

�������
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���

������
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����

�������������� � � � ��

� 	���	�����������

Equation (4.30) is trivial. Finally, putting � � � in (4.24b) gives (4.31). �

Example 4.5. Consider a system 	��� �
�
�� 
���� � 
�, where the input is a

Gaussian white noise � with mean zero and variance 
�. We see that the output of
the system is described by the first-order autoregressive (AR) model

���� �� � 
���� �
�
�� 
� ����� � � �� �� � � � (4.33)

The output process is called a first-order AR process. We observe that the future
��� � �� depends partly on the present ���� and partly on the random noise ����, so
that � is a Markov process. Since the spectral density function of � is ������ � 
�,
it follows from (4.32) and (4.30) that the covariance function and the spectral density
function of the output process � are respectively given by

������ � 
�
���� � � ����� � � �
and

������ �

���� 
��

� � 
� � �
 ��	�
� ��� � �

The auto-covariance functions and spectral density functions for 
 � ��
� ��� and

� � � are displayed in Figures 4.2 and 4.3. For larger 
, the value of the covariance
function decreases slowly as ��� gets larger, and the power is concentrated in the low
frequency range. But, for smaller 
, we see that the covariance function decreases
rapidly and the power is distributed over the wide frequency range. �

The next example is concerned with an autoregressive moving average (ARMA)
model.

Example 4.6. Let � be a zero mean white noise with variance 
�. Suppose that the
system is described by a difference equation

���� �

��
���


����� �� � ���� �

��
���

������ �� (4.34)
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Figure 4.2. Auto-covariance functions
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Figure 4.3. Spectral density functions

This equation is called an ARMA model of order ��� ��. From (4.34), we have

�������� � ��������

where ���� and ���� are given by

���� � � � 	��
�� � � � � � 	��

��

���� � � � 
��
�� � � � � � 
��

��

The process � generated by the ARMA model is called an ARMA process.
The condition that � is stationary is that all the zeros of ���� are within the unit

circle (��� � �). Since the invertibility of the ARMA model requires that all the zeros
of ���� are located within the unit circle, so that both

���� �
����

����
�

�

����
�

����

����

are stable1. Since both ���� and �
���� are stable, we can generate the noise pro-
cess � by feeding the output � to the inverse filter �
���� as shown in Figure 4.4.
Thus �
���� is called an whitening filter. Also, by feeding the white noise to the

1We say that a transfer function with this property is of minimal phase.
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filter ����, we have the output �. Hence, the spectral density function of � is given
by

������ � ��
���� � � ���

��� � � � �� ���
����

� � ������ � � � �� �������

����
�

(4.35)

We see that the output spectral has a certain distribution over the range ��	
 	�
corresponding to the filter used. Therefore, ���� is often called a shaping filter.

It should be noted that the design of a shaping filter is closely related to the
spectral factorization and the stochastic realization problem to be discussed in later
chapters. �

�

� �

����
�

�
���� �

�

Figure 4.4. Whitening filter and shaping filter

The rest of this section is devoted to the spectral analysis for an �-dimensional
vector stochastic process ���
�
 
 � �
 ��
 � � � �. For simplicity, we assume that �
has zero mean. Then the covariance matrix is given by

������ � ����
� �����
��
 � � �
 �
 � � � (4.36)

Obviously, we have ������ � ��������. Let the diagonal elements of ������ be
������
 � � �
 � � � 
 �. Suppose that

��
����

�������� ��
 � � �
 � � � 
 �

hold. Then, we can define the spectral density matrix by means of the Fourier trans-
form of the covariance matrix as

������ �

��
����

�������
�� (4.37)

or

������ �

��
����

�����������
 �	 � � � 	 (4.38)

where ������ and ������ are � � � matrices. In the matrix case, we have also
Wiener-Khinchine formula

������ �
�

�	�

�
�����

�������
����� (4.39a)

�
�

�	

� 	

�	

������������
 � � �
��
 � � � (4.39b)
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The ��� ��-elements of ������ and ������ are respectively expressed as ������
and ������, which are called the cross-spectral density function of ����� and �����.
We see that ������ are real functions with respect to the angular frequency �, but
������, � �� � are complex functions.

Lemma 4.5. The spectral density matrix ������ has the following properties.

(i) (Hermite) ������ � ��������� �� 	 � � �

(ii) (Nonnegativeness) ������ � �� �� 	 � � �

Proof. Noting that 
����� � 
�������, we get

������ �

��

����

�����
����� �

��

����

�����
�������

�

��

����

����
������ � ��������

which proves (i). Now we prove (ii). Let the element of ���� be ������ � � �� � � � � 
,
and let ���� �

��

��� ������� with �� � � . It is easy to see that � is a second-order
stationary process with


����� �

��
�����

�����
�����

where 
����� � ������� ��������. Taking the Fourier transform of 
����� yields

������ �

��
�����

����������� (4.40)

From Lemma 4.2, we have ������ � �, so that the right-hand side of (4.40) becomes
nonnegative for any ��� � � � � �� � � . This indicates that ������ is nonnegative
definite. �

4.5 Hilbert Space and Prediction Theory

We consider a Hilbert space generated by a stationary stochastic process and a related
problem of prediction. Let ������ � � �� ��� � � � � be a zero mean second-order
stochastic process. Let the space generated by all finite linear combinations of � be
given by

� �

�
� �

���
����

������

������ � �
�

� �	 	 �� � �� 		

Define �� � � � as
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� �

���

����

������� � �

���

����

������

where �� � �� and �� � ��. Then we define the inner product of � and � as ��� ��� �
�����. Hence we have

��� ��� � �

��
�
�

���
����

������

��� ���
����

������

�
	

�
�

�
�

��� ����

��������������� �
�

��� ����

	����� ������ (4.41)

where 
 � ���� �� � �� � � � ��� �� � � � ��� is a finite set of indices.
Now suppose that the covariance matrix �	���� � ��� is positive definite. Then

we can define
����
�

� ��� ��� �
�

��� ����

	����� ������

Then ���� becomes a norm in� [106]. Hence the space� becomes a Hilbert space
by completing it with respect to the norm � � ��. The Hilbert space so obtained is
written as

� � ����


����

���� � � ��
�

where ���� denotes the closure of the vector space spanned by linear combinations
of its elements. The Hilbert space generated by � is a subspace of the Hilbert space

���� of square integrable random variables.

Example 4.7. Let ������ � � �� 	� � � � � be a white noise with zero mean and unit
variance. The Hilbert space

� � ��������� � � � �� 	� � � � �

generated by the white noise ������ is defined as follows. For � � ���� ��� � � � � �
��
�� ��, we define the set consisting of partial sums of � as

� �

�
�� �

��
���

������

����
��
���

����
� ��� �� � �

�

Taking the limit � � � 	� yields

��� � ���
�
� �

��
�����

����
� 	 �

Thus ���� becomes a Cauchy sequence, so that there exists a quadratic mean limit

� � �- ��

���

�� � �- ��

���

��
���

������
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Thus, by adjoining all possible quadratic mean limits, � becomes a Hilbert space.
Hence� may be written as

� �

�
� � �- ���

���

��
���

������

����
��
���

����
� ��� �� � �

�

The norm of � � � is given by ����
�

�
�
�

���
����

� ��. In this sense, the Hilbert
space is also written as� � �����, where � is a set of stochastic parameters. �

For �� 	 � �, if ��� 	�� � � holds, then we say that � and 	 are orthogonal, and
the orthogonality is written as � � 	. Let � be a subspace of the Hilbert space �.
If ��� 
�� � � holds for any 
 ��, then � is orthogonal to�, which is written as
� ��, and the orthogonal complement is written as��.

Lemma 4.6. Let � be a closed subspace of a Hilbert space �. For any element
� � �, there exists a unique 
� �� such that

�� � 
��� � �� � 
��� �
 �� (4.42)

Moreover, 
� is a minimizing vector if and only if � � 
� � �. The element 
�
satisfying (4.42) is the orthogonal projection of � onto the subspace �, so that we
write 
� � ���� ��	.

Proof. See [111, 183]. �

Let ���
�� 
 � �� 
�� � � � 	 be a second-order stationary stochastic process with
mean zero. We consider the problem of predicting the future ��
	��� � � �� 
� � � �
in terms of a linear combination of the present and past ��
�� ��
���� � � � in the least-
squares sense. To this end, we define a Hilbert subspace generated by the present and
past ��
�� ��
� ��� � � � as

�� �

�
��
� �

��
���

����
� ��

����
��
���

���� ��� �� � �

�

By definition, ���� �
�
�

���
���

�� is a stable filter. Thus �� is a linear space gener-
ated by the outputs of stable LTI systems subjected to the inputs ����� � � 
, so that
it is a subspace of the Hilbert space � � ��
����
� � �� � 
 � �	. In fact, for
�� 	 � ��, we have

� �

��
���

����
� ��� 	 �

��
���

����
� ��

where
��

���
���� ��,

��
���

���� ��. It follows that

� 	 	 �

��
���

��� 	 �����
� ��
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Since ��� � ��� � ���� � ����, we see that
�
�

���
��� � ��� � �. Hence, it follows

that � � � � �� holds. Moreover, for any � � �, we have �� � ��, implying that ��
is a linear space.

Since, in general, ��� � �� � �, � 	 � does not belong to ��, the linear
prediction problem is reduced to a problem of finding the nearest element ���� ���
in �� to ������. It therefore follows from Lemma 4.6 that the optimal predictor is
given by the orthogonal projection

������� � �
������� � ���

Define the variance of the prediction error by

��� � 
��������� ����������� � � �� 	� � � �

Then, we see that the variance is independent of time � due to the stationarity of
�. Also, since �� � ��� 
 � �, the variance ��

�
is a non-decreasing function with

respect to �, i.e.,
� � ��� � ��� � � � �

Definition 4.2. Consider the linear prediction problem for a second-order station-
ary stochastic process � with mean zero. If ��� 	 �, we say that � is regular, or
non-deterministic. On the other hand, if ��� � �, then � is called singular, or deter-
ministic. �

If ��� 	 �, we have ��� 	 � for all � � �� 	� � � � . Also, if ��� � �, then it follows
that

����� �� � �
����� �� � ��� � ���� �� � ��

holds for any ��� � ��. Thus, ���� � �� holds for �, so that �� is equal for all �.
Hence, we get

� � ��� � ��� � � � � � ��
�

� � � �

Therefore, the variances ��
�

of prediction errors are either positive, or zero. For the
latter case, � is completely predictable by means of its past values.

The following theorem is stated without proof.

Theorem 4.3. (Wold decomposition theorem) Let � be a second-order stationary
stochastic process with mean zero. Then, � is uniquely decomposed as

���� � ���� � ���� (4.43)

where � and � have the following properties.

(i) The processes � and � are mutually uncorrelated.

(ii) The process � has a moving average (MA) representation

���� �

��

���

�������� �� (4.44)
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where � is a white noise, and is uncorrelated with �. Further, ������ satisfy

��

���

������� ��� ���� � � (4.45)

(iii) Define �� � ���������� ��� � ��� � � � � and �� � ���������� ��� � ��� � � � �.
Then we have �� � �� and the process � is regular.

(iv) Define �� � ���������� ���� ��� � � � �. Then �� � �� holds for all �� �, so that
the process � is called singular in the sense that it can be completely determined
by linear functions of its past values.

Proof. For proofs, see Anderson [13], Koopmans [95], and Doob [44] (pp. 159–164
and pp. 569–577). �

Example 4.8. (Singular process) From Theorem 4.3 (iv), it follows that ���� � ��

for all �� 	. Hence ��� 	 	� � ���� is also in ��. Thus 

���� 	 	� � ��� � ��� 	 	�,
implying that if ����� � � � are observed for some �, the future ���	��� ���	��� � � �
are determined as linear functions of past observed values, like a sinusoid. Thus such
a process is called deterministic. �

Theorem 4.4. Let � be a zero mean, stationary process with the spectral density
function ����
�. Then, � is regular if and only if

�� �
�

��

� �

��

�
�����
��
 � �� (4.46)

This is called the regularity condition due to Szegö [65]. Under the regularity condi-
tion, there exists a unique sequence ������ � � �� �� � � � � such that (4.45) holds, and
and the transfer function

���� �
��
���

�������� ���� � � (4.47)

has no zeros in ��� � �, and provides a spectral factorization of the form

������ � ������������ (4.48)

where the spectral factor ���� is analytic outside the unit circle ���� � ��, satisfying
(4.45) and �� � ��� .
Proof. For a complete proof, see Doob [44] (pp. 159–164 and pp. 569–577). But,
we follow [134, 178] to prove (4.47) and (4.48) under a stronger assumption that
�
������� is analytic in an annulus � � ��� � ��� with � � � � �.

Under this assumption, �
������� has a Laurent expansion

�
������� �

��
����

���
��� � � ��� � ��� (4.49)
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By using the inversion formula [see (4.24)], we have

�� �
�

��

� �

��

���� ������������ � � ����� � � � (4.50)

For � � �, we have the equality in (4.46). Since �� are the Fourier coefficients of an
even, real-valued function ���������, they satisfy �

�� � ��� � � ����� � � � . Thus,
for � 	 �
� 	 ���,

����
� � 	
�
� ��
����

��

��
�

� ��� 	
�
� ��

���

��

�
�
	
�
� ��

���

��

��
�

Now we define

��
� � 	
�
� ��

���

��

��
�

(4.51)

Since the power series in the bracket �� � � � of (4.51) converges in �
� 
 �, we see
that ��
� is analytic in �
� 
 �, and ���� � �. Thus, ��
� of (4.51) has a Taylor
series expansion

��
� �

��
���

����
��� �
� 
 �

with ���� � �. This shows that (4.47) and (4.48) hold. This power series converges
in �
� 
 �, so that ��
� has no poles in �
� � �. Also, it follows that ������ � ���

�

for any � � �, where � 
 � and � 	 �� � � 	 �. Hence,

��
���

������ 	� �

��
���

������� 	�

Moreover, from (4.51), we see that

���
�
�� � 	
�
�
	

��
���

��

��
�

is analytic in �
� 
 �, and hence ��
� has no zeros in �
� � �. This completes the
proof that ��
� is of minimal phase. �

Since ������ � �, it follows that ��������� � ������ holds. Thus we get

�� �
�

��

� �

��

�������� 	�

This implies that �� is always bounded above. Thus, if �� is bounded below, the
process is regular; on the other hand, if �� � 	�, we have �� � �, so that the
process becomes singular (or deterministic).

It should be noted that under the assumption that �� 
 	� of (4.46), there is
a possibility that ����
� has zeros on the unit circle, and hence the assumption of
(4.46) is weaker than the analyticity of �������
� in the neighborhood of the unit
circle �
� � �, as shown in the following example.
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Example 4.9. Consider a simple MA process

���� � ����� ���� ��

where � is a zero mean white noise process with variance ��. Thus, we have

���� � �� ��� � ������ � �� �� � ����� ������ � �� � ����

It is easy to see that 	�
���������� � ��, so that 	�
������ is not analytic in the
neighborhood of ��� � �. But, we can show that (see Problem 4.7)

� �

��

	�
������	� �

� �

��

	�
��� � �����	� � � 
 �� (4.52)

Thus, the condition of (4.46) is satisfied. But, in this case, it is impossible to have the
inverse representation such that

���� �

��
���

������ ���

��
���

��� 
�

In fact, the inverse ������ shows that �� � �� � � �� �� � � � ; but the sequence � �
��� �� � � � � is not square summable. �

Example 4.10. Consider a regular stationary process �. It follows from Theorems
4.3 and 4.4 that � can be expressed as

���� �

��
���

�������� ��� ���� �

��
���

�������

where we assume that���� is of minimal phase. For � 
 �, we consider the �-step
prediction problem of the stationary process �. Since �� � ��, the �-step predictor
is expressed as the following two different expressions:

������ � �� � ��������� � ��� �

��
���

������ �� (4.53)

� ��������� � ��� �

��
���

������ �� (4.54)

In terms of coefficients ���� and ����, define the transfer functions

���� �
��
���

�������� � ��� �
��
���

�������

We see that feeding � into the inverse filter ������ yields the innovation process
� as shown in Figure 4.5. Thus, by using the filter � ���, the optimal filter ���� is
expressed as
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�

� �

����
�

�
� ��� �

��

Figure 4.5. Optimal prediction: the innovation approach

���� �
� ���

����

Hence, it suffices to obtain the optimal filter � ��� acting on the innovation process.
We derive the optimal transfer function � ���. Define the prediction error

������� � ������� ������ � ��

Then, by using (4.54), the prediction error is expressed as

������� �

��

���

����	����� ���

��

���


���	��� ��

�

����

���

����	����� �� �

��

���

�������� 
����	��� ��

Since 	 is a white noise, the variance of ������� is written as

����������� � ��
�

����

���

����� � ��
�

��

���

�������� 
����� (4.55)

Hence, the coefficients of the filter minimizing the variance of estimation error are
given by


��� � ������
 � � �
 	
 � � � (4.56)

This indicates that the optimal predictor has the form

������ � �� �

��

���

���� ��	��� �� �

��

����

������ ��	���

We compute the transfer function of the optimal predictor. It follows from (4.56)
that

� ��� �

��

���

��������� � ���� � ���� 	���� � � � �

Multiplying ���� by �� yields

������ � ������ � � � �� ���� 	�� � ���� � ���� 	���� � � � �

We see that � ��� is equal to the causal part of ������; the causal part is obtained
by deleting the polynomial part. Let � � �� be the operation to retrieve the causal part.
Then, we have � ��� � ���������, so that the optimal transfer function is given by
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���� �
� ���

����
�

���������
����

(4.57)

From (4.55), the associated minimal variance of prediction error is given by

��� � ���

����

���

������ � � �� �� � � �

Since 	�
��� � �	�
�� � 
� � 		�
��� with �	�
�� � 
� � 		�
���,

��� � ��� � ����

where ��
�� � ���	��
�� � 
��. Noting that 	 � ����� and �	 � � ����, the minimum

variance is expressed as

��� �
���
�


� �

��

�
��������� � �� �������

�
��

by using the formula (4.31). �

4.6 Stochastic Linear Systems

We consider a stochastic linear system described by the state space model

��
� �� � ��
���
� � ��
� (4.58a)

	�
� � ��
���
� � ��
�� 
 � 
� �� � � � (4.58b)

where � � �
� is the state vector, 	 � �

� the observation vector, � � �
� the

plant noise vector, and � � �
� the observation noise vector. Also, ��
� � �

��� ,
��
� � �

��� are deterministic functions of time 
. Moreover, � and � are zero
mean Gaussian white noise vectors with covariance matrices

�

��
��
�
��
�

� �
����� �����

��
�

�
��
� ��
�
���
� ��
�

�
Æ	
 (4.59)

where ��
� � �
��� is nonnegative definite, and ��
� � �

��� is positive definite
for all 
 � 
� �� � � � . The initial state ��
� is Gaussian with mean ����
�� � ���
�
and covariance matrix

�����
�� ���
�����
�� ���
��
�� � ��
�

and is uncorrelated with the noises ��
�� ��
�� 
 � 
� �� � � � . The system described
by (4.58) is schematically shown in Figure 4.6. This model is also called a Markov
model for the process 	.

In order to study the statistical properties of the state vector ��
� of (4.58), we
define the state transition matrix



96 4 Stochastic Processes

����
�

�
�

���� ��

��� �

����
���� �

�
�

�����

�����

��

�

����

Figure 4.6. Stochastic linear state space system

���� �� �

�
���� ������ �� � � ������ � � �

�� � � �
(4.60)

For any � � � � �, it follows that

���� �� � ���� ������ �� (4.61)

In terms of the transition matrix, the solution of (4.58a) is written as

���� � ���� ������ �

����
���

���� � � ��	��� (4.62)

Then, we can easily prove the lemma that characterizes the process ����.

Lemma 4.7. The process � of (4.58a) is a Gauss-Markov process.

Proof. Putting � � � in (4.62),

���� � ���� ������ �

����
���

���� � � ��	��� (4.63)

This shows that ���� is a linear combination of a Gaussian random vector ���� and
the noises �	���� � � � � 	�� � ���, so that ���� is a Gaussian random vector. Thus �
is a Gaussian process. Suppose that � 
 �. Then, we see from (4.62) that ���� is also
a linear combination of ����, 	���� � � � � 	�� � ��, and that �	���� � � � � 	�� � ���
are Gaussian white noises independent of ����. Hence, we have

������ � ����� ���� ��� � � � � ����� � ������ � ������ � � �

This implies that ������ � � �� �� � � � � is a Markov process. �

It should be noted that a Gaussian process can be characterized by the mean and
covariance matrix

����� � 
������� ������ �� � 
������� ����������� � ������
��
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Lemma 4.8. The mean vector and the covariance matrix of the state process � of
(4.58a) are respectively given by

����� � ���� ������� (4.64)

and

������ �� �

�
���� ������� � � �

��������� ��� � � �
(4.65)

where ���� �� ������ �� � �������� � ������ is the state covariance matrix that
satisfies

���� � ���� ����������� �� �
����
���

���� 	 � 	�
�	������ 	 � 	� (4.66)

Proof. Taking the expectation of both sides of (4.63) immediately yields (4.64). We
prove (4.65). Suppose that � � �. Then it follows from (4.63) that

������ �� � �
��
���� ��
���� � ������ �

����
���

���� � � 	�
���
�

�
�
���� ��
����� ������ �

����
���

���� 	 � 	�
�	�
���

Expanding the right-hand side of the above equation and using (4.59) yield

������ �� � ���� ����������� �� �
����
���

���� 	 � 	�
�	������ 	 � 	�

Putting � � � gives (4.66). Since ���� �� � ���� ������ ��, we see from the above
equation that (4.65) holds for � � �. Similarly, we can prove (4.65) for � � �. �

It can be shown that the state covariance matrix ���� satisfies

���� 	� � ������������� �
���� � � �� 	� � � � (4.67)

Thus, for a given initial condition ���� � ���������, we can recursively compute
the covariance matrix ���� for � � 	� �� � � � .

Lemma 4.9. The process � defined by (4.58) is a Gaussian process, whose mean
vector ����� and covariance matrix ������ �� are respectively given by

����� � ��������� � �������� ������� (4.68)

and
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������ �� �

����
���
�������� ����������� � �������� � � ������� � � �

������������� �	���� � � �

������� ��� � 
 �

(4.69)

Proof. Equation (4.68) is obvious from (4.58b) and (4.64). To prove (4.69), we
assume that � � �. It follows from (4.58b), (4.62) and (4.68) that

����� ����� � �����
��� � ������ � ����

� �������� ���
��� � ������ � ����

����
���

���� � � ������ � ����

Thus we have

������ �� � �������� ������������ ������
��

� �

��
�������� ���
��� � ����

����
���

���� � � ������ � ����
�

�
�
�����
��� � ����

���

where �
��� �� 
��� � �����. From (4.59) and the fact that �������
����� � 	
and �������
����� � 	� � � �, we have the first and second equations of (4.69).
Similarly, for � 
 �. �

4.7 Stochastic Linear Time-Invariant Systems

In this section, we consider a stochastic LTI system, where ����, ����, ����, 	���,
���� in (4.58) and (4.59) are independent of time �.

Consider a stochastic LTI system described by


��� �� � �
��� � ���� (4.70a)

���� � �
��� � ����� � � ��� �� � �� � � � (4.70b)

where �� is the initial time, and 
���� is a Gaussian random vector with mean ������
and the covariance matrix �����.

We see from (4.60) that the state transition matrix becomes ���� �� � ����� � �
�. It thus follows from (4.64) and (4.66) that the mean vector is given by

����� � ����������� (4.71)

and the state covariance matrix becomes
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���� � ������������
������ �

����

����

����������������

� ������������
������ �

�������

���

�������� (4.72)

Also, from (4.72) and (4.67), ���� satisfies

���� �� � ������� ��� � � ��� �� � �� � � � (4.73)

Lemma 4.10. Suppose that � in (4.70a) is stable, i.e., ���� � �. Letting �� �

��, the process � becomes a stationary Gauss-Markov process with mean zero and
covariance matrix

����	� �

�
���� 	 � �

�������� 	 � �
(4.74)

where � is a unique solution of the Lyapunov equation

� � ���� �� (4.75)

Proof. Since � is stable, we get ���
�����

����� � �. Thus, from (4.71),

���
�����


���� � �

Also taking �� � �� in (4.72),

���
�����

���� �

��
���

�������� �	 �

It can be shown that � satisfies (4.75), whose uniqueness is proved in Theorem 3.3.
Since the right-hand side of (4.74) is a function of the time difference, the process �
is stationary. The Gauss-Markov property of � follows from Lemma 4.7. �

Lemma 4.11. Suppose that � is stable. For �� � ��, the process � of (4.70b)
becomes a stationary Gaussian process with mean zero and covariance matrix

����	� �

����
���
����� 
��� 	 
 �

���� ��� 	 � �


������������ 	 � �

(4.76)

where 
�� is defined by

�� � ���� � � (4.77)

Proof. As in Lemma 4.10, it can easily be shown that since � is stable, for �� �
��, � of (4.70b) becomes a stationary Gaussian process with mean zero. From
Lemmas 4.9 and 4.10, the covariance matrix of � becomes
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������ �

����
���
������ � ������� � � �

���� ��� � � �

���������� � ������������� � 	 �

This reduces to (4.76) by using �� of (4.77). �

Example 4.11. For the Markov model (4.70), the matrices �, �, �� are expressed as

� � 
����� �����������

� � 
�
������������

�� � 
�
�������� ���

In fact, post-multiplying (4.70a) by �����, and noting that 
����������� � �, we
have


����� �������� � �
����������� � ��

showing that the first relation holds. The second relation is proved similarly by using
(4.70b). Finally, from (4.70),


�
�������� ��� � 
������� � ������������� � �������

� ���� � �� � ��

This completes the proof. �

Example 4.12. We compute the spectral density matrix ������ of 
 with covariance
matrix (4.76). We assume for simplicity that � � �, so that ��� � ����. Thus, we
have

������ �

�
��������

�� � �� �

��������
� ��� � � �

so that the spectral density matrix is given by

������ � ��������
� �� (4.78)

where ������ is the spectral density matrix of �. It follows from (4.37) and (4.74)
that

������ �

��
����

�������
�� �

���
����

���������� �� �

��
���

��� ���

� � ��

�
��
���

�������

�
�

�
��
���

�����

�
� (4.79)

Let � 	� ����. Since � is stable, we have � 	 � 	 �, so that
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��

���

�
���� � ��� ������� ��� � �

and
��

���

� ������ � ������� ������� ��� � ���

This shows that the right-hand side of (4.79) is absolutely convergent for � � ��� �
���. Thus, by using the Lyapunov equation (4.75),

������ � � ��������� ������ � ��� �������

� ��� ������� ����������� ������

� ��� �����	����� ������

Also, let 
 ��� � ���� �����. Then ������ is expressed as

������ � ��
 ���	
������ (4.80)

This is an extended version of (4.29) to a multivariable LTI system. If 
 �� �, (4.80)
becomes

������ � ��
 ���
 � 
�
������ �
 ���	
������ (4.81)

For a proof of (4.81), see Problem 4.12. �

4.8 Backward Markov Models

In the previous section, we have shown that the stochastic LTI system defined by
(4.70) generates a stationary process �, so that the system of (4.70) is often called
a Markov model for the stationary process �. In this section, we introduce a dual
Markov model for the stationary process �; the dual model is also called a backward
Markov model corresponding to the forward Markov model.

For the Markov model of (4.70), we assume that the state covariance matrix
� � ������������ of (4.75) is positive definite. Then, we define

����� �� ����������������� �� (4.82)

It follows from (4.74) that

��������
���� ��� � �������������� ��� ������������ ������� ���

� ���������������������� � ��

� ��������� �������������� � �� � � �� �� � � �

Hence, ����� defined above is orthogonal to the future ��� � ��� � � �� �� � � � , so
that it is a backward white noise. In fact, by definition, since
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����� �� � ��������� ��� ���� � � ���

we see that ����� is orthogonal to ����� ��. This implies that

������� ����� ���� � 	� � �� 	

Motivated by the above observation, we prove a lemma that gives a backward
Markov model.

Lemma 4.12. Define ����� � 
���� � �� with 
� � ���. Then, the model with ��
as the state vector

����� �� � ������� � ����� (4.83a)

���� � 
	����� � 
���� (4.83b)

is a backward Markov model for the stationary process �, where 
	 � ���� is called
the backward output matrix, and �� and 
� are zero mean white noises with covari-
ance matrices

�

��
�����

����

�
���� ��� 
�� ����

�
�

�

� 




� 
�

�
Æ�� (4.84)

Moreover, we have 
��������� � 
� and


� � 
� ��� 
��� 

 � 	� ��� 
� 
	�� 
� � ����	�� 
	 
� 
	� (4.85)

Proof. Equation (4.83a) is immediate from (4.82). We show that the following
relations hold.

��������
�

� ��� � � ��� � 	� ��������
���� ��� � 	� � � �� �� � � � (4.86)

��
�����
�

� ��� � � ��� � 	� ��
�����
���� ��� � 	� � � �� �� � � � (4.87)

(i) The first relation of (4.86) follows from the fact that ����� � ��� � ��� � �
�� �� � � � and ��� � �� � ����� � � � ��. We show the second relation in (4.86).
From (4.82),

��������
���� ��� � ����������	��� � �� � 
��� �����

������������ ���	��� � �� � 
��� �����

� �������������� ���	� ����������
���� ���

������������ ������� ���	�

������������ ��
���� ���

Since 
��� �� � ����� ��� ������ � � �� �� � � � , the second and the fourth terms in
the above equation vanish. Thus, it follows from (4.74) that for � � �� �� � � � ,
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��������
���� ��� � ����������� ���������������� � �

as was to be proved.

(ii) From (4.83b) and ����� �� � �������,

��	�����
�

� ��� � � ��� � �������� ���������
���� ������

� ����������� ������

� ����������� ������� ������ (4.88)

The first term in the right-hand side of the above equation is reduced to

����������� ������ � ������������ � � �� � ���� � � ��������

� ����������� � � ��������

������������ � � ������

� ����������� � � ��������

where we have used the fact that���������������� � �
 � � 	
 

 � � � . Repeating
this procedure gives

����������� ������ � ����������� � � 	����������

� ����������� �������������

� ������������ (4.89)

Also, from (4.74), the second term of the right-hand side of (4.88) becomes

����������� ������� ������ � ����������������

� ������������

Thus, it follows that the right-hand side of (4.88) vanishes, implying that the first
equation in (4.87) is proved. Similarly, we can prove the second equation. In fact, we
see from (4.83b) and (4.70b) that

��	�����
���� ��� � �������� ���������

���� ���

� ����������� ���

� ����������� ������� � �� � 	��� �����

� ����������� ��� � ����������� ������� �����

By using (4.74) and (4.76), we see that the right-hand side of the above equation
vanishes for � � �
 	
 � � � .

Having proved (4.86) and (4.87), we can easily show that ��, 	� are white noises.
By using (4.87),
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��������
�

�
��� ��� � ������������ ��� ������� ����� � �� � � �� 	� � � �

so that ����� is a white noise. Similarly, we see from (4.86) and (4.87) that for � �
�� 	� � � � ,

��������
�

�
��� ��� � ������������� � � ���	������ ����� � �

��������
�

�
��� ��� � ������������ ��� ������� ����� � �

Hence, ���� � �� � ����� holds for � �� �. Thus we have shown that ������� ������
are jointly white noises. Finally, it can easily be shown that 
��������� � �
 and
(4.85) hold. �

The backward Markov models introduced above, together with forward Markov
models, play important roles in the analysis and modeling of stationary stochastic
processes. Especially, the backward Markov model is utilized for proving the positive
real lemma in Chapter 7, and it is also instrumental for deriving a balanced (reduced)
stochastic realization for a stationary stochastic process in Chapter 8.

4.9 Notes and References

� A large number of books and papers are available for stochastic processes and
systems. Sections 4.1 and 4.2, dealing with an introduction to stochastic pro-
cesses, are based on [13, 44, 68, 134, 142], where the last one contains many
practical examples.

� Section 4.3 has discussed ergodic properties of stochastic processes based on
[123]. Also, for spectral analysis of stationary stochastic processes in Section
4.4, see [123, 134, 150].

� In Section 4.5, we have introduced Hilbert spaces generated by stochastic pro-
cesses, and then stated the Wold decomposition theorem; see [44, 95]. This the-
orem is needed in developing a stochastic realization theory in the presence of
exogenous inputs in Chapter 9. The regularity condition of stationary processes
due to Szegö [65] is proved under a certain restricted condition [134, 178], and
the linear prediction theory is briefly discussed. Some advanced results on pre-
diction theory are found in [115,179,180]. Other related references in this section
are books [13, 33, 138].

� Sections 4.6 and 4.7 have dealt with the stochastic linear dynamical systems,
or the Markov models, based on [11, 68, 144]. Moreover, Section 4.8 derives
dual or backward Markov models for stationary stochastic processes based on
[39, 42, 106].
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4.10 Problems

4.1 Prove the following identity for double sums.

��

���

��

���

���� �� �

����

������

�� � ��������

4.2 Prove (4.13).

4.3 Prove the formulas for Cèsaro sums.

(a) ���
���

�� � � � ���
���

�

�

��

���

�� � �

(b) ���
���

�

�

��

���

�� � � � ���
���

�

�

��

���

�
��

�

�

�
�� � �

(c) ���
���

��
���

�� � � � ���
���

��
���

�
��

�

�

�
�� � �

4.4 Prove Theorem 4.2.

4.5 Prove Lemma 4.3 (ii) by means of the relation ��	� � ���
���


� �	�, where


� �	� is given by


� �	� �
�

�� 	 �
�

��
�
�����

��
����

�����
���

�����
�
��
	 � �

4.6 For the linear system shown in Figure 4.1, show that the following relation

����	� � ����������	�

holds, where the cross-spectral density function ����	� is the Fourier transform
of ������. (Hint: See Lemma 4.4.)

4.7 Prove (4.52).
4.8 Suppose that the spectral density function of an ARMA process � is given by

���	� �
���
 	 ��
	

����� ��� ��
	

Obtain the difference equation satisfied by �.

4.9 By using the result of Example 4.10, solve the �-step prediction problem for
the ARMA process

���� 	 ����� �� � ���� 	 ����� ��� ��� � �� ��� � �

where � � � and � �� �.
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4.10 Show that � in (4.58) is not a Markov process, but the joint process ��� �� is a
Markov process.

4.11 Let ����� � � �� �� � � � be the solution of the Lyapunov equation (4.73) with
the initial condition ���� � �. Let �� �� �, �� �� �. For 	 � �� �� � � � , we
iterate

�� �����������
�

���
�����

�� ����

���

Show that ����� � ��, 	 � �� �� � � � holds. This scheme is called a doubling
algorithm for solving a stationary Lyapunov equation.

4.12 Prove (4.81).



5

Kalman Filter

This chapter is concerned with the discrete-time Kalman filter for stochastic dynamic
systems. First, we review a multi-dimensional Gaussian probability density function,
and the least-squares (or minimum variance) estimation problem. We then derive
the Kalman filter algorithm for discrete-time stochastic linear systems by using the
orthogonal projection. The filter algorithm is extended so that it can be applied to
stochastic systems with exogenous inputs. Moreover, we derive stationary forward
and backward Kalman filter algorithms, which are useful for the study of stochastic
realization problem.

5.1 Multivariate Gaussian Distribution

We consider a multivariate Gaussian distribution and the minimum variance estima-
tion problem. Let � � �

� and � � �
� be jointly Gaussian random vectors. Let the

mean vectors be given by �� � ���� and �� � ���� and the covariance matrices
by

� �

�
��� ���

��� ���

�
��

�
������ �� ������ ��

������ �� ������ ��

�

where we assume that the covariance matrix � � �
����������� is positive definite.

For convenience, we define a quadratic form

���� �� � ���� ���
� �� � ���

�����
�
�� ��
� � ��

�
(5.1)

Then the joint probability density function of ��� �� can be written as

���� �� �
	

�

��

�
�
	



���� ��

�
� (5.2)

where � � �
	�������������� is the normalization factor.
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Lemma 5.1. Let the probability density function ���� �� be given by (5.2). Then, the
conditional distribution of � given � is also Gaussian with mean

��� � �� � �� �����
��

�� �� � ��� (5.3)

and covariance matrix

�������� � ��������� � ����� � ��� �����
��

�� ��� (5.4)

Moreover, the vector ����� � �� is independent of �, i.e., the orthogonality condi-
tion ����� � �� � � holds.

Proof. First we compute the joint probability density function ���� ��. Define

��� �

�
��� ���

��� ���

�
��

��

�
��� ���
��� ���

�
�

Also, define � �� ��� �����
��

�� ���. Then, it follows from Problem 2.3 (c) that

��� � ���� ��� � ��������
��

�� � ��� � ������ ����
��

��� � ����� ������ ����
������

��

��

Thus 	��� �� defined by (5.1) becomes

	��� �� � ��� ���
������� ��� � ��� ���

������ � ���

� �� � ���
������� ��� � �� � ���

������ � ���

� ��� �� � � ���� ����� � ����
������� �� � � ���� ����� � ����

� �� � ���
����� � ����

��

�� ������ � ���

� ��� 
�������� 
� � �� � ���
������ �� � ���

where 
 �� �������
��
�� ������. Therefore, the joint probability density function

���� �� is given by

���� �� �
�

� �
�	


�
�
�

�
�� � 
�������� 
�

�

�
�

� ��
�	


�
�
�

�
�� � ���

����

�� �� � ���

�
(5.5)

where � � � ��������� ���� and � �� � ������������
���. Thus integrating ���� ��

with respect to � yields the marginal probability density function

���� �
�

� ��
�	


�
�
�

�
�� � ���

����

�� �� � ���

�
(5.6)

It also follows from (5.5) and (5.6) that the conditional probability density function
is given by
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��� � �� �
�

� �
���

�
�
�

�
��� ��������� ��

�

From this, (5.3) and (5.4) hold. Also, we see from (5.5) that �� � � �� ��� � ��
and � are independent. �

In the above proof, it is assumed that � is nonsingular. For the case where � is
singular, the results still hold if we replace the inverse ��� by the pseudo-inverse
�� introduced in Lemma 2.10.

Lemma 5.2. Suppose that ��� �� are jointly Gaussian random vectors. Then, the
minimum variance estimate of � based on � is given by the conditional mean

�� 	� ��� � �� � 	� 
����
��
��

�� � 	�� (5.7)

Proof. It may be noted that the minimum variance estimate �� is a �-measurable
function 
��� that minimizes ����� 
������. It can be shown that

����� 
������ � ����� �
 �� 
������

� ����� ����
 ������ ������ 
�����


����� 
������

Since � � 
��� is �-measurable and since ��� � �� � �, the second term in the
right-hand side becomes

����� ������ 
����� � ������� ������ 
���� � ���

� ������� ��� � ����� 
����� � 


Thus we have

����� 
������ � ����� ����
����� 
������ � ����� ����

where the equality holds if and only if 
��� � �. Hence, the minimum variance
estimate is given by the conditional mean � � ��� � ��. �

Suppose that �, � are jointly Gaussian random vectors. Then, from Lemma 5.2,
the conditional expectation ��� � �� is a linear function in �, so that for Gaussian
case, the minimum variance estimate is obtained by the orthogonal projection of �
onto the linear space generated by � (see Section 5.2).

Example 5.1. Consider a linear regression model given by

� � ��
 �

where � � �
� is the input Gaussian random vector with ��	�� 
 �, � � �

� the
output vector, � � �

� a Gaussian white noise vector with ��
� ��, and � � �
���

a constant matrix. We compute the minimum variance estimate of � based on the
observation �, together with the error covariance matrix. From the regression model,
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�� � ����� �� � ���

��� � ����� ����� � ���
�� � ���

��� � ���� � ����� � ���
�� � ���� ��

Therefore, from Lemma 5.2, the minimum variance estimate is given by

�� � �� � �������� ������� �����

Also, from (5.4), the error covariance matrix �� �� ����� ������ ����� is

�� � � � �������� ������� (5.8)

where ���� �� is assumed to be nonsingular. �

Lemma 5.3. For � � ���� , � � ���� , � � ���� , we have

����� �������� � ���� ������� �������� (5.9)

where it is assumed that � and � are nonsingular.

Proof. The following identity is immediate:

���� ������� ���� � �������������

Pre-multiplying the above equation by ���� ������� ��� and post-multiplying
by ���������� yield (5.9). �

It follows from (5.9) that the right-hand side of (5.8) becomes

� � �������� ������� � ���� ������� ��� (5.10)

Equations (5.9) and (5.10) are usually called the matrix inversion lemmas.

Lemma 5.4. Let ��	 �	 
� be jointly Gaussian random vectors. If � and 
 are mutu-
ally uncorrelated, we have

��� � �	 
� � ��� � ������ � 
� � �� (5.11)

Proof. Define �� �� ���	 
�� and ��
�

�� ���
�
	 ��

�
�. Then we have ��� � �� �

��� � �	 
�. Since � and 
 are uncorrelated,

��� � ���� ����	 ���
��

�

�
���
��

�
� ���

��

�

Thus, from Lemma 5.1,

��� � �� � �� �����
��

��
�� � ���

� �� �����
��

��
�� � ��� �����

��

��
�
 � ���

Since ��� � �� � �� �����
��
��

��� ��� and ��� � 
� � �� �����
��
��

�
 � ���,
we see that (5.11) holds. �
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We consider the minimum variance estimation problem by using the orthogonal
projection in a Hilbert space of random vectors with finite variances. Let � � �� be
a random vector with the finite second-order moment

������� �

��

���

����� � ��

Let a set of random vectors with finite second-order moments be

� �
�
�
���������� ��

�
Then, it is easy to show that� is a linear space.

For �� � � �, we define the inner product by

��� ��� � ������ � �����������

and the norm by
���� �

�
��� ��� �

�
�������

By completing� by means of this norm, we have a Hilbert space of �-dimensional
random vectors with finite variances, which is again written as� � �����.

Let �� � � �. If ��� ��� � � holds, then we say that � and � are orthogonal,
and write � � �. Suppose that � is a subspace of �. If ��� ��� � � holds for any
� � �, then we say that � is orthogonal to �, and write � � �. Let � � �. Then,
from Lemma 4.6, there exists a unique �� � � such that

��� ���� � ��� ���� �� � �

Thus �� is a minimizing vector, and the optimality condition is that �� �� � �.
Suppose that ��� 	 	 	 � �� be �-dimensional random vectors with finite second-

order moments. Let � be the subspace generated by ��� 	 	 	 � �� , i.e.,

� �

�
		

��
���


���

���� 	 � �� � 
� � �
���

�
(5.12)

Any element 
� � � is an �-dimensional random vector with finite second-order
moment. By completing the linear space � by the norm � 	 �� defined above, we
see that � becomes a Hilbert subspace of�, i.e., � 
 �.

Lemma 5.5. Let �� be an element in �, and � be the subspace defined by (5.12).
Then, �� is orthogonal to � if and only if the following conditions hold.

����� � �� ������� � � �� � � �� 	 	 	 � � (5.13)

Proof. Since any element 
� � � is expressed as in (5.12), we see that if (5.13)
holds,
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���� ���� �

�
��� ��

��
���

����

�
� ��������

��
���

���	
������� ��
�

� � �

Conversely, suppose that �� � � holds, i.e., ���� ���� � � for any �� � �. Putting
�� � �, we have ���� ��� � ���	
��������� � �. Taking � � ����� yields
�������� � �, implying that ����� � �. Next, let �� � ����. It follows that

���������� � ���	

�
������� ��

�

�

�
� �. Similarly, taking �� � ������� � � ����

yields

���	

�
������� ������

�

� �
�

�
� �������� ��

�

� � � � ������� � � �

This completes the proof of lemma. �

Example 5.2. Consider the random vectors �� � with probability density function of
(5.2). Let the data space be given by � � ����� � � � �� � � � �����. Then, the
orthogonal projection of � onto the space � is given by

���� � �� � �� �	��	
��

�� �� � ���

In fact, let �� � �� ������. Then, from the conditions of Lemma 5.5, we have

� � ����� � ���� ������� � �� � �����

� � ������� � ����� ������
���

From the first condition, we have � � �� ����. Substituting this condition into the
second relation gives ����� �� ���� � ���
�

�� � �, so that

����� �� ���� � ���
�� � ��

�� � �

Thus we obtain
	�� ��	�� � � � � � 	��	

��

��

and hence
�� � �� ���� � ��� � �� �	��	

��

�� �� � ���

Thus we have shown that the orthogonal projection is equivalent to the conditional
expectation (5.3), and hence to the minimum variance estimate (5.7). �

Suppose that ��� � � � � �� be 
-dimensional random vectors, and that there exist
a set of 
-dimensional independent random vectors ���� � � � � ��� such that

������ � � �� � � � � 
� � ����� � � �� � � � � 
�� 
 	 � (5.14)

where ����� � � �� � � � � 
� is the �-algebra generated by ���� � � �� � � � � 
�,
which is roughly the information contained in ���� � � �� � � � � 
�. In this case, the
random vectors ���� � � � � ��� are called the innovations of ��� � � � � �� .
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Example 5.3. We derive the innovations for �-dimensional Gaussian random vectors
��� � � � � �� . Let �� � ����� � � �� � � � � ��, and define ���� � � � � ��� as

��� � �� ����� � ��� � �� ������

��� � �� ����� � ��� (5.15)

...

��� � �� ����� � �����

Since, for Gaussian random vectors, the conditional expectation coincides with the
orthogonal projection onto the data space, we have

���� � ����� � ����� � ��� � � � � ����� � �� �

����

���

������ ��� � �
���

We see from (5.15) that
�
����

���
���
...
���

�
���� �

�
����

	�
����� 	�

...
. . .

���� � � � ������� 	�

�
����

�
����

��
��
...
��

�
�����

�
����

��
��
...
��

�
���� (5.16)

This shows that ��� is a Gaussian random vector, since it is a linear combination of
��� � � � � �� and ��� � � � � ��. Since the �� � �� lower triangular matrix in (5.16) is
nonsingular, we see that �� is also expressed as a linear combination of ���� � � � � ���,
��� � � � � ��. Hence (5.14) holds.

We show that ���� � � � � ��� are independent. From Lemma 5.1, ��� and ���� are
independent, so that we get ����� � ����� � � and ������ � �. Since for � 
 �, ���
is ����-measurable,

�������
�

� � � ���������
�

� � ������ � ������� � �������
�

� � � �

It can be shown that the above relation also holds for � � �, so that ��������� � �
�� � �� �. Since the uncorrelated two Gaussian random vectors are independent, ���
are ��� �� �� �� are independent. Hence, we see that ���� � � � � ��� are the innovations
for the Gaussian random vectors ��� � � � � �� . �

5.2 Optimal Estimation by Orthogonal Projection

We consider a state estimation problem for discrete-time stochastic linear dynamic
systems. This is the celebrated Kalman filtering problem.

We deal with a discrete-time stochastic linear system described by


��� �� � ����
��� � ���� (5.17a)

���� � ����
��� � ����� � � �� �� � � � (5.17b)
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where � � �
� is the state vector, � � �

� the observation vector, � � �
� the

plant noise vector, and � � �
� the observation noise vector. Also, ���� � �

��� ,
���� � �

��� are deterministic functions of time �. Moreover, � and � are zero
mean Gaussian white noise vectors with covariance matrices

�

��
����
����

� �
����� �����

��
�

�
	��� 
���

���� ����

�
Æ�� (5.18)

where 	��� � �
��� is nonnegative definite, and ���� � �

��� is positive definite
for all � � �� �� � � � . The initial state ���� is Gaussian with mean ������� � 
����
and covariance matrix

�������� 
����������� 
�����
�� � ����

and is uncorrelated with the noises ����� ����� � � �� �� � � � . A block diagram of the
Markov model is depicted in Figure 5.1.

����
�

�
�

���� ��

��� �

����
���� �

�
�

�����

�����

��

�

����

Figure 5.1. Stochastic linear dynamic system

Let �� � � ������ ����� � � � � ����� be the �-algebra generated by the observa-
tions up to the present time �. We see that �� is the information carried by the output
observations, satisfying �� � ��� � � �. Thus �� is called an increasing family of
�-algebras, or a filtration. We now formulate the state estimation problem.

State Estimation Problem

The problem is to find the minimum variance estimate ������ � �� of the state vector
��� � �� based on the observations up to time �. This is equivalent to designing a
filter that produces ������ � �� minimizing the performance index

� � ���������� ������ � ����� (5.19)

where ������ � �� is��-measurable. The estimation problem is called the prediction,
filtering or smoothing according as � � �, � � � or � � �. �

We see from Lemma 5.2 that the optimal estimate ���� �� � �� that minimizes
the performance index of (5.19) is expressed in terms of the conditional expectation
of ��� ��� given �� as
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������ � �� � �������� � ���

Let the estimation error be defined by ������ � �� �� ������� ������ � �� and
the error covariance matrix be

� ���� � �� �� ���������� ������ � ������� ���� ������ � �����

From Lemmas 4.7, 4.8 and 4.9, we see that ��� �� of (5.17) are jointly Gaussian
processes. For Gaussian processes, the conditional expectation ���� � � � �� is a
linear function of observations ��	�� ��
�� � � � � ����, so that the optimal estimate
coincides with the linear minimum variance estimate of ������ given observations
up to time �. More precisely, we define a linear space generated by the observations
as

�� �

�
��

��
���

����	�

���� � � �
� � �� � �

���

�
(5.20)

The space �� is called the data space at time �. Then, from Lemma 5.5, we have the
following results.

Lemma 5.6. The minimum variance estimate ������ � �� is given by the orthogonal
projection of ������ onto ��, i.e.,

������ � �� � ��������� � ��� (5.21)

The optimality of ������ � �� is that the estimation error ������ � �� is orthogonal
to the data space (see Figure 5.2):

������ � �� � ������� ������ � �� � �� (5.22)

Moreover, the minimum variance estimate is unbiased.

Proof. Equations (5.21) and (5.22) are obvious from Lemma 5.5. Since the data
space �� contains constant vectors, it also follows that ������ � ��� � 	� � �
	� 
� � � � . Thus the minimum variance estimate is unbiased. �

�

�

�

��

������

������� ��

������� ��

Figure 5.2. Orthogonal projection onto data space ��
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5.3 Prediction and Filtering Algorithms

Now we define

���� � ����������� � ������ � � �� �� � � � (5.23)

where ���� � ���� � ������ � �
��� � ���� � �����. Then, as in Example 5.3, it

can be shown that � is the innovation process for �.

Lemma 5.7. The innovation process � � �
� is a Gaussian process with mean zero

and covariance matrix

������������ � ������ �� � �� ������� �	����Æ�� (5.24)

where � �� � �� �� is the error covariance matrix defined by

� �� � �� �� � ���
���� 	
�� � �� ����
���� 	
�� � �� �����

Proof. Since � is Gaussian, the conditional expectation������ � ����� is Gaussian,
and hence � is Gaussian. By the definition (5.23), we see that

������ � ����� � �� ������� � �

Since ���� is a function of ����� ����� � � � � ����, it is ����-measurable if � � �.
Therefore, by the property of conditional expectation,

������������ � ������������� � ������

� �������� � ������
����� � �

Similarly, we can prove that the above equality holds for � � �. Thus ���� and ����,
� �� � are uncorrelated.

We show that (5.24) holds for � � �. It follows from (5.17b) that

���� � ������ �����
��� � 
��� � �����

� ����� ����	
�� � �� �� � ����

�� � �� �� � 
���

so that

������������ � �������

�� � �� �� � 
���������

�� � �� �� � 
������

� ������

�� � �� ��

��� � �� ��������

� ������

�� � �� ��
�����

���
���

��� � �� �������� ���
���
����� (5.25)

Since 
��� is uncorrelated with 
��� and 	
�� � �� ��, we have

��

�� � �� ��
����� � ���
���� 	
�� � �� ���
����� � �

Thus we see that the second and third terms of the right-hand side of (5.25) vanish;
thus (5.24) holds from the definitions of 	��� and � �� � �� ��. �
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In the following, we derive a recursive algorithm that produces the one-step pre-
dicted estimates ����� � � �� and ���� � �� �� by using the orthogonal projection. We
employ (5.21) as the definition of the optimal estimate.

From the definition of ���� and ��, the innovation process is also expressed as

���� � ����� ������� � �����

Thus, we have �� � ���� � ���	 ������, where � denotes the orthogonal sum. It
therefore follows that

����� � � �� � ������� �� � ��� � ������� �� � ���� � �����

� ������� �� � ������ ������� �� � ����� (5.26)

The first term in the right-hand side is expressed as

������� �� � ����� � ����������� � ���� � �����

� �������� � �� �� (5.27)

and the second term is given by

������� �� � ����� � �������� (5.28)

where ���� � ���� is to be determined below.
Recall that the optimality condition for ���� is ���� ����������� � ����, i.e.

��
���� ������������������ � �

so that
���� � ������ ������������������������ (5.29)

We see from the definition of ���� that

������ �������� � ��
�������� � �����
����
��� � �� �� � 	������

� ����������
���� � �� ��������

�����������	�����

�������
���� � �� ��������

�������	����� (5.30)

Noting that ����, 	��� are white noises, the second and the third terms in the above
equation vanish, and the fourth term becomes 
���. Also, we have

���� � ���� � �� �� � 
��� � �� ��� ���� � �� �� � 
��� � �� ��

It therefore follows that
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����������� � �� ��� � ������ � �� ������� � �� ��� � � �� � �� ��

Thus from (5.30), we get

������ �������� � ����� �� � �� ������� � ����

Since ���� 	 �, we see that ������������ � ����� �� � � � ������� � ���� 	 �.
Thus, from (5.29)


��� � ������ �������� � ����������� �������� �������� (5.31)

where 
��� � �
��� is called the Kalman gain.

For simplicity, we write the one-step predicted estimate as 	����. Accordingly, the
corresponding estimation error and error covariance matrix are respectively written
as ����� and � ���. But, the filtered estimate and filtered error covariance matrix are
respectively written as 	��� � �� and � �� � �� without abbreviation.

Lemma 5.8. The one-step predicted estimate satisfies

	���� �� � ����	���� �
��������� ����	����� (5.32)

with 	���� � �����, and the error covariance matrix is given by

� ��� �� � ����� ���������
��������� �������� ������
����

�
���� � ��� � ���� (5.33)

Also, the predicted estimate 	���� � � �� is unbiased, i.e.

������ ��� 	���� ��� � �� � � �� �� � � � (5.34)

Proof. Equation (5.32) is immediate from (5.26), (5.27) and (5.28). Now, it follows
from (5.17a) and (5.32) that the prediction error satisfies

����� �� � ����� �
������������� � ���� �
������� (5.35)

Since ���� and ���� are white noises with mean zero, the expectation of both sides
of (5.35) yields

������� ��� � ����� �
����������������

From the initial condition 	���� � �����, we have �������� � �, so that

������� ��� � ������
�������� � � � ������
���������������� � �

This proves (5.34). Also, ���� and ���� are independent of �����, so that from (5.35),

������� �������� ��� � ������
��������������������������� �
���������

� �� �
����

�

��� ����
����� ����

� �
�

�
����

�
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Hence, we see that

� ��� �� � ���������������� �������� �����������

����� ��������������� �������������������

By using ���� of (5.31), we have (5.33). �

If the matrix ����� �������� � ���� is singular, the inverse in (5.31) is to be
replaced by the pseudo-inverse. Given the one-step prediction ����� �� ���� � ���� and
the new observation 	���, we can compute the new one-step prediction ���� � �� ��
����� � � �� from (5.32), in which we observe that the Kalman gain ���� represents
the relative weight of the information about the state vector ������ contained in the
innovation 
���.

Lemma 5.9. Given the one-step predicted estimate �����, the filtered estimate ���� � ��
and its error covariance matrix � �� � �� are respectively given by

���� � �� � ����� ��� ���
��� (5.36)

�� ��� � � �������������� �������� �������� (5.37)

and

� �� � �� � � ���� � �������������� �������� ������������� ��� (5.38)

Proof. By definition, the filtered estimate is given by

���� � �� � ������� � ��� � ������� � ���� � 
����

� ������� � ������ ������� � 
���� � ����� � ������� � 
����

where we have

������� � 
���� � ������
��������
���
��������
���

� �������	���������� � ����������
���
��������
���

� � �������������� �������� ��������
��� �� �� ���
���

This proves (5.36) and (5.37). Moreover, the estimation error is given by

	��� � �� � 	����� � ������������� � ����� �����������
���

Noting that ��	����
����� � � �������� and taking the covariance matrices of both
sides of the above equation yields (5.38). �

Using the algorithm (5.36) � (5.38), the filtered estimate ���� � �� and associated
error covariance matrix � �� � �� can be computed from the predicted estimate �����
and the associated error covariance matrix � ���. Summarizing the above results, we
have the following filter algorithm.
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Theorem 5.1. (Kalman filter) The algorithm of Kalman filter for the discrete-time
stochastic system described by (5.17) and (5.18) is given by the following (i) � (v).

(i) Filter equations

����� �� � ��������� ����������� ���������� (5.39a)

���� � �� � ����� ��� ��������� ���������� (5.39b)

(ii) The innovation process

���� � ����� ��������� (5.40)

(iii) Kalman gains

���� � ������ �������� � ����������� �������� � 	������ (5.41a)

�� ��� � � �������������� �������� �	������ (5.41b)

(iv) Error covariance matrices

� ��� �� � ����� ������������������� �������� �	���������

�
��� (5.42a)

� �� � �� � � ���� � �������������� �������� �	����������� ��� (5.42b)

(v) Initial conditions
����� � ������ � ��� � 
��� (5.43)

Figure 5.3 displays a block diagram of Kalman filter that produces the one-step
predicted estimates ����� and ����� �� with the input ����. �

�

���� ����
� ���� � �

����� ��

��� �

�����

�

����

����

�

�

�

� �

� �

Figure 5.3. Block diagram of Kalman filter

The structure of Kalman filter shown above is quite similar to that of the discrete-
time stochastic system of Figure 5.1 except that Kalman filter has a feedback-loop
with a time-varying gain ����. We see that the Kalman filter is a dynamic system
that recursively produces the state estimates ������� and ���� � �� by updating the old
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estimates based on the received output data ����. The Kalman filter is, therefore, an
algorithm suitable for the on-line state estimation.

Equation (5.42a) is a discrete-time Riccati equation satisfied by � ��� � �
��� .

Being symmetric, � ��� consists of ��� � ���� nonlinear difference equations. We
see that the Riccati equation is determined by the model and the statistics of noise
processes, and is independent of the observations. Thus, given the initial condition
� ��� � ����, we can recursively compute � ���� � � �� �� � � � , and hence ����� � �
�� �� � � � off-line.

It follows from the definition of the innovation process � that the Kalman filter
equation is also written as

�	��� �� � 
����	��� ��������� (5.44a)

���� � �����	��� � ���� (5.44b)

Equation (5.44) as a model of the process � has a different state vector and a noise
process than those of the state space model of (5.17), but the two models are equiv-
alent state space representations that simulate the same output process �. The model
of (5.44) is called the innovation representation, or innovation model. The innova-
tion model is less redundant in the noise models, and is often used in the stochastic
realization, or the state space system identification.

Example 5.4. Consider an AR model described by

���� � ����� �� � 
���� � � �� �� � � � � ��� � �

where � is an unknown parameter, and 
 is a white noise with���� ��. The problem is
to estimate the unknown parameter � based on the observations ��. Define 	��� � �
and � � �. The AR model is rewritten as a state space model

	��� �� � 	���� ���� � ����	��� � 
��� (5.45)

where ���� � ���� ��. The state estimate based on the observations gives the least-
squares estimate of the unknown parameter, i.e.,

�	��� �� 	� ���	��� �� � ��� � ����� �� � ���� � ���

Applying Kalman filter algorithm of Theorem 5.1 to (5.45) yields

����� �� � ����� �
��������

��������� � �

����� ����������� ����� � �

���� �� �
�����

��������� � �
� ���� � �� � �

Since �� � �, we have ���� � � for all � � �. Thus the inverse ������ satisfies

������ �� � ������ �
�����

�
� ������ � ���

�
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so that

������ � ���
�

�
�

�

��

���

����� ��

Since, from Example 4.4, the process � is ergodic, we have

���
���

�

�

��

���

����� �� � ���

in the quadratic mean. Hence for large �,

������ � ���
�

�
���
�
� � ���� �

�
�

���

�
�

�

showing that the estimate ����� converges to the true � in the mean square sense with
the asymptotic variance of the order ���. �

Remark 5.1. Recall that it is assumed that the coefficients matrices in the state space
model of (5.17) are deterministic functions of time �. However, the state space model
of (5.45) does not satisfy this basic assumption, because ���� is a function of the
observation ���� ��. Thus strictly speaking the algorithm of Theorem 5.1 cannot be
applied to the state space model with random coefficients. �

In this regard, we have the following result [28]. Recall that the �-algebra �� is
defined by �� � ����	�	 ����	 � � � 	 �����.

Lemma 5.10. Suppose that for the state space system of (5.17), the conditions (i) �
(iv) are satisfied.

(i) The noise vectors 
 and � are Gaussian white noises.

(ii) The a priori distribution of the initial state ��	� is Gaussian.

(iii) The matrices 
���, ���� are ��-measurable, and ����, ����, ���� are ����-
measurable.

(iv) The elements of 
���, ����, ����, ����, ���� are bounded.

Then the conditional probability density function ������ � ��� of the state vector
given the observations is Gaussian.

Proof. For a proof, see [28]. �

This lemma implies that if the random coefficient matrices satisfy the conditions
above, then the algorithm of Theorem 5.1 is valid, and so is the algorithm of Example
5.4. In this case, however, the estimates ���� � �� and ����� are to be understood as the
conditional mean estimates.

In the next section, we consider stochastic systems with exogenous inputs, which
may be control inputs, reference inputs or some probing signals for identification. A
version of Kalman filter will be derived under the assumption that the inputs are
��-measurable.
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Figure 5.4. Stochastic system with inputs

5.4 Kalman Filter with Inputs

Since there are no external inputs in the state space model of (5.17), the Kalman filter
algorithm in Theorem 5.1 cannot be applied to the system subjected to exogenous or
control inputs. In this subsection, we modify the Kalman filter algorithm so that it
can be applied to state space models with inputs.

Consider a discrete-time stochastic linear system

���� �� � �������� ������ � ���� (5.46a)

���� � �������� � ���� (5.46b)

where ���� � �
� is the input vector, and ���� � �

��� is a matrix connecting
the input vector to the system as shown in Figure 5.4. We assume that ���� is ��-
measurable, i.e., ���� is a function of the outputs ����	 ����	 � � � 	 ����, including
deterministic time functions. We say that��-measurable inputs are admissible inputs.
Since the class of admissible inputs includes ��-measurable nonlinear functions, the
process � generated by (5.46a) may not be Gaussian nor Markov. Of course, if ����
is a linear output feedback such that

���� � 
������� � 
����������� � 
�������	 
��� � �
���

then �����	 � � �	 �	 � � � � becomes a Gauss-Markov process.
In the following, we derive a filtering algorithm for (5.46) that produces the one-

step predicted estimates ����� and ����� ��.

Lemma 5.11. Suppose that ����� and ����� are the solutions of

����� �� � ��������� � ����	 ����� � ���� (5.47)

and
����� �� � ��������� ���������	 ����� � � (5.48)

respectively. Then, the solution ���� of (5.46a) is expressed as

���� � ����� � �����	 � � �	 �	 � � � (5.49)

Proof. A proof is immediate from the linearity of the system. �
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By using the state transition matrix of (4.60), the solution of (5.48) is given by

����� �

����

���

���� � � ����������� � � �� �� � � � (5.50)

Thus it follows that ����� is a function of ����� ����� � � � � ��� � ��, so that �����
is ����-measurable, and hence ��-measurable. From the property of conditional ex-
pectation,

���� � �� � ������� � ���� ����� (5.51a)

����� � ������� � ������ ����� (5.51b)

Since ����� is known, it suffices to derive an algorithm for computing the estimates
of the vector ����� of (5.47) based on observations.

Lemma 5.12. By using (5.46b) and (5.49), we define

���� �� 	���� 
�������� � 
�������� � ���� (5.52)

Let ��
�

be the �-algebra generated by ���
�� 
 � �� �� � � � � ��. Then, ��
�

� ��

holds, implying that the process � of (5.52) contains the same information carried
by the output process 	.

Proof. Since ����� is ��-measurable, we see from (5.52) that ���� is��-measurable.
Thus, we get ��

�
� ������� ����� � � � � ����� � ��. Now, we show that �� � �

�

�
.

From (5.50) and (5.52),

	��� � ���� � 
���

����

���

���� � � ����������

For � � �, we have 	��� � ����, so that �� � �
�

�
holds. For � � �, 	��� � ���� �


�����������. Since ���� is ��-measurable, and �� � �
�

�
holds, 	��� is the sum

of ���� and ��
�

-measurable 
�����������, implying that 	��� is ��
�

-measurable.
Thus, we get �� � �

�

�
. Similarly, we can show that �� � �

�

�
holds. Hence, we have

�
�

�
� ��� � � �� �� � � � . �

Let the predicted estimates of the state vector ����� of (5.47) be given by

������ �� � ������� �� � ��� �� ������ � ������� � �
�

����

It follows from (5.51) that

����� �� � ������ �� � ����� �� (5.53a)

����� � ������ � ����� (5.53b)

Since the state vector ����� is given by (5.50), the algorithm is completed if we can
compute ������ and ������ ��. From (5.47) and (5.52), we have
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����� �� � ��������� � ���� (5.54a)

���� � ��������� � ���� (5.54b)

This is a stochastic linear system with the state vector ����� and with the observation
vector ����. Moreover, this state space model does not contain external inputs; hence
we can apply Theorem 5.1 to derive the Kalman filter algorithm for (5.54).

The innovation process for � of (5.54) is given by

����� � ����� ����������

� ����� ���������� ����������

� ����� ��������� � ����

so that �� coincides with the innovation process � for the observation �. Also, from
(5.49) and (5.53), we have

���� � ���� � �� � ������ ����� � ��

���� ��� ����� �� � ����� ��� ������ ��

Thus the error covariance matrices are given by

	 �� � �� � 
�������� ����� � ���������� ����� � ���
�� (5.55a)

	 ��� �� � 
������� ��� ������ ��������� ��� ������ ����� (5.55b)

This implies that the error covariance matrices are independent of the admissible
input �, so that they coincides with the error covariance matrices of the system de-
fined by (5.54). Hence, the prediction error ����� � ���� � ������ � � 	� �� � � � is a
Gauss-Markov process with mean zero and covariance matrix 	 ���.

Theorem 5.2. Suppose that ���� in (5.46) be��-measurable. Then, the Kalman filter
algorithm for the stochastic system with admissible inputs is given by (i) � (iv).

(i) Filter equations

����� �� � ��������� �
������� ��������� (5.56a)

���� � �� � ����� ��� ������� (5.56b)

���� � ����� ��������� (5.56c)

(ii) Filter gains

���� � �����	 �������� � ����������	 �������� � ������� (5.57a)

�� ��� � 	 �������������	 �������� �������� (5.57b)

(iii) Error covariance matrices
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� ��� �� � ����� ������������������� �������� �����������

����� (5.58a)

� �� � �� � � ���� � �������������� �������� ������������� ��� (5.58b)

(iv) Initial conditions
����� � �����	 � ��� � 
��� (5.59)

Proof. It follows from Theorem 5.1 that the Kalman filter for the system described
by (5.54) is given by

������ �� � ���������� ���������� (5.60a)

����� � �� � ������ ��� �������� (5.60b)

From (5.48), (5.53), (5.60) and the fact that ����� � ����, we get

����� �� � ������ �� � ����� ��

� ���������� ��������� ���������� �����
���

� ��������� �����
��� ���������

Thus we have (5.56a). From (5.53) and (5.60),

���� � �� � ����� � �� � ����� � ������ ��� ������� � �����

� ����� ��� �������

This proves (5.56b). Equations (5.57) � (5.59) are obvious from (5.55). �

Figure 5.5 shows a block diagram of the optimal filter. It seems that the form
of optimal filter is quite obvious in view of Figure 5.4, but ��-measurability of the
inputs is needed for the filter in Figure 5.5 to be optimal in the sense of least-squares.

�

���� ����
� ���� � �

����� ��

��� �

�����

�
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����

�

�
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�

	���

�
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� �

Figure 5.5. Block diagram of Kalman filter with inputs
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5.5 Covariance Equation of Predicted Estimate

Recall from (5.17a) that the covariance matrix ���� � ��������� of the state vector
���� satisfies (4.67). As in (4.77), we define

������ � ������������� � ����

It then follows from Lemma 4.9 that the covariance matrix of � is expressed as

������ 	� �

����
���

�������� � � ���	� �� ����	�� � 
 	

������������� ������ � � 	

���	����	� �� � � ������������ � � 	

(5.61)

For simplicity, we define ���� 	� ������ ��. Then, in terms of ����, ����, �����,
����, we define a new Riccati equation


��� �� � ����
�������� � � �����������
���������

� 
����� ����
������������ ������ ����
��������� (5.62)

with 
��� � �. The following theorem gives a relation between the new Riccati
equation (5.62) and the Riccati equation (5.42a) satisfied by � ���.

Theorem 5.3. The solution
��� of Riccati equation (5.62) is the covariance matrix
of the predicted estimate 
����, and the relation

� ��� � �����
��� (5.63)

holds. Moreover, the Kalman gain of (5.41a) is equivalently expressed as

���� � 
 �����������
���������
����� ����
����������� (5.64)

Proof. From 
��� � �, (5.63) is obvious for � � �. Since

���� � ������������� ������ ������ � ������������� � ����

we see from (5.64) that

���� � 
������������� � �����
������������� ��������

The right-hand side of the above equation equals the Kalman gain at � � � [see
(5.41a)]. Suppose that (5.63) and (5.64) are valid up to time �. Then, from (4.67) and
the definition of ����,

���� ���
��� �� � ������������� ����������
��������

�����
����� ����
��������������

� ����� �������� �����

�����
����� �������� ����������� � � ��� ��
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This implies that (5.63) holds for time �� �. Further, we have

������ ������� ������ ������� ��

� ���� ��� ��� ������� �� � ���� ��

���� ��� ���� ������ ������� ��

� ���� ��� ��� ������� �� ����� ��

so that (5.64) also holds for time �� �.
We show ���� � ����	�����. By the property of conditional expectation,

	�	����� � 	�	����� � ������ � 	������ � 
����

Hence, we have
���� � 
���� � 	����� 
���� � 
����

where 	����� 
���� � 
����. Computing the covariance matrix of the above equation
yields

���� � 	��	����� 
������	����� 
�����
���	�
����
������

where 	�
����
������ � � ���, so that

	��	����� 
������	����� 
�����
�� � ����

as was to be proved. �

It should be noted that the Riccati equation of (5.62) is defined by using only the
covariance data of the output signal � [see (5.61)], so that no information about noise
covariance matrices 
���, ����, ���� is used. Thus, if the statistical property of � is
the same, even if the state space realizations are different, the Kalman gains are the
same [146]. The Riccati equation (5.62) satisfied by the covariance matrix ���� of
the predicted estimate plays an important role in stochastic realization theory to be
developed in Chapter 7.

5.6 Stationary Kalman Filter

Consider the Kalman filter for the stochastic LTI system of (4.70). Since all the
system parameters are time-invariant, it follows from (5.39a) in Theorem 5.1 that the
Kalman filter is expressed as

	���� �� � �	���� ����������� �	����� (5.65)

where 	���� 
� 	��� � � � �� with the initial condition 	���� � 
����, and where the
Kalman gain is given by

���� � ��� ����� � ����� ����� �����
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Also, the error covariance matrix � ��� �� � �� � �� �� satisfies the Riccati equation

� ��� �� � �� ����� �������� ����� � ������� �� (5.66)

with � ��� � ����.
Suppose that a solution � ��� of the Riccati equation (5.66) converges to a con-

stant matrix as � � �. Put � ��� � � �� � �� � � in (5.66) to get an algebraic
Riccati equation (ARE)

� � ���� � ����� � ������� ���������� � ��� �� (5.67)

In this case, ���� converges to the stationary Kalman gain

� � ����� � ������� ����� (5.68)

Hence, the filter equation (5.65) becomes

		��� �� � ������		��� ��
��� (5.69)

This filter is called a stationary Kalman filter that produces the one-step predicted
estimates of the state vector.

In the following, we define � �� � � ����� and � �� �� ������. Then,
it can be shown that the ARE of (5.67) reduces to

� � ��� � �������� ������� ��� �� (5.70)

Theorem 5.4. The following statements are equivalent.

(i) The pair ��
 ����� is stabilizable and ��
 �� is detectable.

(ii) There exists a unique nonnegative definite solution � of the ARE (5.70); more-
over, � is stabilizing, i.e., �� �� is stable, where

� � ��������� �����

Under the above condition (i), the solution � ��� of the Riccati equation (5.66) for
any � ��� � � converges to a unique nonnegative definite solution � .

Proof. For proof, see [11, 20, 97]. �

Example 5.5. Consider a scalar system

	��� �� � �	��� � ����
 
��� � 	��� � ����

where � � �
 � � �
 � � � � �
 � � �
 � � � � �. From (5.39a) � (5.42b) of
Theorem 5.1, the Kalman filter and Riccati equation are given by

		��� �� �
��

���� � �
		��� �

�����

���� � �

���
 		��� � � (5.71)

���� �� �
�������

���� � �
� �
 ���� � �� (5.72)
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Thus the ARE reduces to �� � ���� ���� � ���� �� � �, so that the ARE has two
solutions

�� �
�

�

�
��� � ��� � � �

�
���� � ��� � ��� � 	��

�
� �

�
�

�
�

�

�
��� � ��� � � �

�
���� � ��� � ��� � 	��

�
� �

Putting � � ��
, � � �, � � �, we have �� � ��	�	� and �
�

� ���
�	�. In Figure
5.6, the solutions of (5.72) for ten random initial values �� � ���� 	� are shown. In
this case, all the solutions have converged to �� � ��	�	�. �

0 5 10 15 20
−6

−5

−4

−3

−2

−1

0

1

2

3

4

Number of steps

So
lu

tio
ns

Figure 5.6. Solutions of the Riccati equation (5.72) for random initial values, where the initial
time is taken as � � � for convenience

We see that the stationary Kalman filter is expressed as


��	� �� � 

��	� ����	� (5.73a)


�	� � �
��	� � ��	� (5.73b)

By means of Theorem 5.3, the stationary Kalman gain is also expressed as

� � � ��� �
���������� ������� (5.74)

where the covariance matrix � � ����
��	�� satisfies the ARE

� � 
�
� � � ��� �
���������� �������� �� � ��
�� (5.75)

The state space equation (5.73) is called a stationary forward innovation model for
the stationary process 
, where the noise model is less redundant than that of (4.70).
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5.7 Stationary Backward Kalman Filter

In this section, we derive the Kalman filter for the backward Markov model for the
stationary process �, which is useful for modeling stationary processes.

Consider the backward Markov model of (4.83), i.e.,

����� �� � ������� � ����� (5.76a)

���� � ������� � ����� (5.76b)

where �� and �� are white noises with covariance matrices

�

��
�����
�����

�
���

�
��� ��

�
����

�
�

�
�	 �

�
� ��

�
Æ�� (5.77)

Moreover, we have �	
������� � �� � ��� and

�	 � �� ��� ���
 �
 � �� ��� �� ���
 �� � ����� �� �� ��� (5.78)

In order to derive the backward Kalman filter, we define the future space

�
�
� �� 
��������
 ���� ��
 � � � � (5.79)

Since we deal with stationary processes with mean zero, no constant vectors are
included in the right-hand side of (5.79), unlike the past space defined by (5.20).
Then, the one-step backward predicted estimate is defined by

������ � �������� � �
�
���� (5.80)

Also, we define the backward innovation process by

����� � ����� ������� � ��
���� (5.81)

Lemma 5.13. The backward process �� is a backward white noise with mean zero
and covariance matrix

�	
������� � ����� �� �� ��� (5.82)

where �� � �	
��������.

Proof. By the definition of orthogonal projection, we see that �������� � �
�
���� � �,

�������� � �. For � � �, it follows that ����� � ��� � ��
���, so that

��������
�
� ���� � ����������

�
� ��� � �

�
�����

� ����������
�
� ��� � �

�
����� � �

Similarly, one can show that the above equality holds for � � �, implying that �����
and ����� are uncorrelated for � �� �. This shows that �� is a zero mean white noise.
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We compute the covariance matrix of ��. It follows from (5.76b) and (5.81) that

����� � ����� ��� ������� � ����� � �����

� ����� �������� � ��������� ������� � �����

Hence, noting that ����� is uncorrelated with ����� and ������ � ����, we have

�	
������� � ����������� �������������� �������
�� ��� ���������

�
�
����

� ����������
�
�
���� ��� � �����������

�
�
���� ���

� �����������
�
�
���� ��� � ������������

�
�
���� ��� � �� (5.83)

Since, from (5.80), ������ ������ � ������, we have

���������
�
�
���� � ����������

�
�
���� � �� (5.84)

Applying this relation to (5.83) yields

�	
������� � �� �	 ��� � �� �� ��� � 
���� �� �	 ���

� 
���� �� �� ���

This completes the proof. �

The backward Kalman filter is given by the next theorem.

Theorem 5.5. (Backward Kalman filter) The backward Kalman filter equations for
the backward Markov model are given by (i) � (iv).

(i) The filter equation

������ �� � �������� � ��������� �������� (5.85)

where �� � ��� �� is stable.
(ii) The innovation process

����� � ����� ������� (5.86)

(iii) The backward Kalman gain

��� � ��� ��� �� �����
���� �� �� ������ (5.87)

(iv) The ARE satisfied by the covariance matrix of the backward predicted estimate
������ is given by

�� � �� ���� ��� ��� �� �����
���� �� �� �������� � �� ���� (5.88)

This is the dual ARE of (5.75), satisfied by the covariance matrix� � �	
�������.
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Proof. It follows from (5.76a) and Lemma 5.13 that

�������� �� � ��� � �������� �� � ���� � ������

� ���������� � ����� � ������ �������� �� � ������

� �� �������� � ������ �������� �� � ������

Thus from (5.80), we get (5.85), where the backward Kalman gain is determined by

��� � ��	������ ����� �������	��������
��

It follows from (5.84) that

������� ����� ���� � ��
������� � ������
 �� 
����� � ������� � ������
��

� �� �	 ��� ��� �
 ��� � ��

� �� ��� �
 ���

Thus the backward Kalman gain is given by (5.87). Finally, the dual ARE (5.88) can
be easily derived by computing the covariance matrix of (5.85). �

In view of Theorem 5.5, the backward innovation model is given by

������ �� � �������� � �������� (5.89a)

���� � �������� � ����� (5.89b)

This should be compared with the forward innovation model of (5.73).
We are now in a position to summarize the different Markov models for a station-

ary process �, including forward and backward Markov models defined in Sections
4.7 and 4.8, and the forward and backward innovation models obtained in Sections
5.3 and 5.7 through the stationary Kalman filters.

Table 5.1. Schematic diagram of different Markov models

Forward model Kalman filter Forward innovation model

������� �������� �� ��������� �����

�

����� ��� ���������� �� � ������ ���� ��������

Backward model Backward Kalman filter Backward innovation model

Table 5.1 displays a schematic diagram of different Markov models for the same
stationary process � with the covariance matrix 
�����. From Lemmas 4.10 and
4.11, we see that ������� ���� determines �	����� ���
����, and vice versa.
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Hence, we say that the stationary forward model (4.70) with �� � �� is char-
acterized by the quintuple ������� ��������, where ���� �� ������. Also, by the
similar argument, we see that the backward Markov model (4.83) is specified by
����� ��� ����������. On the other hand, the forward innovation model of (5.73)
is characterized by the quintuple ��������������, and the backward innovation
model by � ������ ���� ��������; however, note that �� �� ���.

5.8 Numerical Solution of ARE

The stabilizing solution � of the ARE (5.75) can be obtained by using a solution
of the generalized eigenvalue problem (GEP) associated with the ARE. Consider the
ARE given by (5.75), i.e.

� � ���� � � ��� ������������ �������� �� � ����� (5.90)

where the Kalman gain is given by (5.74).
Define � �� �� ����������. Then, (5.90) is rewritten as (see Problem 5.7)

� � ���� � ���������� ����������� � ��������� �� (5.91)

Associated with (5.91), we define the GEP�
�� �

� ��������� �� 	�

� �

�

�

�
� �

�
	� ����������

� �

� �

�

�

�
(5.92)

Suppose that there are no eigenvalues on the unit circle ��
� � ��. Then, we can
show that if � �� � is an eigenvalue, then the inverse ��� is also an eigenvalue (see
Problem 5.8). Hence, (5.92) has �
 eigenvalues, and 
 of them are stable and other

 are unstable.

Let � �

�
��
��

�
� � ���� be the matrix formed by the eigenvectors correspond-

ing to the 
 stable eigenvalues of (5.92). Thus, we have�
�� �

� ��������� �� 	�

� �
��
��

�
�

�
	� ����������

� �

� �
��
��

�
�� (5.93)

where all the eigenvalues of �� � � ��� are stable.

Lemma 5.14. Suppose that the GEP of (5.92) has no eigenvalues on the unit circle.
Also, suppose that 	
����� �� � and that ���� �� ���� � ���� � �. Then, the
stabilizing solution of the ARE (5.90) is given by the formula

� � ���
��

�
(5.94)

Proof. [124] We show that � � ���
��

�
is a solution of the ARE of (5.91). From

(5.93), we get



5.8 Numerical Solution of ARE 135

���� � ���� � �
������������

����� � � ��������� ���� � ��

Post-multiplying the above equations by ���
�

yields

�� � �����
��

�
� ��������������

��

�
(5.95a)

���
��

�
� ������

��

�
� ��������� �� (5.95b)

From (5.94) and (5.95b),

������ 	 � ����
�� � ���������� ����������� � ��������� ��

� ����
� ������

��

�
� ���������� �����������

Also, from (5.95a), we have

������ � ����
��

�

�����

��

�
� ��������������

��

�
�� ������

��

�

� ����
��

�
�������� ����

��

�
���������

��

�

� 
�����
��

�
� ��������������

��

�
�

� �����
��

�
��������������

��

�

� ����
��

�
�������� ����

��

�
�����������

��

�

� ����
��

�
�������� ����

��

�
�����

� ����
��

�
��������������

��

�

Define � 	� ����
��

�
��, � 	� ������

��

�
and � 	� ����

��

�
��. Then, it

follows that

������ � ��������� � ������� ����� � ������� ������������

� ��
������� ������ ���� � ������ �������������

� �������� ����
������ ��������� 	 � ��������� � �

as was to be proved.
Finally we show that the closed loop matrix 
� 	� 
 � �� is stable. Recall

that � � � ���
�
�����������������. Since 
 � � � ����������, we see

that


�

�
� �� � �������� ��

� �������� �������� �� � ��
�� � �������� �� ��

� �� � �������� ����������� � �������� ��

� �������� ��������	 � ����������� ��
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It is easy to see that the second and third terms in the right-hand side of the above
equation vanish, so that

��
�

� �� � �������� ����������� (5.96)

Substituting �� of (5.95a) into (5.96) yields

��

�
� �� � �������� �����������

��

�
��

� �����
��

�
� ��������������

��

�
� �������� �������

� ����
��

�
������

��

�
� ��������������

��

�
�

� �����
��

�
� �������� �������������

��

�

� �������� �������������� ����� � �����

� ������������
��

�

� �����
��

�

Thus the eigenvalues of �� are equal to those of ��. This completes the proof. �

5.9 Notes and References

� There is a vast literature on the Kalman filter; but readers should consult basic
papers due to Kalman [81], Kalman and Bucy [84], and then proceed to a survey
paper [78], books [11, 23, 66, 79], and a recent monograph for adaptive filtering
[139], etc.

� Section 5.1 reviews a multivariate Gaussian probability density function based
on [14]; see also books [79, 111, 136] for the least-squares estimation (minimum
variance estimation). The state estimation problem for a Markov model is defined
in Section 5.2, and the Kalman filter algorithm is derived in Section 5.3 based on
the technique of orthogonal projection; see [11, 23, 66]. Also, in Section 5.4, the
Kalman filter in the presence of external inputs is developed by extending the
result of [182] to a discrete-time system.

� Section 5.5 derives the Riccati equation satisfied by the covariance matrix���� of
the one-step predicted estimate, which is a companion Riccati equation satisfied
by the error covariance matrix. It should be noted that the Riccati equation for
���� is defined by using only the covariance data for the output process �. Thus,
if the covariance information of � is the same, the Kalman gain is the same even
if state space realizations are different [11, 146]. This fact is called invariance of
the Kalman filter with respect to the signal model.

� The stationary Kalman filter and the associated ARE are derived in Section 5.6.
The existence of a stabilizing solution of the discrete-time ARE has been dis-
cussed. For proofs, see [97, 117] and monographs [20, 99].
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� In Section 5.7, the backward Kalman filter is introduced based on a backward
Markov model for a stationary process, and relation among four different Markov
models for a stationary process is briefly discussed. These Markov models will
play important roles in stochastic realization problems to be studied in Chapters
7 and 8.

� Section 5.8 is devoted to a direct solution method of the ARE (5.75) due to
[103, 124], in which numerical methods for the Kalman filter ARE of (5.70) are
developed in terms of the solution of GEP. See also a monograph [125] in which
various numerical algorithms arising in control area are included.

5.10 Problems

5.1 Suppose that the probability density function of ��� �� is given by the Gaussian
density function

���� �� �
�

����� ����������

� �
�

�
�������

�
�������

��
�

�

��������������

����
�

�������

��
�

�

where ��� �� � � and ��� 	 �. Show that the following relations hold:


�� � �� � �� � �
��

��
�� � ���� 
����
�� � ����� � ������ ���

5.2 Let���
� be the Kalman gain for the covariance matrices ���
�, ���
�, ���
�,
�� ��� with � � �. By using (5.41a) and (5.42a), show that ���
� is the same
as ��
� of (5.41a).

5.3 Define the state covariance matrix ��
� � 
����
� � ���
�����
� � ���
��
��.

Show that the following inequalities hold:

��
� � � �
� � � �
 � 
� � �� ��
� � ��
�

5.4 Consider an AR model

��
� � ����
� �� � � � �� ����
� �� � ��
�

Then a state space model for � is given by

��
� �� �

�
����

� � � � � ��
� ����

. . .
...

� ��

�
������
� �

�
����

��
����

...
��

�
������
� (5.97a)

��
� � �� � � � � ����
� � ��
� (5.97b)
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Derive the Kalman filter for the above state space model, and show that the
Kalman filter is the same as the state space model. (Hint: The state variables of
(5.97a) are expressed as

����� � ������ ��� ����� � ����� �� � �������� ��� � � � �

����� � ������� �� � ������ ��

Thus we see that the state vector ���� �� ������� � � � � ������
�� � � � can be

determined from ����� � � � � �� � � � � � � �, so that we have � ��� � � for
� � �, and hence 	��� � 
���. It also follows from ���� � ���� � 
 and
���� � �
 that ���� � � for � � �.)

5.5 By using (5.44) with ���� � �, ���� � �, show that

���� � ���� � ����� ������ �� � ������ ������ ��

� � � �� ������������� � ��������

and that
�
����

����
����

...
���� ��

�
���� �

�
����

�

��
...

�����

�
���� ����� �

�
����

�

����� �
...

. . .
. . .

��������� � � � ����� �� �

�
����

�
����

����
����

...
���� ��

�
����

This is useful for giving a triangular factorization of the covariance matrix of the
stacked output vector.

5.6 In Section 5.6, we defined � � �� ����� and � � ��������� �����.
Show that �� �� � ���� holds. Also, derive (5.70) from (5.67).

5.7 Derive (5.91) from (5.90).

5.8 Consider the GEP of (5.92):

�� � ���� � � �
�� � � � �

Let �� �

�
� ��

��� �

�
. Show that� ���� � � ���� holds. By using this fact, show

that if � �� � is an eigenvalue of (5.92), so is ���.
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Realization of Deterministic Systems

We introduce the basic idea of deterministic subspace identification methods for a
discrete-time LTI system from the point of view of classical realization theory. We
first present the realization algorithm due to Ho-Kalman [72] based on the SVD
of the block Hankel matrix formed by impulse responses. Then we define a data
matrix generated by the observed input-output data for the system, and explain the
relation between the data matrix and the block Hankel matrix by means of zero-
input responses. Based on the LQ decomposition of data matrices, we develop two
subspace identification methods, i.e., the MOESP method [172] and N4SID method
[164, 165]. Finally, we consider the effect of additive white noise on the SVD of a
wide rectangular matrix. Some numerical results are included.

6.1 Realization Problems

Consider a discrete-time LTI system described by

���� �� � ����� ������ (6.1a)

���� � ����� ������� � � �� �� � � � (6.1b)

where � � �
� is the state vector, � � �

� the control input, � � �
� the output

vector, and � � �
��� , � � �

��� , � � �
��� , � � �

��� are constant matrices.
In the following, we assume that ��� �� is reachable and ��� �� is observable; in
this case, we say that ������� is minimal.

From (6.1), the transfer matrix and the impulse response matrices of the system
are respectively given by

	�
� � � � ��
� ������ (6.2)

and

	� �

�
�� � � �

������� � � �� �� � � �
(6.3)
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where ���� � � �� �� � � � � are also called the Markov parameters. We see that given
��� �� �� ��, the transfer matrix and impulse response matrices can uniquely be
determined by (6.2) and (6.3), respectively (see also Section 3.4).

This chapter considers the inverse problems called realization problems [72].

Problem A Suppose that a sequence of impulse responses ���� � � �� �� � � � �, or
a transfer matrix ����, of a discrete-time LTI system is given. The realization
problem is to find the dimension � and the system matrices ��� �� �� ��, up to
similarity transforms.

Problem B Suppose that input-output data �	���� 
���� � � �� �� � � � � � � �� are
given. The problem is to identify the dimension � and the system matrices
��� �� �� ��, up to similarity transforms. This is exactly a subspace identi-
fication problem for a deterministic LTI system.

6.2 Ho-Kalman’s Method

In this section, we present the realization method of Ho-Kalman based on the results
stated in Section 3.9, providing a complete solution to Problem A. Let the impulse
response of the system be given by ���� ��� ��� � � � �. Then, since � � ��, we
must identify three matrices ��� �� ��.

Consider the input 	 that assumes non-zero values up to time � � �� and zero
for � � �� �� � � � , i.e.,

	 � � � � � � 	����� 	����� 	����� �� �� �� � � � � (6.4)

Applying this input to a discrete-time LTI system, we observe the output for � �
�� �� � � � as shown in Figure 6.1. For the input sequence of (6.4), the output is ex-
pressed as


��� �

���

����

����	���� � � �� �� � � � (6.5)

This is a zero-input response with the initial state 
���, which is determined by the
past inputs. It should be noted that the responses 
��� for � � ��� ��� � � � are shown
by dotted lines.

We define the block Hankel operator with infinite dimension as

� �

�
������

�� �� �� �� � � �
�� �� �� �� � � �
�� �� �� �� � � �
�� �� �� �� � � �
...

...
...

...
. . .

�
������

(6.6)

Then the input-output relation is expressed as
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�

�
�

�

�
�

�������� � � � �

Figure 6.1. Zero-input response of an LTI system

�� � ��
�

(6.7)

where �� and �
�

are infinite dimensional vectors defined by

�� �

�
��
����
����

...

�
�� � �

�

�

�
��
�����
�����

...

�
��

Moreover, the observability and reachability operators are defined by

� �

�
����

�

��

���

...

�
���� � � �

�
� �� ��� � � �

�

We present the basic theorem for the properties of block Hankel matrix, which
plays an important role in the later developments.

Theorem 6.1. (Properties of Hankel matrix) Suppose that ��� �� �� is minimal.
Then, the following (i) � (iv) hold.

(i) The block Hankel matrix � of (6.6) has finite rank if and only if the impulse
response has a factorization like (6.3).

(ii) The block Hankel matrix has rank �, i.e., ���	��� � �. Moreover, � has the
factorization of the form

� � �� � ������� �� � �� �

(iii) Let the state vector at 	 � � be given by 
��� � ��
�

. Then (6.7) is written as

�� � �
��� (6.8)

(iv) The block Hankel matrix is shift invariant, i.e.,

�� � �
�
� � �� � � � � � �� � ��

� � ��

where ���� denotes the upward shift that removes the first block row, and ����

the left shift that removes the first block column.
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Proof. Item (i) follows from Theorem 3.13, and items (ii), (iii), (iv) are obvious
from the definition. See also [162]. �

Item (iv) has the following physical meaning. From (6.7), we see that �����
contains all the outputs after � � � due to the past inputs up to � � ��. Define

�
�
� �

�
��
����
����

...

�
��

Then, we have
�
�
� � ��

�� (6.9)

Hence, it follows from (6.9) that ������ contains all possible outputs after � � � due
to the past inputs up to � � ��. Since the system is time-invariant, this is equivalent
to saying that ������ contains the output after � � � due to the past input up to
� � ��. Since the set of all inputs up to � � �� is a subspace of the space of all the
past inputs, we see that all resulting outputs ������ should be included in �����.

The above properties of the block Hankel operator are extensively used for de-
riving realization algorithms. In fact, the celebrated Ho-Kalman algorithm described
below is entirely based on Theorem 6.1.

For the actual computation using finite number of impulse response matrices,
however, we must use the truncated block Hankel matrix of the form

���� �

�
������

�� �� �� � � � ��

�� �� �� � � � ����

�� �� �� � � � ����

...
...

...
. . .

...
�� ���� ���� � � � ������

�
������
� ������ (6.10)

Also, the extended observability matrix �� and the extended reachability matrix ��
are defined by

�� �

�
����

�

��
...

�����

�
���� � �� �

�
� �� ��� � � � �����

�

where � and 	 should be greater than 
1. Usually, we take 
 � � � 	.
In the finite dimensional case, if �	
������� � 
, we see from Theorem 6.1 (ii)

that
���� � ���� � ����

��
��� �� � �� � (6.11)

1In practice, the dimension � is not known. Since it is impossible to find an upper bound
of � by a finite procedure, it is necessary to assume an upper bound a priori.
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where �������� � �, �������� � �. Also, concerning the extended observability
matrix, we have the following identity

�
����

�

��
...

�����

�
����� �

�
����

��

���

...
�����

�
���� � ����� � ����� � 	 ��� 	� (6.12)

To get a unique least-squares solution of � from (6.12), we see that ���� should be
full column rank, so that ��� � �� � �. Thus, for a single output case �� � ��, the
relation turns out to be � � �� �, so that � should be strictly greater than �.

Similarly, from the extended reachability matrix, we have

����� � ���	��� � 	 ��� (6.13)

Lemma 6.1. (Deterministic realization algorithm [72, 184])

Step 1: Compute the SVD of ���� as

���� � 
	� 	��

�

� �
� �

� �
� �
�

� �
�

�
� 	�
��

�
� (6.14)

where 
� is a diagonal matrix with the first � non-zero singular values of ����, so
that we have

�� � �� � � � � � �� 
 � � ���� � ���� � � � �

Step 2: Compute the extended observability and reachability matrices as

�� � 	�

���
� �� �� � ���
���

� � �
� (6.15)

where � � ���� is an arbitrary nonsingular matrix.

Step 3: Compute the matrices �� �� � as

� � �
�

������ � � ���� 	 �� � 	 ��� � � ���� 	 �� � 	 �� (6.16)

where �� � ����� � 	 ��� � 	 �� �� �
�

��. �

For computation of �, the identity of (6.12) is used. It follows from (6.13) that
the matrix � in Step 3 is also given by

� � �
�
� �

�

��� (6.17)

Example 6.1. Suppose that for the impulse input � � ��� �� �� � � � �, we observe the
outputs

� � ��� �� �� 
� �� �� �� ��� 
�� ��� � � � �

This output sequence is the well-known Fibonacci sequence generated by
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�� � ���� ������ � � �� �� � � �

with the initial conditions �� � �� �� � �. A realization of this impulse response
sequence is given, e.g., by [143]

� �

�
� �
� �

�
� � �

�
�
�

�
� � � �� ��� � � � (6.18)

and the transfer function is given by

���	 �
�

�� � � � �
(6.19)

Now we use the algorithm of Lemma 6.1 to compute a realization. Recall that
it is necessary to take the number of rows � should be greater than 	. Thus, taking
� � 
 � 
, we have the following Hankel matrix

���� �

�
�����

� � � � 

� � � 
 �
� � 
 � ��
� 
 � �� ��

 � �� �� ��

�
����� � �

���

By the SVD of ����, we get

�� � 
�


��� �� � �
����� �� � �� � � �

so that we have 	 � �. By putting � � ��,

� �

�
�

��� �
���

�
���
 ��

���

�
� � �

�
�
�

�

��

���

�
� � � ��
�

� � �

����

where the transfer function ���	 � ������	 is also given by (6.19). �

We see that the matrices obtained above satisfy an interesting property that
� � �� and � � ��. If we use an asymmetric Hankel matrix, say ����, then
this property does not hold; however, the correct transfer function is obtained as long
as �� 
 � �.

Lemma 6.2. Suppose that ���� is symmetric in Lemma 6.1 and that � � �� in Step
2. If all the elements of � are different, i.e., �� � �� � � � � � ��, there exists a
matrix � � �������� � � � � ��	 such that � � ���� and � � ��� hold.

Proof. The fact that���� is symmetric implies that � � 
,� � � and��
� � ��� � �

�� �� � � � . Let � �� ���� in (6.14). Since �� � � , it follows that � � ��� � �
� ���, so that ����	 � ����	 � ���� 	. Thus there exists a nonsingular matrix
� � ���� such that � � � �. Since �� � ��� � ��� �� � � ���, we see that
� � � �� � ���� is an orthogonal matrix. Let

� �

�
���� �

�� �

�
� ���� � �

����������� (6.20)
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where �� � � ���� and � � �. Comparing the ��� ��-block elements of the identities
��� � �� and ��� � ��, we see from (6.20) that

���� � �� � ���� � �� � � � ��� � ���

Also, ��� � � � ��� implies ��� � ��, so that from (6.20),

�����
�
��� � ��������� ����� � �	�

From the second relation in the above equation,

� �
�

	�
����� �

�
����

�


�
. . .


���

�
���� �

where 
� � 	��	�� � � �� � � � � 
� �. Since ��� � ���, we have

��� � � � �� ����� � 
���
�
� � � � �� 
�����

�
��� � ��� � � � �� �����

so that �
��������� � � ���
������������ � �. But, since 
� � �� � � �� � � � � 
��,
we have �� � �� � � �� � � � � 
� �, implying that � � � � � and �� � �. By means

of these relations, we have � �

�
���� �
� ��

�
and

�����
�
��� � ��������� �����

�
��� � ����� ��

������� � ����

Applying the above procedure to ���� � �
����������� , we can inductively prove

that � � ��	
���� � � � � ���, a signature matrix.
Since � � �� in (6.15), it follows that

�� � ������ �� � ����� �

Also, � and ���� are diagonal, so that ����� � �����. Thus, by using � � ��,

�� � ����� � � ������� � ������� � ���
�

Hence we get
� � ����� � � �� � ���

� �� � �� �� � ���

and also
�
�
� � ������

�� �
�
��� �

�
�
�
���

	�
�

Thus from (6.13), we have

� � �
�
� �

�
��� � ������

��������
�� � ��������

�
��

�� � ����

as was to be proved. �
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It should be noted that ��� �� �� derived in Lemma 6.2 is not balanced (see
Problem 6.2).

Example 6.2. Consider a scalar transfer function

���� �
���

� � ��� � ��

�� � ���� � ��� � ��
� ���

�� � ���
�� � � � �

where it is assumed that the transfer function is coprime and that the dimension is
a priori known (	 � �). Suppose that we are given an impulse response sequence
���� ��� � � � �. Since �����
� � �, there exists a vector �� � 	�� �� �� 
� such that


���� �

�
�
�� �� �� ��
�� �� �� ��
�� �� �� ��

�
�

�
���
��
��
��



�
��� �

�
�
�
�
�

�
�

so that � � 
���
����. Let the SVD of 
��� be given by


��� � 


�
�
�� � � �
� �� � �
� � �� �

�
�

�
���
��
�

��
�

���
��
�

�
��� � �� � �� � �� � �

Hence we have

����� � � � �� � 
���
����

Since both � and �� belong to the one-dimensional subspace 
���
����, we get � by
normalizing �� so that ����� � 
.

In view of (6.11), we have


��� �

�
�

�

��

���

�
� �� �� ��� ���

�

Since ��� �� is observable, it follows from 
���� � � that

��� � ���
� � ���� ����� � �

Pre-multiplying the above equation by � and ��, and re-arranging the terms yield

��� � ���
� � ���� ����	� �� ���� � �

By the reachability of ��� ��, we have ���	� �� ���� �� �, and hence

�� � ���
� � ���� ��� � �

Since ���� is coprime, the characteristic polynomial of � coincides with the de-
nominator polynomial of ����, so that �� � ��� � � 
� �� �. Moreover, from the
identity
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�
�
��
��
��

�
� �

�
�
�� � �
�� �� �
�� �� ��

�
�
�
�

�
��
��

�
�

we get the coefficients of the numerator polynomial. �

We see from above examples that state space models and transfer functions of
LTI systems can be obtained by utilizing the SVD of block Hankel matrices formed
by the impulse response matrices.

6.3 Data Matrices

Consider an discrete-time LTI system, for which we assume that the system is at rest
for � � �, i.e., ���� � �� ���� � �� � � ��� ��� � � � . Suppose that the input-output
data � � ������ ����� � � � ��� ���� and � � ������ ����� � � � ��� ���� are given,
where � is sufficiently large. Then, for 	 
 �, we get

����� ���� � � � ��� � ���

� ����� � � � ���

�
�����

� � � � � ���� � � � ��� � 	�
... . .

.
. .

.
���� � � � ��� � 	 � ��

� . .
.

. .
. ...

...
���� ���� � � � ��	 � �� � � � ��� � ��

�
�����

Suppose that the wide matrix in the right-hand side formed by the inputs has full
rank. Then, the impulse responses ������ � � � � ��� ��� can be obtained by solving
the above equation by the least-squares method2. This indicates that under certain
assumptions, we can compute a minimal realization of an LTI system by using an
input-output data, without using impulse responses.

Suppose that the inputs and outputs

����� ���� � � � ��	 �� � ���

and
����� ���� � � � ��	 �� � ���

are given, where 	 is strictly greater than �, the dimension of state vector. For these
data, we form block Hankel matrices

������ �

�
����

���� ���� � � � ��� � ��
���� ���� � � � ����

...
...

...
��	 � �� ��	� � � � ��	 �� � ��

�
���� � �

����

2For the exact computation of impulse responses from the input-output data, see (6.67) in
Section 6.6.
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and

������ �

�
����

���� ���� � � � ��� � ��
���� ���� � � � ����

...
...

...
��� � �� ���� � � � ��� �� � ��

�
���� � �

����

where the indices � and � � � denote the arguments of the upper-left and lower-left
element, respectively, and the number of columns of block Hankel matrices is usually
fixed as � , which is sufficiently large.

We now derive matrix input-output equations, which play a fundamental role in
subspace identification. By the repeated use of (6.1), we get3

�
����

����
���� ��

...
���� � � ��

�
���� �

�
����

�

��
...

�����

�
�������� �

�
����

�

�� �
...

. . .
. . .

������ � � � �� �

�
����

�
����

����
���� ��

...
���� � � ��

�
����

For notational simplicity, we define

����� �

�
����

����
���� ��

...
���� � � ��

�
���� � �

�� � ����� �

�
����

����
���� ��

...
���� � � ��

�
���� � �

��

and the block Toeplitz matrix

�� �

�
����

�

	
 �
...

. . .
. . .

	����
 � � � 	
 �

�
���� � �

�����

Then we have

����� � ������ � �������� � � �� �� � � � (6.21)

We see that in terms of ����� and �����, the block Hankel matrices 
����� and
������ are expressed as


����� � ������ ����� � � � ���� � ���

and
������ � ������ ����� � � � ���� � ���

It thus follows from (6.21) that

3This type of equations have been employed in state space identification problems in ear-
lier papers [62, 155]; see also Problem 5.5.
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������ � ���� � �������� (6.22)

where �� � ����� ���� � � � ��� � ��� � ���� is the initial state matrix.
Similarly, we define

������� � ������ ���� � �� � � � ���� � � � ���

������� � ������ ���� � �� � � � ���� � � � ���

Then, using (6.21) for � � �� � � �� � � � � � �� � �, we get

������� � ���� � ��������� (6.23)

where �� � ����� ��� � �� � � � ��� �� � ��� � ���� .
Equations (6.22) and (6.23) are the matrix input-output equations with initial

states �� and ��, respectively. The block Hankel matrices ������ and ������ are
usually called the past inputs and outputs, respectively, whereas the block Hankel
matrices ������� and ������� are called the future inputs and outputs, respectively.

We assume that the following conditions are satisfied for the exogenous input
and the initial state matrix.

Assumption 6.1. A1) �	
� ���� � 	.

A2) �	
� �������� � �
, where � � 	.

A3) �
	
 ���� � �
	
 �������� � ���, where �
	
 ��� denotes the space
spanned by the row vectors of a matrix. �

Assumption 6.1 A1) implies that the state vector is sufficiently excited, or the
system is reachable. Indeed, if A1) is not satisfied, there exists a non-zero vector
� � �

� such that ���� � �, which implies that �� � �
��� does not span the

	-dimensional state space. Assumption 6.1 A2) shows that the input sequence 
 �
�
� should satisfy the persistently exciting (PE) condition of order �. For the PE

condition, see Definition B.1 of Appendix B for more details. Also, A3) means that
the row vectors of �� and ������ are linearly independent, or there is no linear
feedback from the states to the inputs. This implies that the input-output data are
obtained from an open-loop experiment.

Lemma 6.3. [118, 119] Suppose that A1) � A3) and rank���� � 	 are satisfied.
Then, the following rank condition holds:

�	
�

�
������

������

�
� �
� 	 (6.24)

Proof. [86] It follows from (6.22) that�
������

������

�
�

�
��� �����
�� ��

��
������

��

�
(6.25)

where � � 	. From Assumption 6.1, we see that the two block matrices in the right-
hand side of the above equation have rank �
� 	. This proves (6.24). �
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Lemma 6.3 implies that for the LTI system (6.1), if we delete row vectors in
������ that are dependent on the row vectors in ������, there remain exactly � inde-
pendent row vectors in ������, where � is the dimension of the state space.

In the following, the matrix

������ ��

�
������

������

�
� � � �

is referred to as data matrix. In order to study the relation between the block Hankel
matrix ���� formed by the impulse responses and the data matrix ������ defined
above, we begin with a simple example.

Example 6.3. Suppose that ��	� � �� 	 
 �. Let � � ��� �� �� �� �� �� � � � � be
the unit impulse at 	 � �. We apply the input � to an LTI system, and observe the
impulse response with three steps delay

� � ��� �� �� ��� ��� ��� ��� � � � �

Let � � �� 
 � �. Then, we have

�
����

����

�
�

�
�����������

� � � � � � � �
� � � � � � � �
� � � � � � � �
� � � � � � � �

� � � �� �� �� �� ��
� � �� �� �� �� �� ��
� �� �� �� �� �� �� ��
�� �� �� �� �� �� �� ��

�
�����������

(6.26)

This data matrix has a particular block structure, in which the upper-right block is
a zero matrix, and the lower-right block is exactly the Hankel matrix ����. Also, if

we post-multiply (6.26) by a nonsingular matrix

�
�� �
� ��

�
, where �� is a permutation

matrix with � along the principal anti-diagonal [see (2.39)], then the right-hand side

of (6.26) has the form

�
�� �

�� ����

�
, which is similar to the block matrix with the

upper-right block zero appearing in the right-hand side of (6.25). �

Data matrices formed by generic input-output data do not have a nice structure
like (6.26). However, by exploiting the linearity of the system, we can transform the
data matrices into block matrices with zeros in the upper-right block. This fact is
indeed guaranteed by the following lemma.

Lemma 6.4. [181] Suppose that the input-output data

������ �

�
������

������

�
� � � � (6.27)
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are given. Then, under the assumption of Lemma 6.3, any input-output pair

������ �

�
����

�����
�����

...
���� � ��

�
���� � ������ �

�
����

�����
�����

...
���� � ��

�
����

of length � can be expressed as a linear combination of the column vectors of
������. In other words, there exists a vector � � �� such that

�
������

������

�
�

�
������

������

�
� (6.28)

Proof. Post-multiplying (6.22) by a vector � � �� yields

������� � ����� � 	��������

Thus it should be noted that ������ �� ������� and ������ �� ������� are an input-
output pair with the initial state vector �
��� �� ���. This is a version of the well-
known principle of superposition for an LTI system.

To prove the lemma, let �������� ������� be an input-output pair. Then, it follows
from (6.21) that there exists an initial state �
��� � �� such that

������ � ���
��� � 	� ������ (6.29)

By assumption,

�
������

��

�
� �

�������� has full row rank, so that there exists a

vector � � �� such that �
������

�
���

�
�

�
������

��

�
�

Thus from (6.29) and (6.25), we have
�
������

������

�
�

�
��� �����
	� ��

��
������

�
���

�

�

�
��� �����
	� ��

��
������

��

�
� �

�
������

������

�
�

as was to be proved. �

The above lemma ensures that any input-output pair can be generated by using a
sufficiently long input-output data, if the input has a certain PE condition.

Example 6.4. Consider a scalar system described by

���� � 
���� �� � ����� � � �� �� � � � � ����� � �

Then, the output is expressed as
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���� � ������ � �������� � � � � � ����� �� � ����� � � �� �� � � �

Suppose that we have the following set of input-output data.

� � �
� � �� � �
� � �� � �� �
� � �� � �� � ��� �
� �� �� � �� � ��� � �� �
� �� �� � �� � ��� � �� � �� �
	 � �� � �� � ��� � �� � �� � �� �

 � �� � �� � ��� � �� � �� � �� � �� �
� �� �� � �� � ��� � �� � �� � �� � �� � �� �

Let � � �� � � 
. Then, the data matrix is given by

�
����

����

�
�

�
�������

� � � �� �� �
� � �� �� � �
� �� �� � � ��

�� �� �� �� �� ��
�� �� �� �� �� ��
�� �� �� �� �� ��

�
�������

(6.30)

We observe that three vectors in the upper-left �� � block are linearly independent.
By applying the column operation using these three column vectors, we make the
upper-right � � � block a zero matrix. By this column operation, the lower-right
block is also affected by the column vectors in the lower-left block, so that

�
����

����

��

�

�
�������

� � � � � �
� � �� � � �
� �� �� � � �

�� �� �� ��
� ��

� ��
�

�� �� �� ���
�

���
�

���
�

�� �� �� ����
�
����

�
����

�

�
�������

(6.31)

In fact, by taking 	 � ���
� �
� � � � � ��� � �
� , it follows that

�
�������

� � � �� �� �
� � �� �� � �
� �� �� � � ��

�� �� �� �� �� ��
�� �� �� �� �� ��
�� �� �� �� �� ��

�
�������

�
�������

�
�

�

�

�

��

�
�
�

�
�������
�

�
�������

�
�
�
��
�

���
�

����
�

�
�������

where ��
� � �� � �� � �
�. We see that ��

� is the output at � � � due to the input
� � �� � �
� ��, so that ���

�
���

�
����

�
� is a zero-input response with the initial
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condition ����� � ���. Similarly, we can show that ��� � �� � ��� � ��� � � and
��� � ��������������, so that ��� and ��� are the outputs at � � � and � � 	 with
inputs � � �
 � � 
 �� and � � �
 � 
 � ��� ��, respectively. It should be noted
that these inputs are fictitious inputs, which are not actually fed into the system.

We can write the lower-right block of (6.31) as
�
� 

�
��

�
� ���� ��� ���� �

�
� �
��
���

�
� ���� ��� ���� � ����

�
� ��� ����

Clearly, the image of the above matrix is equal to the image of the extended observ-
ability matrix �� � �

��� . Thus, we have � � 
, � � �. �

We need a column operation to make the upper-right block of the data matrix a
zero matrix as shown in (6.31). However, this is easily performed by means of the
LQ decomposition, which is the dual of the QR decomposition.

6.4 LQ Decomposition

We usually consider rectangular data matrices with a large number of columns. Thus
if we apply the LQ decomposition to rectangular matrices, then we get block lower
triangular matrices with a zero block at the upper-right corner.

Let the LQ decomposition of a data matrix be given by

�
������

������

�
�

�
	�� �

	�� 	��

� �

�
�


�
�

�
(6.32)

where 	�� � �
����� , 	�� � �

����� , 	�� � �
����� with 	��, 	�� lower trian-

gular, and 
� � �
���� , 
� � �

���� are orthogonal. The actual computation of
LQ decomposition is performed by taking the transpose of the QR decomposition of
the tall matrix

���
����� � �

������ � �
�������	

A MATLAB R� program for the LQ decomposition is displayed in Table 6.1.

Example 6.5. Let � � ��
 in Example 6.4. Then, from (6.30) and (6.31), it follows
that

�
����

����

�
�

�
�������


 � 
 �
 �
 

� 
 �
 �
 
 


 �
 �
 
 
 �


 ��
 ���
 ����
 
����
 
�
�
�

��
 ���
 ����
 
����
 
�
�
�
 ����
	�

���
 ����
 
����
 
�
�
�
 ����
	�
 
��	�	��


�
�������

(6.33)

and
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Table 6.1. LQ decomposition

% Program
% LQ decomposition
function [L11,L21,L22]=lq(U,Y)
km=size(U,1); kp=size(Y,1);
[Q,L]=qr([U;Y]’,0);
Q=Q’; L=L’;
L11=L(1:km,1:km);
L21=L(km+1:km+kp,1:km);
L22=L(km+1:km+kp,km+1:km+kp);

�
����

����

��
�

�
�������

� � � � � �
� � �� � � �
� �� �� � � �

� ��� ���� ����� ������ ���	���
��� ���� ����� ���

� ���	��� ��	
����
���� ����� ������ �����
� ��	
���� ���	��
��

�
�������

(6.34)

Also, the LQ decomposition of (6.33) gives

� �

�
�������

������� � � �
������� ����	� � � �
�����	 ������ �����
� � � �

�����
� ���	
�� �����
� ���

�� � �
����
�� �����
 ������	 ������� � �
����	�� ������ �����	
 ������� � �

�
�������

(6.35)

We see that in (6.34) and (6.35), multiplying the first row of the lower-right block
by ��� yields the second row, and multiplying the second row by ��� yields the third
row, so that the rank of these matrices is one, which is the same as the dimension of
the system treated in Example 6.4. �

From (6.32), we obtain
�
��� �

��� ���

�
�

�
������

������

� �
�� ��

	
(6.36)

The following lemma provides a system theoretic meaning of the �-matrix in terms
of zero-input responses of the system.

Lemma 6.5. Under Assumption 6.1, each column of the �-matrix is an input-output
pair; in particular, each column of ��� contains a zero-input response of the system.
Moreover, we have ��
������ � �, i.e. the dimension of the system.
Proof. Since ��� �� are formed by � -dimensional column vectors, it follows from
(6.28) of Lemma 6.4 that each column of �-matrix of (6.36) is an input-output pair.
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Since ��� � �, we see that ��� consists of zero-input responses. Recall from (6.8)
and (6.21) that the zero-input response is expressed as ����� � ������. We see that
the number of independent zero-input responses is � � �������, so that we have
the desired result. �

The scenario of the realization procedure based on the LQ decomposition is to
compute the SVD of ��� in order to recover the information about the extended
observability matrix, and then to estimate the matrices � and � by using the relation
of (6.12). On the other hand, the information about matrices � and � is included in
the matrices ��� and ��� of (6.32). To retrieve this information, however, the matrix
input-output equation of (6.22) [and/or (6.23)] should be employed together with
��� and ���, as explained in the next section.

Thus, in the next section, we shall present a solution to Problem B, stated in Sec-
tion 6.1, based on a subspace identification method, called the MOESP method, in
which the LQ decomposition technique and the SVD are employed. Another solution
to Problem B is provided by the N4SID subspace identification method, which will
be discussed in Section 6.6.

6.5 MOESP Method

In this section, we discuss the basic subspace identification method called MOESP
method4 due to Verhaegen and Dewilde [172, 173]. In the following, the orthogonal
projection is expressed as ���� � ��.

We see from (6.32) that

������ � ���	
�

� (6.37a)


����� � ���	
�

�
� ���	

�

�
(6.37b)

where ��� � �
����� , ��� � �

����� are lower triangular, and 	� � �
���� ,

	� � �
���� are orthogonal. Under Assumption 6.1, we see that ��� is nonsingular,

so that 	�
�
� ���

��
������. Thus, it follows that (6.37b) is written as


����� � ����
��
��
������ � ���	

�

�

Since 	�, 	� are orthogonal, the first term in the right-hand side of the above
equation is spanned by the row vectors in ������, and the second term is orthogonal
to it. Hence, the orthogonal projection of the row space of 
����� onto the row space
of ������ is given by

���
����� � ������� � ���	
�

� � ����
��
��
������

Also, the orthogonal projection of the row space of 
����� onto the complement
��
����� of the row space of ������ is given by

4MOESP=Multivariable Output Error State Space
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��������� � �
�
������ � ����

�
�

In summary, the right-hand side of ������ in (6.37b) is the orthogonal sum decom-
position of the output matrix ������ onto the row space of the input matrix ������

and its complement.
Also, it follows from (6.22) and (6.37b) that

���� � ������
�
� � ����

�
� � ����

�
� (6.38)

where it should be noted that though the right-hand side is an orthogonal sum, the
left-hand side is a direct sum, so that two quantities therein are not necessarily or-
thogonal. This implies that ���� �� ����

�
� and ������

�
� �� ����

�
� .

Post-multiplying (6.38) by �� yields

������ � ���

where��
��� � �� ��

��� � ��� are used. Under the assumptions of Lemma 6.3, the
product ���� has full row rank 	 and �������	 � 	, which is equal to ��������	.
Thus we can obtain the image of the extended observability matrix �� and hence the
dimension 	 from the SVD of ��� � �

����� .
Let the SVD of ��� be given by

��� � 
�� ���

�

� �
� �

� �
� �
�

� �
�

�
� ��
��

�
� (6.39)

where �� � �
���� and �� � �

��������� . Then, we have

������ � ��
��
�
�

so that we define the extended observability matrix as

�� � ��

���
� (6.40)

and 	 � �
�
�. The matrix � is readily given by

� � ���� � 
� � � 		 (6.41)

and � is obtained by solving the linear equation (see Lemma 6.1)

���� � 
�� � �	� � � 		� � ���
� � � �
� � � 		 (6.42)

Now we consider the estimation of matrices � and �. Since ��
� ��� � � and

��
� �� � �, pre-multiplying (6.38) by ��

� � �
��������� yields

��
� ������

�
� � ��

� ����
�
�

Further post-multiplying this equation by �� yields
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���

�
����

� � � � � �
�� � � � � �

...
...

. . .
...

������ ������ � � � �

�
���� � ��

� ����
��
�� (6.43)

This is a linear equation with respect to� and�, so that we can use the least-squares
method to find them. In fact, define

��
� �� ��� �� � � � ���� ��

� ����
��
�� �� ��� �� � � � ���

where �� � ��������� , � � �� � � � � � and�� � �
�������� . Thus, from (6.43),

��� � ���� � � � �� ������
���� � ����

���� ���

��� � ���� � � � �� ����
���� ���

...

����� � ���� �����

��� ���

Defining ��� � ��� � � � ��� � �
��������������� � � � �� � � � � �, we get the follow-

ing overdetermined linear equations:�
������

��
�������

��
�������

...
...

����
�����

�� �

�
������
�
�

�

�
�

�
������

��

��

...
����

��

�
������ (6.44)

where the block coefficient matrix in the left-hand side is �	�	 � 

 � 		 � 

 -
dimensional. To obtain a unique least-squares solution 	�� �
 of (6.44), the block
matrix has full column rank, so that �	�	� 

 � 		� 

 should be satisfied. It can
be shown that if � � 
, this condition is satisfied.

Summarizing the above, we can provide a subspace identification method that
solves Problem B. Suppose that we have the input and output data������ and ������.
Then, we have the following lemma.

Lemma 6.6. (MOESP algorithm)

Step 1: Compute the LQ decomposition of (6.32).

Step 2: Compute the SVD of (6.39), and let 
 �� ��

�, and define the extended
observability matrix as

�� � ��

���
�

Step 3: Obtain � and � from (6.41) and (6.42), respectively.

Step 4: Solve (6.44) by the least-squares method to estimate � and �. �
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In [172,173], this algorithm is called the ordinary MOESP, and a program of the
above algorithm is given in Table D.2 of Appendix D.

Example 6.6. Consider a simple 2nd-order system with

� �

�
��� ���
���� ���

�
� � �

�
�
�

�
� � � �� ����� � � �

The transfer function is then given by

���	 �
���� 
 ���

�� � ���� 
 ����
�

���
� 
 ��� 
 ��

�� 
 	�� 
 	�

We have performed simulation studies by using 100 sets of input-output data with the
length 
 � ���, where the input is a white noise with mean zero and unit variance,
and then a white noise � is added to the output � so that the S/N ratio in the output
becomes approximately 
�

�
�
�� � ���.

By using the MOESP algorithm of Lemma 6.6 with � � �, we have identified
the dimension � and parameters of the transfer function. The means and standard
deviations of the first five singular values of ��� are displayed in Table 6.2, where
s.d. denotes the standard deviation.

Table 6.2. Singular values of ���

�� �� �� �� ��

mean ������� ������ ������ ������ 0.9664
s.d. ������ ������ ������ ������ 0.0790

The singular values 
�� � � 
� �� � � � are relatively small compared with the first
two 
� and 
�, so that the dimension is correctly identified as � � �. It should be
noted that for the noise free case (� � �), we observed that 
�� � � 
� �� � � � are
nearly zero (order of �����). Also, the identification result of the transfer function

Table 6.3. Simulation result

�� �� �� �� ��

True ���	��� ���	�� ������ ������ ������

mean ������� ���	�� ������� ������ �����	

s.d. ������ ������ �����	 ������ ������

is displayed in Table 6.3. Thus we see that for this simple system, the identification
result is quite satisfactory. �
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6.6 N4SID Method

In this section, we show another method of solving Problem B. This is fulfilled by in-
troducing the basic idea of the subspace identification method called N4SID method5

developed by Van Overschee and De Moor [164,165]. Prior to describing the method,
we briefly review the oblique projection in subspaces (see Section 2.5).

Let�, �, � be the row spaces generated by the row vectors of matrices�, �, �,
respectively. We assume that � � � � ���, which corresponds to Condition A3) of
Assumption 6.1. For � � �, we have the following decomposition

���� � � � �� � ������ � ��� ������ � �� (6.45)

where the left-hand side is the orthogonal projection, while the right-hand side is a
direct sum decomposition; ������ � �� is the oblique projection of � onto � along

�, and ������ � �� is the oblique projection of � onto � along �.
Let � � � be the present time. Define �� �� ������, 	� �� 	�����, 
� �� 
�

and �� �� �������, 	� �� 	������, 
� �� 
�, where the subscripts � and � denote
the past and future, respectively. In order to explain the N4SID method, we recall
two matrix input-output equations derived in Section 6.3, i.e.,

	� � ��
� � 
��� (6.46)

	� � ��
� � 
��� (6.47)

Further, define ��, �� � �
�������� as

�� ��

�
��

	�

�
�

�
������

	�����

�
� �� ��

�
��

	�

�
�

�
�������

	������

�

The following lemma explains a role of the state vector for an LTI system.

Lemma 6.7. [41,118] Suppose that ����	��
 � ����	��
 � � with � � �. Under
A1) �A3) of Assumption 6.1 with � replaced by ��, the following relation holds.

�
�� 	
� 
 � �
�� 	��
 � �
�� 	�� 
 (6.48)

Proof. First we show that ����	
� 
 � �. It follows from (6.1a) that

�	� � �
 � ���	�
 � ������ ����� � � � ��

�
����

�	�

�	�� �


...
�	�� � � �


�
����

so that

� � ��
� � ����� (6.49)

5N4SID= Numerical Algorithms for Subspace State Space System Identification.
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where ��� � ������ ����� � � � �� is the reversed extended reachability matrix.
Since ����������	 � � and 
������	 � 
������	 � ��� by Assumption 6.1, we
see from (6.49) that ������� 	 � �. But, by definition, ������� 	 � �, so that we
have ������� 	 � �. Moreover, from (6.46) and (6.47),

�� � �
�
��� � �

�
����� � 
��� ���	 (6.50)

�� � �
�

��� � �
�

����� � 
��� ��� 	 (6.51)

where ��� is the pseudo-inverse of ��. Thus, from (6.50) and (6.49), 
��� ��� 	 �

��� ���	. It therefore follows from (6.51) that


��� ��� 	 � 
��� ���	 � 
��� ��� 	

We show that the dimension of the space in the right-hand side of the above
relation is equal to �. From Lemma 6.3, we have 
�����	 � 
����� 	 � �	� �

and 
�� ��� ��� 	 � ��	� �, where 
��� 	 	 denotes the dimension of the row
space. On the other hand, for dimensions of subspaces, the following identity holds:


����� � �� 	 � 
�����	 � 
����� 	� 
����� ��� 	

Thus we have 
����� � �� 	 � �. This completes the proof. �

Since�� and�� are the past and future data matrices, respectively, Lemma 6.7
means that the state vector �� is a basis of the intersection of the past and future
subspaces. Hence, we observe that the state vector plays a role of memory for ex-
changing information between the past and the future, where the state vector�� can

be computed by the SVD of

�
��

��

�
� ���������� ; see [118].

Consider the LQ decomposition�
���
��
��
��
��

�
��� �

�
���

�� � � �

�� 
�� � �

�� 
�� 
�� �

�� 
�� 
�� 
��

�
���

�
���
��
�

��
�

��
�

��
�

�
��� (6.52)

where 
��� 
�� � �
����� , 
��� 
�� � �

����� are lower triangular, and where
��� �� � �

���� , ��� �� � ����� are orthogonal. Then, we have the following
theorem, which is an extended version of Lemma 6.5.

Theorem 6.2. Suppose that A1) 
 A3) of Assumption 6.1 hold with � replaced by
��, so that the PE condition of order �� holds. Then, for the LQ decomposition of
(6.52), we have

�����
��	 � �� �����
��	 � �� ����

�

��

��

�
� �� �����
�� 
��� � �

Moreover, it follows that 
�� � � and hence �����
��	 � �.
Proof. Recall from Lemma 6.5 that each column vector in the 
-matrix of (6.52)



6.6 N4SID Method 163

is an input-output pair, though the blocks �� and �� are interchanged. Also, we see
that three block matrices ���, ���, ��� corresponding to future inputs are zero. This
implies that each column of the last three block columns of the �-matrix is an input-

output pair with zero future inputs. In particular, columns of ���, ���,

�
���
���

�
, ���,

���� ���� consist of zero-input responses. Since the number of independent zero-
input responses equals the dimension of the system, we have all rank conditions
stated in this theorem. Also, we see that ��� � �, since past inputs and outputs
together with the future inputs generating it are zero (��� � �� ��� � �� ��� � �).

From (6.24) with � �� ��, the rank of the left-hand side of (6.52) is �����, so
is the rank of the �-matrix. Since ��	
����� � ��	
����� � �� and ��� � �, we
see that ��	
����� � �. This completes the proof. �

We are now in a position to present a theorem that provides a basis of the N4SID
method.

�

�

�

span����
� � ����

����

span��� �

�

��

���

�

Figure 6.2. Oblique projection

Theorem 6.3. [165] Suppose that A1) � A3) of Assumption 6.1 hold with � re-
placed by ��. Let the oblique projection of �� onto �� along �� be given by

� � 
	���
��� � ��� (6.53)

(see Figure 6.2). Also, let the SVD of � be given by

� � ��� ���

�

� �
� �

� �
� �
�

� �
�

�
� ��
��

�

� (6.54)

Then, we have the following results.

� � ���
� (6.55)

� � ���� � �
���� (6.56)

�� � ��

���
�


 � ����� � �
 � �� � (6.57)

�� � 
��

���
�

� �

� � ���� (6.58)
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Proof. Since ��� � �, the future �� is completely determined by the past �� and
the future inputs �� . Thus, �� � ��� in Figure 6.26.

For convenience, we rewrite (6.52) as
�
� ����

��

�
� �

�
���� � �
��� ��� �
��� ��� �

�
�
�
�

���
�

���
�

���
�

�
� (6.59)

From Theorem 6.2, we see that ��������	 � ����

�
��� �
��� ���

�
� ��
 �, which is

less than ���
 		, so that ��� is rank deficient. Also, it follows from ��������	 �
�� and the third condition in Theorem 6.2 that (see Problem 6.6)

�������	 � �������	 (6.60)

Now from (6.59), we have

���
���
� ��� ����

���
�

Thus, there exists a 
 � ��������� such that

���
� � �

�
����� ����

���
� 	 
 
������� ��

�
������
 (6.61)

where ���� is the pseudo-inverse defined in Lemma 2.10; see also Lemma 2.11.
From the third relation of (6.59), we have �� � ���

���
� 
 ���

���
� , so that by

using (6.61) and ���
� � ����� �� ,

�� � ���� �����
�
�����	�

��
�� �� 
����

�
����


���

�
������� ��

�
�����

�

 (6.62)

But, from (6.60), ���

�
������� � �

�
�����

�
� �, since � �� ������� � �

�
����� is

the orthogonal projection onto �������	. Thus, (6.62) reduces to

�� � ���� �����
�
�����	�

��
�� �� 
����

�
���� (6.63)

where ������� 	 � �������	 � ��� from A3) of Assumption 6.1. It thus follows
that the right-hand side of (6.63) is a direct sum of the oblique projections of �� onto
������� 	 along �������	 and of �� onto �������	 along ������� 	.

On the other hand, from (6.47),

�� � 
��� 
 ���� (6.64)

Again, from A3) of Assumption 6.1, ������� 	� ������� 	 � ���, so that the right-
hand side of (6.64) is the direct sum of the oblique projections of �� onto ������� 	

6Note that if the output � is disturbed by a noise, then we have ��� �� �, implying that
�� �� ��� .
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along ������� � and of �� onto ������� � along ������� �. Thus, comparing (6.63)
and (6.64), we have the desired result, and hence

� � �����
��� ���� � ����

�
���� � ���� (6.65)

This proves (6.56). Equations (6.55), (6.57) and (6.58) are obvious from (6.54). �

It follows from Theorem 6.3 that the estimates of � and � can be obtained from
the extended observability matrix of (6.57). Also, we see from (6.63) and (6.64) that

	� � ���� �����
�
�������

��
�� (6.66)

holds. Hence, by the definition of 	�,�
����


 � � � � �
�� 
 � � � �

...
...

. . .
...

������ ������ � � � 


�
���� � ���� �����

�
�������

��
�� (6.67)

which is similar to the expression (6.43). Thus we can apply the same method used
in the MOESP algorithm of Lemma 6.6 to compute the estimates of � and 
.

Van Overschee and De Moor [165] have developed a subspace method of iden-
tifying state space models by using the state vector given by (6.58). In fact, from
(6.58), we have the estimate of the state vector

�� � 	��
� ��
 
 �� � � � ��
 
� � �� ��
 
� � ��
 (6.68)

We define the following matrices with � � � columns as

����� �� 	��
 
 �� � � � ��
 
� � ��
 (6.69a)

��� �� 	��
� � � � ��
 
� � ��
 (6.69b)

����� �� 	��
� � � � ��
 
� � ��
 (6.69c)

����� �� 	��
� � � � ��
 
� � ��
 (6.69d)

Then, it follows that �
�����

�����

�
�

�
� �

� 


��
���

�����

�
(6.70)

This is a system of linear equations for the system matrices, so that they can be
estimated by applying the least-squares method:

�
�� ��
�� �


�
�

��
�����

�����

� �
���

�����

��	�� ���

�����

� �
���

�����

��	��

Summarizing the above, we have the following lemma.



166 6 Realization of Deterministic Systems

Lemma 6.8. (N4SID algorithm)

Step 1: Compute � by using (6.65) and the LQ decomposition of (6.59).

Step 2: Compute the state vector �� from (6.58), and define �����, ���, �����,
����� as in (6.69).

Step 3: Compute the matrices �, �, �, � by solving the regression equation
(6.70) by using the least-squares technique. �

Remark 6.1. This is a slightly modified version of Algorithm 1 in Chapter 3 of [165].
The LQ decomposition of (6.52) has been employed by Verhaegen [171] to develop
the PO-MOESP algorithm. Here we have used it to compute the oblique projections.
The LQ decomposition is frequently used in Chapters 9 and 10 in order to compute
orthogonal and oblique projections. �

6.7 SVD and Additive Noises

Up to now, we have presented deterministic realization results under the assumption
that complete noise-free input-output data are available; but it is well known that real
data are corrupted by noises. Thus, in this section, we consider the SVD of a data
matrix corrupted by a uniform white noise. We show that the left singular vectors of
a wide rectangular matrix are not very sensitive to additive white noise.

Consider a real rectangular matrix � � ���� with � � 	 . Let ������� �

 �� , and let the SVD of ��

�
	 be given by

��
	
� � ��
 � � 	�� ��


�
�� �
� �

� �

 �
�


 �
�

�
� ����


�
�

(6.71)

where �� � �
������ � � � � ���, and where

�� � �� � � � � � �� � ���� � � � � � �� � �

The matrices � � ���� , 
 � ���� are orthogonal, and �� �� ��� � �� � � 
�,

� �� 
 �� � 	� � � 
�. From (6.71),

�

	
���� � ���� � �

�
��
�

�
� �

�
� ���� (6.72)

and hence,
�

	
����� � ��� ��� � � �� � � � � 


We see that the left singular vectors �� of ��
�
	 are the eigenvectors of ����	 ,

so that we have
��
�
� �����

��	�� � � �� � � � � 

We consider the effect of white noise on the SVD of � . Let � be perturbed by

white noise �. Then, the observed data � is expressed as
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� � � �� (6.73)

where the element ��� of � is white noise with mean � and variance ��� . Thus, we
have

���
���

�

�
��� � �� � ���

���

�

�
��� � ��� ��

Hence, from (6.72), � � ��� is approximated as

�

�
� � � � �

�
��� � �����

� 	

��

�

� �
� �

��
	� � ��� �� (6.74)

where � is sufficiently large and where 	���� �� �	� � 	����� �� �	 � ����� is
used. Defining ��� � 
�

� � ��� ��, (6.74) becomes

�

�
� � � � 		� 	�


�
��� �
� �������

� �
	�
�

	�

�

�
� 	��	� (6.75)

where � � ���
���
 � � � 
 �� �, �� � � with

�� �

��
��� � ��� 
 � � �
 � � � 
 �

�� 
 � � � � �
 � � � 
 �
(6.76)

as shown in Figure 6.3. It should be noted that the right-hand side of (6.75) is the
eigenvalue decomposition of the sample covariance matrix of � .

�

��

�

��

�� �
�
��� � ���

Index �

Figure 6.3. Singular values of ��
�
� and ��

�
�

Lemma 6.9. Suppose that the variance ��� of the white noise ��� is relatively small,

and that � is sufficiently large. Then, for the SVDs of ��
�
� and ��

�
� , the fol-

lowing (i) � (iii) hold.
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(i) The singular values of ��
�
� are given by ���� ��� � � � � �� �, where

�� � �� � � � � � �� � ���� � � � � � �� � ��

Thus, the � � � minimum singular values of ��
�
� are nearly equal to �� .

(ii) The eigenvalues of 		��� are obtained by ��� � ��� � ��� � 
 � �� � � � � �.

(iii) The left singular vectors of ��
�
� are close to those of 	�

�
� . Hence, we

know the left singular vectors ��� � � � � �� of 	�
�
� from the left singular vec-

tors corresponding to � singular values �� � �� � � � � � �� of ��
�
� . This

fact implies that information about 	 can be extracted from the noise corrupted
observation � by using the SVD.

Proof. See [40, 162]. �

Remark 6.2. We see from Lemma 6.9 that the information about 	 is contained in
the � left singular vectors corresponding to the � largest singular values of � , and no
information is in the singular vectors corresponding to smaller singular values. Hence
the subspace spanned by the left singular vectors �� � ���� � � � � ��� corresponding
to the first � singular values is called the signal subspace. Also, the subspace spanned
by �� � ������ � � � � �� � is called the noise subspace associated with the space
spanned by � . It should be noted here that noise subspaces are no less important
than signal subspaces in applications. In fact, noise subspaces are successfully used
for solving blind identification problems [156, 162]. �

We give a numerical example which is related to a frequency estimation problem
based on noisy data. This clearly shows the meaning of Lemma 6.9.

Example 6.7. Consider a simple sinusoidal model


��� � �� �������	 ��� 	 �� �������	 ���

where �� � �
, �� � � denote the amplitudes, �� � 
��
�, �� � 
���� two
adjacent angular frequencies, ��, �� random variables with uniform distribution on
the interval ���� ��. We assume that the observation is given by

���� � 
��� 	 ����

where � is a Gaussian white noise with mean zero and variance ��.
For random initial phases ��, ��, and a Gaussian white noise �, we generated

the data ����� � � �� � � � � �
�
. Assuming that � � ��, we formed 	 and � , and
computed the singular values �� and �� of 	�

�
� and ��

�
� , respectively; the

results are shown in Table 6.4.
We observe that the singular values ��� 
 � � of ��

�
� decrease very slowly as

the index 
. In this case, it is not difficult to determine �����	�
�
�� � 
 based on

the distribution of singular values of ��
�
� . If the noise variance of � increases, the

decision becomes difficult. Also, if the difference ��� � ��� of the two angular fre-
quencies get larger, the singular values ��, �� become larger, while ��� 
 � � remain
almost the same. Thus, if the difference of two angular frequencies is expanded, the
rank determination of 	�

�
� becomes easier. �
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Table 6.4. Singular values of ��
�
� and ��

�
�

� � � � � � � � � � ��

�� ������� ������� ������ ������ � 0 � � � 0
�� ������� ������� ��	��� ��	�	� ������ ���	�� � � � ������

6.8 Notes and References

� The germ of realization theory is found in the papers by Gilbert [56] and Kalman
[82]. Then Ho and Kalman [72] has first solved the deterministic realization prob-
lem and derived a method of constructing a discrete-time state space model based
on a given impulse response sequence; see also Kalman, Falb and Arbib [85].
Zeiger and McEwen [184] have further studied this algorithm based on the SVD
to make its numerical implementation easier. Other references cited in this chap-
ter are review articles [162, 175] and books [59, 147, 157].

� Two realization problems are stated in Section 6.1; one is the classical realization
problem to recover state space models from given impulse responses, and the
other is the deterministic identification problem to construct state space models
from observed input and output data. The classical solution based on the SVD of
the Hankel matrix formed by the given impulse responses is described in Section
6.2. A program of Ho-Kalman algorithm of Lemma 6.1 is provided in Table D.1
of Appendix D.

� A crucial problem of the realization method based on the infinite Hankel matrix
is that it is necessary to assume that the Hankel matrix has finite rank a priori.
In fact, it is impossible to determine the rank of infinite dimensional matrix in
finite steps, and also it is not practical to assume that infinite impulse responses
are available. The realization problem based on finite impulse response matrices
is related to the partial realization problem; see Theorem 3.14.

� In Section 6.3, we have defined the data matrix generated by the input-output
observations, and basic assumptions for the inputs and system are introduced. It
is shown by using some examples that information about the image of extended
observability matrix can be retrieved from the data matrix [162]. Lemma 6.3
is due to Moonen et al. [118, 119], but essentially the same result is proved in
Gopinath [62], of which relation to subspace methods has been explored in [177].
The proof of Lemma 6.3 is based on the author’s review paper [86], and Lemma
6.4 is adapted from the technical report [181].

� In Section 6.4, we have shown that the image of extended observability matrix
can be extracted by using the LQ decomposition of the data matrix, followed by
the SVD. Lemma 6.5 provides a system theoretic interpretation of the �-matrix,
each column of which is an input-output pair of the system.

� Two subspace identification methods, the MOESP method [172,173] and N4SID
method [164, 165], are introduced in Sections 6.5 and 6.6, respectively. A proof
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of the N4SID method is based on Lemma 6.5 and a new Theorem 6.2. Some
numerical results using the MOESP method are also included.

� In Section 6.7, based on [40, 150, 162], we considered the SVD of wide rectan-
gular matrices and the influence of white noise on the SVD, and defined signal
and noise subspaces. It is shown that, since the SVD is robust to a white noise,
the column space of unknown signal is recovered from the column space of noise
corrupted observed signal. Lemma 6.9 gives a basis of MUSIC method; for more
details, see [150, 162].

6.9 Problems

6.1 Find the realizations of the following sequences.

(a) Natural numbers: ��� �� �� � � � �

(b) A periodic signal: ��� �� �� ��� �� �� �� �� ��� �� � � � � �

6.2 Compute the reachability and observability Gramians for ��� �� �� obtained
by the algorithm of Lemma 6.1 under the conditions of Lemma 6.2.

6.3 Suppose that � � �
��� , � � �

��� , where �� � � � . Let the orthogonal
projection of the row vectors of � onto the space spanned by the row vectors of
� be defined by ���� � ��. Prove the following.

���� � �� � ����������

If � has full row rank, the pseudo-inverse is replaced by the inverse.

6.4 Let � and � be defined in Problem 6.3. Consider the LQ decomposition of
(6.32): �

�

�

�
�

�
	�� �
	�� 	��

� �

�
�


�

�

�

Suppose that � has full row rank. Show that the orthogonal projection is given
by

���� � �� � 	��

�

�
� 	��	

��
��
� � ��
�


�

� �

Let �� be the orthogonal complement of the space spanned by the row vec-
tors of �. Then, the orthogonal projection of the row vectors of � onto �� is
expressed as

���� � ��� � 	��

�

�
� ��
�


�

�
�

6.5 Suppose that � � ���� , � � ���� , � � �
��� , where �� �� � � � . Suppose

that � and � have row full rank, and ��	
��� � ��	
��� � ���. (Note that
this condition corresponds to A3) in Assumption 6.1.) Then, ������ � ��, the
oblique projection of the row vectors of � onto � along �, is expressed as

������ � �� � ���� ���

�
��� ���

��� ���

��� �
�

�

�

6.6 Prove (6.60). (Hint: Use Lemmas 6.4 and 6.5.)
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Stochastic Realization Theory (1)

Stochastic realization theory provides a method of constructing Markov models that
simulate a stationary stochastic process with a prescribed covariance matrix, and
serves as a basis for the subspace identification methods. In this chapter, we present
a method of stochastic realization by using the deterministic realization theory and
a linear matrix inequality (LMI) satisfied by the state covariance matrix. We show
that all solutions to the stochastic realization problem are derived from solutions
of the LMI. Using the approach due to Faurre [45–47], we show that the positive
realness of covariance matrices and the existence of Markov models are equivalent,
and then derive matrix Riccati equations that compute the boundary solutions of the
LMI. Moreover, we discuss results for strictly positive real conditions and present a
stochastic realization algorithm based on a finite covariance data.

7.1 Preliminaries

Consider a second-order vector stationary process � � �
� with zero mean and co-

variance matrices

���� � ������ ��������� � � �� ��� � � � (7.1)

where the covariance matrices satisfy the condition

��

����

������ �� (7.2)

It therefore follows that the spectral density matrix of � is given by

���� �

��

����

������� �	� 	 matrix� (7.3)

In the following, we assume that � is regular and of full rank, in the sense that the
spectral density matrix ���� has full rank [68, 138].
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The stochastic realization problem is to find all Markov models whose outputs
simulate given covariance data of (7.1), or spectral density matrix of (7.3). In this
chapter, we assume that an infinite data ������ � � �� ��� � � � �, or a complete se-
quence of covariances ������, is available, so that here we develop a theoretical
foundation for the existence of stochastic realizations, thereby leaving a more real-
istic problem of identifying state space models based on finite input-output data for
later chapters.

Let � be the present time. Let the stacked infinite dimensional vectors of the future
and past be given by1

���� ��

�
����

����
���� ��

...

�
���� � ���� ��

�
����
���� ��
���� ��

...

�
����

Then, the covariance matrix of the future and past is defined by

� � ������������ �

�
����
���� ���� ���� � � �
���� ���� ��	� � � �
���� ��	� ��
� � � �

...
...

...
. . .

�
���� (7.4)

and the auto-covariance matrices of the future and the past are respectively given by

	� � ������������ �

�
����
���� ����� ����� � � �
���� ���� ����� � � �
���� ���� ���� � � �

...
...

...
. . .

�
���� (7.5)

and

	
�

� ������������ �

�
����
���� ���� ���� � � �
����� ���� ���� � � �
����� ����� ���� � � �

...
...

...
. . .

�
���� (7.6)

where � is an infinite dimensional block Hankel matrix, and 	� are infinite dimen-
sional block Toeplitz matrices.

As in the deterministic case, it is assumed that ��
���� � 
 � �. Then, from
the deterministic realization theory described in Section 6.2, there exists a minimal
realization ��� 
� �
� ����� satisfying

���� �

�
����� � � �


���� �
 �� � � �� �� � � �
(7.7)

1Though the present time � is included in the future, we could include it in the past as well.
Then, by definition, we obtain a model without a noise term in the output equation [2].
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where � � �
��� and �� �� � �

��� are constant matrices. It should be noted from
(7.2) and (7.7) that � is stable. Thus, the deterministic state space realization

���� �

�
� ���

� ����

�

is observable and reachable, and that the impulse response matrices are given by
������ � � �� �� � � � �. In the following, we say that ��� �� �� �� is minimal, if
��� �� is observable and ��� ���� is reachable.

Define the infinite dimensional observability and reachability matrices as

� �

�
����

�

��
...

�
���� � � � � ��� � ��� �� ��� � � � �

Then, we see from (7.7) that the block Hankel matrix of (7.4) has a factorization

� � �� (7.8)

This is exactly the same factorization we have seen for the deterministic factorization
in Section 6.2; see Theorem 6.1.

It can be shown from (7.7) that

���� � ����� ��� ��� � �� � ����Æ�� � ����������������� �� (7.9)

where

���� �

�
�� � � �� �� � � �

�� � � ��� �	� � � �

Hence, from (7.3), the spectral density matrix is expressed as

	��� �

�	
���

����� ������ � ���� �

��	
����

���������������

�
�	
���

����� ������ � ���� �
�	
���

������������ �

� ���
 ����� ��� �
�

	
���� � ������
 �������� �

�

	
���� (7.10)

If we define

���� � ���
 ����� ��� �
�

	
���� (7.11)

then the spectral density matrix satisfies

	��� � ���� � ������� (7.12)

This is a well-known additive decomposition of the spectral density matrix.
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Let � �� ����, the spectral radius. Since � is stable, we get � � � � �. Hence
the right-hand side of (7.10) is absolutely convergent for � � ��� � ���, implying
that the spectral density matrix is analytic in the annular domain � � ��� � ���

that includes the unit circle (��� � �) (see Example 4.12). Let ���� �� ���������� .
Then, we have

���� � ������ � ��������

� ������ � ������� � �� �	 � � � 	 (7.13)

For scalar systems, this is equivalently written as �������� � �, where �� denotes
the real part.

Definition 7.1. (Positive real matrix) A square matrix ���� is positive real if the
conditions (i) and (ii) are satisfied:

(i) ���� is analytic in ��� � �.

(ii) ���� satisfies (7.13).

If, together with item (i), a stronger condition

(ii’) ������ � ������� 
 �� �	 � � � 	

holds, then ���� is called strictly positive real. In this case, it follows that ���� 
 �
for �	 � � � 	, and such ���� is called coercive. �

7.2 Stochastic Realization Problem

In this section we introduce a forward Markov model for a stationary stochastic pro-
cess, and define the stochastic realization problem due to Faurre [45].

Consider a state space model of the form

���� �� � ������ � 
��� (7.14a)

���� � ������ � ���� (7.14b)

where � � �
� is the output vector, � � �

� the state vector, and where 
 � �
� and

� � �� are white noises with mean zero and covariance matrices

�

��

���
����

�
�
���� ������

�
�

�
� �

�� �

�
Æ�� (7.15)

It is assumed that �� is stable, ���� ��� is observable, and ���� �
���� is reachable.

In this case, the model of (7.14) is called a stationary Markov model as discussed in
Section 4.7 (see Figure 7.1).

Let � � ������������. Then, we have

� �

��
	��

�	
�
����

�
�	 
 �
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�� �

�
�

�

�
�

Figure 7.1. Markov model

and hence � satisfies the Lyapunov equation (see Section 4.7)

� � �����

� �� (7.16)

From Lemma 4.10, the covariance matrix of � satisfies

������ �

�
��
��� � � �� �� � � �

����
� �
��� � � ��� ��� � � �

(7.17)

Moreover, from Lemma 4.11, the covariance matrix of � is given by

���� �

����
���
���

���

�
������

�
� 	�� � � �� �� � � �

�����
�
�
� � � �

������� � � ��� ��� � � �

(7.18)

Thus, comparing (7.7) and (7.18), we conclude that

�� � � (7.19a)

�� � � (7.19b)

�����

�
� 	 � ��� (7.19c)

�����

�
�
 � ���� (7.19d)

It may be noted that �� �� ��� in the right-hand side of (7.19) can respectively be
replaced by ������ ��� ��� ��� for an arbitrary nonsingular matrix � ; but for
simplicity, it is assumed that � � ��.

Since �� �� �� in (7.19) are given by the factorization (7.7), they are regarded as
given data. Recall from Example 4.11 that these matrices �� �� �� are expressed as

� � 
����� �����������

� � 
�������������� (7.20)

�� � 
���������� ���

It follows from (7.16) and (7.19) that

� ����� � � (7.21a)

��� ����� � 	 (7.21b)

����� ���� � 
 (7.21c)
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where �
� �

�� �

�
� �� � � � (7.22)

For given data ��� �� ��� �����, the stochastic realization problem considered
by Faurre [46,47] is to find four covariance matrices ��� �� �� �� satisfying (7.21)
and (7.22). This problem can be solved by using the techniques of linear matrix
inequality (LMI) and spectral factorization as shown in Section 7.3.

From Lemma 4.12, recall that a backward Markov model for a stationary process
is given by the following lemma .

Lemma 7.1. Define 	��
��� � ��	�
� with �� � ���. Then, the backward Markov
model is given by

	��
� �� � ��	��
� � ���
� (7.23a)

��
� � ��	��
� � 
��
� (7.23b)

where � and �� , called the backward output matrix, are given by (7.20), and where
�� and 
� are zero mean white noises with covariance matrices

�

��
���
�

��
�

�
���

�
��� 
�

�
����

�
�

�
�� ��
��� ��

�
Æ�� (7.24)

Moreover, we have 	
��	��
�� � �� and

�� � �� ��� ���� �� � �� ��� �� ���� �� � ����� �� �� ��� (7.25)

Proof. See the proof of Lemma 4.12. �

We see that the forward Markov model is characterized by ��� �� �� ��������,
whereas the backward model is characterized by � ��� �� � ��� �� �����. Thus there
exists a one-to-one correspondence between the forward and backward models of the
form

� � ���� � � ��� � � ��� � � ��� � � ��� � � ��

This fact is employed to prove the boundedness of the solution set of the ARE satis-
fied by � of Theorem 7.4 (see Section 7.4).

7.3 Solution of Stochastic Realization Problem

Theory of stochastic realization provides a technique of computing all the Markov
models that generate a stationary stochastic process with a prescribed covariance
matrix. Besides, it is very important from practical points of view since it serves a
theoretical foundation for subspace methods for identifying state space models from
given input-output data.
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7.3.1 Linear Matrix Inequality

Suppose that the data ��� �� ��� ����� are given. Substituting ��� �� �� of (7.21)
into (7.22), we see that the stochastic realization problem is reduced to finding solu-
tions � � � satisfying the LMI such that

	��� ��

�
� ����� ��� �����

�� � ���� ����� ����

�
� � (7.26)

Note that if there exists � � � that satisfies 	��� � �, then from (7.21), we have
����� �� satisfying (7.22). Thus 
��� of (7.11) becomes positive real.

Theorem 7.1. Suppose that ��� �� ���� is minimal, and � is stable. Let � be a
solution of the LMI (7.26), and let a factorization of	��� be given by

	��� �

�
�




� �
�




��
� � (7.27)

where

�
�




�
has full column rank. In terms of � and
, we further define

� ��� � 
 � ���� ������ (7.28)

Then, � ��� is a minimal spectral factor of the spectral density matrix ���� that
satisfies

���� �� ���������� (7.29)

Conversely, suppose that there exists a stable minimal spectral factor satisfying
(7.29). Then, there exists a solution � � � satisfying (7.26).

Proof. [107] Let � � � be a solution of (7.26). It is clear that �� 
 satisfying
(7.27) are unique up to orthogonal transforms. From the (1,1)-block of the equality
of (7.27), we have the Lyapunov equation

� ����� � ��� (7.30)

where � is positive definite and � is stable. Thus it follows from Lemma 3.5 that
��� �� is reachable, implying that � ��� of (7.28) is minimal and stable.

Now, from (7.28), we have

� ���������� � �
 � ���� ��������
� �������� ���������

� 

� � ���� ������������� ��������

� ���� ������
� �
������� �������� (7.31)

From (7.30), we have the identity

��� � ��� � �������� ���� � ��� ������ �������� ����
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Substituting this identity into (7.31) and rearranging the terms using � � ���,
� � ���, � � ��� and (7.21) yield

� ���������� � ��� � ���� � ���	 �
����
��� �����

� ���
� ���������	 �
������

� ���� � ���	 �
��� ��� � ������	 �
������

� ���� � ������� � 
��� (7.32)

Thus we conclude that � ��� is a stable minimal spectral factor of 
���.
Conversely, suppose that � ��� � � � ����	 � 
��

��� is a minimal spectral
factor. Since �
� �� ��� ����� are given data, we can set 
� � 
 and �� � � as in
(7.19). Now using� ��� � � � ���	 �
����, we get

� ���������� � ����	 �
��� 	 �

�
��� ���

��� ���

� �
��	 �
������

	

�
(7.33)

Since �
� �� is reachable, there exists a unique solution �� � � for the Lyapunov
equation ��� � �� �
 ��
�, from which

��� � ��	 � 
� ������	 �
�� � ��	 �
� ��
� �
 ������	 �
��

Substituting this identity into (7.33) yields

� ���������� � ��� � � ���� � ���	 �
����
 ���� �����

� �� ��
� ���������	 �
������

But from (7.11) and (7.12),

� ���������� � 
��� � ���� � �������

� ���	 �
��� ��� � ���� � ������	 �
������

holds. Since ��� 
� is observable, all the columns of ���	 �
��� are independent.
Thus, comparing two expressions for � ���������� above gives

��� � ����� � ����� ��� � ���
�
 ����

By using these relations in (7.33), we get

� ���������� � ����	 �
��� 	 �

�
�� �
 ��
� ���

�
 ����

�� � � ��
� ����� � ����

�

�

�
��	 �
������

	

�

� ����	 �
��� 	 ��� ���

�
��	 �
������

	

�
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Clearly, the right-hand side of the above equation is nonnegative definite for � � ���,
�� � � � �, so that �� ��� � �. Thus the triplet � ������� satisfies (7.27),
implying that the LMI (7.26) has a solution �� 	 �. �

Now we examine the size of spectral factor 
 ��� under the assumption that�
�

�

�
has full column rank and that ���� �� 
���� ���� 	 � 2. Recall that the

factorization formula for the block matrix of the form (see Problem 2.2)�
� �

� �

�
�

�
� � � ��

� �

� �
� � � � ��� �

� �

� �
� �

� ��� �

�

Comparing the above expression with ���� of (7.26), we get � � � � ����,
� � ��� ����� � �� and � � ����. Thus it can be shown that

���� �

�
� �

� �

� �
� ����� �������� �

� ����

��
� �
�� �

�

where � is exactly the Kalman gain given by [see (5.74)]

� � � ���
������������

We define
Ric��� �� ���� �� �������� (7.34)

Then, under the assumption that ���� 	 �, we see that

���� � � � Ric��� � �

This implies that ���� � � if and only if ���� 	 � and the algebraic Riccati
inequality (ARI)

���� �� � � ��� �������
���� �������� �� � ����� � � (7.35)

holds. Moreover, we have

� �� �	
����� � �� �	
�Ric��� (7.36)

Hence, if � is a solution of the ARE

� � ���� � � ���
�������
���� �������� �� � ����� (7.37)

then the corresponding spectral factor 
 ��� is a �� � square matrix. Otherwise, we
have � 	 �, so that the spectral factor 
 ��� becomes a wide rectangular matrix.

It follows from Theorem 7.1 and the above argument that a Markov model of �
is given by

���� �� � ����� ������ (7.38a)

���� � ����� ������ (7.38b)

where � and � are solutions of the LMI, and � is a white noise with mean zero and
covariance matrix �� with � � �.

2Note that the latter condition cannot be avoided in the following development.
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Lemma 7.2. Suppose that ��� ���� is reachable. Then all solutions of the ARE
(7.37) are positive definite. (Note that � � ������������ � �.)

Proof. Suppose that � is not positive definite. Then, there exists � � �
� with

��� � �. Thus, pre-multiplying (7.37) by �� and post-multiplying by � yield

������� � ��� ��� ������������ �������� �� � ������ � �

Since both terms in the left-hand side are nonnegative, we have

���� � �� �� ��� � �

Define ��
�
�� ���. Then, from the above, ��

�
� � � holds, and hence we get

��� �� � �� ��
�
��� � � � ����� � �� ��� ��� � �

Repeating this procedure, we have eventually

��� ��� � ��� �� ��� � � � � � �

This is a contradiction that ��� ���� is reachable, implying that � 	 �. �.

The ARE of (7.37) is the same as that of (5.75) satisfied by the state covariance
equation of the stationary Kalman filter. Hence, we see that the square spectral factor
is closely related to the stationary Kalman filter as shown in Example 7.1 below.

7.3.2 Simple Examples

Example 7.1. Suppose that � � 	

� � � �� �� � �

� ���� � �

 are given.
From (7.11) and (7.12), the spectral density is given by

���� � 
��� � 
������ �





� � 	


�

�

�
�






��� � 	


�

�

�

It is easy to see that


��� �
�

�
�






� � 	



is strictly positive real. Also, the ARI (7.35) becomes

Ric��� �
	

�
� �� �

��


�

�



�
����



� 
�

�
��

� �

where �

� 
� 	 � by the assumption. It therefore follows that


�� �
��

�
� �




�
� 


�
� �

	

�

��
� �

�

�

�
� �

Hence, we have �� � �
� and �� � 	
�, and any solution � of the Riccati
inequality satisfies �� � � � ��. It should be noted that these are boundary
solutions of the LMI as well.
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i) Consider the case where � � �� � ���. From the LMI of (7.26),

������ �

�
����� ����	

����	 ���
�

�
�

�
���

	��

� �
��� 	��

�

Thus we have � � ���� � � 	��, so that, from (7.28), the spectral factor is given
by

����� �
	

�
�

���

� � ��

�

�
	

�

�
� � 
�	

� � ��


The corresponding Markov model is given by the innovation model

��	� �� �
�



��	� �

�

�

�	� (7.39a)

��	� � ���	� �
	

�

�	� (7.39b)

where 
 is a white noise with mean � and variance �.
ii) Consider the case where � � �� � ���. In this case, we have

������ �

�
��� ��


��
 ���

�
�

�
��


���

� �
��
 ���

�

Thus we get � � ��
, � � ���, so that the spectral factor is given by

� ���� �
�

�
�

��


� � ��

�

�
�

�

�
� � 	�


� � ��


so that the Markov model becomes

��	� �� �
�



��	� �

�




�	� (7.40a)

��	� � ���	� �
�

�

�	� (7.40b)

We observe that ����� and its inverse ���

�
��� are stable, implying that this is

a minimal phase function. But, the inverse of � ���� is unstable, so that this is a
non-minimal phase function. �

The next example is concerned with a spectral factor for � satisfying the Riccati
inequality, i.e., ��� � � � ���.

Example 7.2. For simplicity, let � � ���. Then, we have

������ �

�
��� ���

��� 
��

�
�

�

� 
�
� �

� �

� �

� �

�
�

�

�
�
� 
�

�

��

�
� ��

�

Though there are other solutions to the above equation, we pick a particular solution
� �

�

��, 
� � ��

�

, 
� � ��

�
�
. Thus the spectral factor is given by
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� ��� �

��
�

�
�

��
�
�

� � ���

��
�
��

� � ���

�

In this case, since � � 	
�������� � �, the spectral factor becomes rectangular,
and the corresponding Markov model is given by

���� �� �
�

�
���� �

��
�
����� �

��
��
����� (7.41a)

���� � ����� �

�
�

�
����� (7.41b)

where �� and �� are mutually independent white noises with mean zero and unit
variance. That 	 � ��� implies that the variance of the state � of (7.41) is ���.

Now we construct the stationary Kalman filter for the system (7.41). Since 
 �
���, � � �, � � ��
, 
 � ���, � � ���, the ARE of (5.67) becomes

� �
�



� �

�
��

�
�

�

�

���
�� �

�

�

�
��

�
�




Rearranging the above equation yields

��� � � �� � �

�
� ��� � ��

�

� � �

�

�
� �

Thus we have � � ���� since � � �, so that from (5.68), the Kalman gain is given
by � � ����. This implies that the stationary Kalman filter has the form

����� � � �� � �

�
���� � �� �� �

�

��
���� (7.42a)

���� � ����� � �� �� � ���� (7.42b)

where � is the innovation process with zero mean and covariance (see Lemma 5.7)

������ � ��� �� � ������

It can easily be shown that the innovation process � is related to � of (7.39) via
���� � ���������, so that (7.39) and (7.42) are equivalent under this relation. Also,
the transfer function of the stationary Kalman filter from � to � becomes

������ � � �
�����

� � ���
�
� � ���

� � ���
�

�

�
�����

We see that ������ equals the minimal phase spectral factor obtained in Example 7.1
up to a constant factor ���.

Also, it can be shown that the stationary Kalman filter for a state space model
(7.40) is the same as the one derived above. This fact implies that the spectral factor
corresponding to 	� is of minimal phase, and its state space model is given by a
stationary Kalman filter. �
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Example 7.3. Consider the case where � � ���� � � �� �� � ��� and ���� � �.
Note that ��� ��� �� are the same as in Example 7.1, while ���� is reduced by ���.
Thus we have

���� � � 	
���

� � ���
� � � �������� � �

Thus ���� is positive real, but not strictly positive real. Under the assumption that
��	� � �� �	 
 �, it follows from (7.35) that

Ric�	� �
�



	 �	 	

��
�
� �

�
	
���

�� �	
�
��

� �

Rearranging the above inequality yields


	� � �	 	 � � � � ��	 � ��� � �

Obviously, this inequality has only one degenerate solution 	 � 	� � 	� � ���,
so that

������ �

�
���
 ��


��
 ���

�
� � �

�
�
�

�
�
�
� 
 �

�
��
�

Thus the spectral factor is given by

� ��� �

�
��
�
	

�
�
�

�
�
�

�

� � ���
�

�
�

�

� 	 �

� � ���

We see that if the data ��� �� ��� ����� do not satisfy the strictly positive real
condition, the Riccati inequality degenerates, and the spectral factor� ��� has zeros
on the unit circle. �

From above examples, we see that under the assumption that ��	� 
 �, there
exist the maximum and minimum solutions (	�� 	

�) of the LMI (7.26), and that
all other solutions of the LMI are bounded (	� � 	 � 	�). If we can show that
this observation holds for general matrix cases, then we can completely solve the
stochastic realization problem. The rest of this chapter is devoted to the studies in
this direction.

7.4 Positivity and Existence of Markov Models

7.4.1 Positive Real Lemma

Let � be the set of solutions of the LMI (7.26), i.e.,

� � �	 ���	� � �� 	� � 	� 	 � ��
where it may be noted that the condition that 	 is positive definite is not imposed
here. However, eventually, we can prove that all 	 � � are positive definite under
the minimality assumption in Subsection 7.4.2.
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Given a positive definite � � �, we can find � and � by the factorization of
(7.27) and hence we get � � ���, � � ���, � � ���. Thus, associated with
� � �, there exists a Markov model for � given by (7.14) [or (7.38)]. In this section,
we prove some results that characterize the set �.

Lemma 7.3. The set � defined above is closed and convex.

Proof. To prove the closedness, we consider a sequence��� ��� � � � � � such that
���
���

�� � � , i.e., ���
���

��� ��� � �. Since �� � � is continuous from Problem

7.4, we get
� � ���

���

����� ��� ���
���

��� �����

Clearly, � is symmetric and nonnegative definite, so that � � � holds.
Now suppose that��� �� � �. Then, for 	�
 � � with 	� 
 � �, it can easily

be shown that

��	�� � 
��� � 	����� � 
����� � �

Thus, 	�� � 
�� � �. This completes the proof. �

Definition 7.2. For ���� � �� , � � ��� �	� � � � , we define the infinite dimensional
vector

� 
�

�
��
�����
���	�

...

�
��

Also, associated with the Toeplitz matrix 
� of (7.5), we define a quadratic form

�
�
�� 
�

���
������

�������� � ������ (7.43)

where it may be noted that �� � take negative integers. In this case, if ��
�� � �
holds for any �, then 
� is referred to as positive real. Also, if � � � follows from
�
�
�� � �, then 
� is called strictly positive real. Moreover, if the condition

�
�
�� � � ����� � � � � (7.44)

holds, 
� is called coercive. �

It can be shown that the Toeplitz matrix 
� is positive real if and only if all finite
block Toeplitz matrices are positive definite, i.e.,


���� �

�
�����

���� ����� � � � ���� � ��

���� ���� � � � ���� � 	�
...

...
. . .

...

��� � �� ��� � 	� � � � ����

�
�����
� �� �� (7.45)
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holds. Also, define the block anti-diagonal matrix

�� �

�
�����
�

��
��

. .
.

��
���

�
����� � ������

Then, for the finite block Toeplitz matrix

����� �

�
�����

���� ���� � � � ��� � ��

����� ���� � � � ��� � ��
...

...
. . .

...

���� � �� ���� � �� � � � ����

�
����� (7.46)

we have ����� � �� ����� �� . Thus, we see that �� is positive real if and only if
�� is positive real.

The following theorem gives a necessary and sufficient condition such that the
set � is non-empty.

Theorem 7.2. (Positive real lemma) The set � is non-empty if and only if the
Toeplitz operator �� of (7.5) is positive real. �

For a proof of this theorem, we need the following lemma, which gives a useful
identity satisfied by the matrices �� �� �� 	.

Lemma 7.4. Suppose that �� �� �� 	 are solutions of (7.21). Then, we have

�
���� � 
�����
��� �

���
����

�
���� �����	

�
� 	

	� �

� �

���
����

�
(7.47)

where 
 is given by


��� �� � 
�
��� � ������� 
���� � � (7.48)

Proof. A proof is deferred in Appendix of Section 7.10. �

Proof of Theorem 7.2 If �� �� �� 	 satisfy (7.21) and (7.22), then the right-
hand side of (7.47) is nonnegative. Thus we see that �� is positive real.

Conversely, suppose that �� is positive real, and we show that � �� �. To this
end, define

��
� �

	
�






 
 �
���

����

�
������������

�
� 
 � ��
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and a nonnegative matrix �� by3

����� � ���
������

���

������

�������� � ������ � ���
������

�
� �� � (7.49)

In terms of ��, we define [see (7.21)]

�� � ��
������	 
� � ���

������	 �� � ����� �����

It is easy to see that if we can prove�
�� 
�

�
��� ��

�
� � (7.50)

then we have � �� 
, and hence the proof is completed.
To prove (7.50), we consider the system of (7.48):

���� 	� � ������ � ������	 ����� � �

Let � � � � � � 	 ���
�	 ���	� � be a control vector that brings the state vector to
���� � � at � � �. It then follows from Lemma 7.4 that

�
���� � ����� �

���
����

������ ������

�
�� 
�

�
��� ��

� �
����
����

�
(7.51)

Also, let � � � � � � 	 ���
�	 ���	� � be defined by

���� 
� ���� 	�	 � � �
	 ��	 � � �

where ���	� is not specified. Let the corresponding states be given by �� . From the
definition of the control vector �, it follows that

����� � ���� 	�	 � � �
	 ��	 � � � � ����	� � ���� � �

with the boundary conditions ������ � ����� � �. Define ����� � �. Then, we
see from Lemma 7.4 that

�
���� � ����� �

���
����

���� ��� ������

�
�� 
�

�
��� ��

��
�����
����

�

� ����� �

���
����

������ 	� ����� 	��

�
�� 
�

�
��� ��

� �
���� 	�
���� 	�

�

� ����� �

���
����

������ ������

�
�� 
�

�
��� ��

� �
����
����

�

� ������ ������

�
�� 
�

�
��� ��

� �
����
����

�
(7.52)

3This is an optimal control problem that minimizes a generalized energy with the terminal
condition ���� � �. We show in Subsection 7.4.2 that the right-hand side of (7.49) is quadratic
in �, and �� is positive definite.
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Since ���� � � and ���� � �����, we see from (7.51) and (7.52) that

�
���� � �

���� � ����� � �����

� ��� �������

�
�� ��

����� ��

� �
�

�����

�

Hence, we get

��� �������

�
�� ��

����� ��

� �
�

�����

�

� ������ � ������� ������� ������ (7.53)

From the definition of ��, we see that ����� � ����� � � and that ����� �
����� can be made arbitrarily small by a proper choice of �, and hence the right-
hand side of (7.53) becomes nonnegative. Since � and ����� are arbitrary, we have
proved (7.50). �

Theorem 7.3. The following statements are equivalent.

(i) The Toeplitz matrix �� of (7.5) is positive real.

(ii) The transfer matrix 	�
� of (7.11) is positive real.

Proof. From (7.11), a state space model corresponding to 	��
� is given by

����� �� � 
������ � ������� ������ � � (7.54a)

���� � ������� �
�

	
�������� (7.54b)

From (7.54), we see that
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and hence
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Taking the sum of both sides of the above equation yields [see (7.87), Section 7.10]
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Since � � ������, it follows from Lemma 3.4 (ii) that

���

����

��������� �
�

��

� �
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����������������������

�
�

��

� �

��

�������
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�
���������

The right-hand side of this equation is nonnegative for any ������ if and only if

������ � ������� � �	 �� 
 � � �

Hence, we have

�
���� � �

���
����

��������� � � � ���� � positive real (7.55)

This completes the proof of this theorem. �

Theorem 7.4. Suppose that the Toeplitz matrix �� of (7.5) is positive real. Then, �
is bounded, closed and convex, and there exist the maximum �� and the minimum
�� such that for any � � �,

�� � � � �� (7.56)

holds, where the inequality 
 � � means that 
�� is nonnegative definite.

Proof. That � is a closed convex set is already shown in Lemma 7.3. Thus it suffices
to show that (7.56) holds.

First we show � � ��, � � � �. From the definition of �� of (7.49) and
Lemma 7.4 that

����� � 	
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������

�
���� �

���
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������ �����
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� �

where ���� � �. It therefore follows that for any � � �,

����� � ���� � 	
�
������

���
����

������ �����


�
� �

�� �

� �
����
����

�
� �

Since � is arbitrary, � � �� holds.
To show � � ��, we define the backward process �� by

����� � �����	 � � �	 ��	 � � � (7.57)

Clearly, the process �� is stationary, since

����� � ������� ��������	 � ������� ��������	 � �����
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Let �� be the set of covariance matrices �� of the backward Markov models associated
with the covariance matrices � ������. As shown in Section 7.2, there exists a one-to-
one correspondence between � and �� in the sense that

� � � � �� � ��� � ��

Now let ��� be the maximum element in the set ��. In fact, we can show that ���

exists by using the same technique used in the proof of the first part. Then, by the
above one-to-one correspondence, �� �� � ������ becomes the minimum element
in �. Hence, for any � � �, we see that�� � � holds. Therefore, if � is not empty,
it follows that (7.56) holds. �

7.4.2 Computation of Extremal Points

We have shown that �� and �� are respectively the maximum and the minimum in
the set �, and that for any � � �, the inequality �� � � � �� is satisfied. In
this subsection, we provide methods of computing the extreme points �� and ��,
and show that these extreme points respectively coincide with the extreme solutions
of the Riccati inequality defined in Section 7.3. First, we compute �� as a limit of
solutions of finite dimensional optimization problems derived from (7.49).

We assume that ����� ���� is minimal, and define the vector

�� ��

�
��
�����

...
�����

�
�� � ���

and also for � � �� , we define the set

����� �

�
��

����� � �
���

����

��������������

	
�


��

��� � � �
�
���

�

Then we consider a finite dimensional optimization problem of the form

����� �� ���
��������

�
�
� 	������ � 	 (7.58)

where 	���� is the block Toeplitz matrix of (7.45), and �� is the extended ob-
servability matrix with rank 
. Since ����� � ������� � ����, it follows that
�� � ���� � ��. Also, �� � 	 holds by definition, so that �� is decreasing
and bounded below. Thus �� converges to ��, a solution to the original infinite
dimensional problem.

The finite dimensional problem of (7.58) is a quadratic problem with a linear
constraint, so that it can be solved via the Lagrange method. In fact, define

� �
�



�
�
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Then, from the optimality condition, we have

��

���
� � � ������� � ���� � �

and � � ��
�
��. Hence, we see that �� � ���

�
���� ������

���, where the inverse
exists since ���� ��� and �� have full rank. Thus, we see that the optimal solution is
given by

�� � ���� �������
�
� �

��
� ������

��� � �� � ���� �
��
� ������

��

For simplicity, we define

��� �� ���
�

� �
�
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���� �����

where recall that

�� �

�
����

�

��
...

�����

�
���� � �����

We now derive a recursive equation satisfied by ��� and �����. We see from (7.45)
and (7.7) that

����� � �
�
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(7.59)

By the inversion results for the block matrix [see Problem 2.3 (c)],�
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where
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It therefore follows from (7.59) that

����� � ��
�� ��
�
�
�
� �

��
� ����� ���
�� � �

�
�
����� �

��
� ������

������ �
��
� ������������ �

��
� ����� ���
�

����� �
��
� ������

� �� ����� ��� ��� ���
�����	���� �� ���

�������� � �� �����



7.4 Positivity and Existence of Markov Models 191

From the above result, we have a recursive algorithm for computing��.

Algorithm 1 Compute the solution of the discrete-time Riccati equation

����� � �� ����� ��� ��� ���
���������� �� ���

�������� � �� ����� (7.60)

with the initial condition ��� � � to get ��� � ���
���

���. Then, the maximum�� in

� and the associated covariance matrices are given by

�� � ����
�
� �� � �� ������

�� � ��� ������� �� � ����� �����

We see from the dual of Lemma 7.2 that the limit point ��� is positive definite. �

Remark 7.1. It follows from (7.25) that the dual LMI for (7.26) is given by

	� ��� 	�

�
�� ��� ��� �� ��� �� ���

� � �� ��� ����� �� �� ���

�
� �� �� 
 � (7.61)

Thus, Algorithm 1 recursively computes the minimum solution of the dual Riccati
equation associated with (7.61), thereby giving the minimal covariance matrix of the
backward Markov model. Thus, the inverse of the limit gives the maximum solution
�� to the ARI associated with the LMI (7.26), and hence to the LMI (7.26) itself. �

By using the discrete-time Riccati equation associated with the LMI (7.26), we
readily derive the following algorithm.

Algorithm 2 Compute the solution of the discrete-time Riccati equation

���� � ����
� � � ��� �����

�������� ����
����� �� � ����

�� (7.62)

with the initial condition �� � � to get �� � ���
���

��. Then, the minimum �� in

� and the associated covariance matrices are given by

�� � ��� �� � �� �����
�

�� � ��� �����
�� �� � ����� ����

�

It can be shown from Lemma 7.2 that the limit �� is positive definite. �

Remark 7.2. The discrete-time Riccati equation in Algorithm 2 is the same as the
discrete-time Riccati equation of (5.62). It is not difficult to show that

�� � ���
��
�

�����
�

satisfies (7.62) [see Problem 7.6], where

�� � 
 ��� � ��� � � � ���� ����

Also, (7.62) is a recursive algorithm that computes the minimum solution of the ARE
(7.37). Hence, the solution�� of Algorithm 2 gives the minimum solution to the ARI
associated with the LMI, so that �� is the minimum solution to the LMI (7.26). �
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The existence of maximum and minimum solutions of the LMI (7.26) has
been proved and their computational methods are established. This implies that the
stochastic minimal realization problem stated by Faurre is now completely solved.
The most difficult task in the above procedure is, however, to obtain a minimal real-
ization ��� �� ���� by the deterministic realization algorithm. In Chapter 8, we shall
show that this difficulty is resolved by means of the approach based on the canonical
correlation analysis (CCA).

7.5 Algebraic Riccati-like Equations

We derive algebraic Riccati-like equations satisfied by the difference� �� ��
���

between the maximum and minimum solutions. Lemmas in this section are useful
for proving Theorem 7.5 below.

Consider the ARE of (7.37):

� � ���� � � ��� ������������ �������� �� � ����� (7.63)

It should be noted that this ARE has the same form as the ARE of (5.75), where the
minimum solution�� equals � of (5.75).

Let the stationary Kalman gain be defined by

� � � ���
������������ ������� (7.64)

and let �� �� � � �� be the closed-loop matrix. Then, we have the following
lemma.

Lemma 7.5. The ARE of (7.63) is expressed as

� � ����
�

� �������
� �� �� � ����� (7.65)

Proof. Use (7.64) and the definition of �� . See Problem 7.7. �

Let �� and �� be the maximum and minimum solutions of (7.63), respectively.
Thus, in terms of these solutions, we define

�� �� � ���
������������� ��������

�� �� � ���
�����

�������� ����
����

and �� �� �����, �� �� �����. It then follows from Lemma 7.5 that

�� � ��������� ������������ ��� �� � �������� (7.66)

�� � �����
�

�
�����������

� ���

�� � �������
� (7.67)

The following lemma derives the Riccati-like equations satisfied by the differ-
ence between the maximum and the minimum solutions of the ARE (7.63).
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Lemma 7.6. Let � �� ��
���. Then, � satisfies the following algebraic Riccati-

like equations

� � ����
�

�
� ��� ��

�������� ���

�
����� ��

��� (7.68)

and
� � ����

�

�
�����

������� ���

�
��������

�
(7.69)

Proof. Since �� � �� � ��� ��
���, it follows from (7.66) that
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���������

��� �� � �������� (7.70)

Also, from �� � �����,
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�
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� � ���
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�������
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���� (7.71)

Thus, using (7.71), we see that (7.70) becomes

�
� � ���
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Taking the difference between the above equation and (7.67) gives
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�����

�
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���

���

��������� ���������
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�

Rearranging the terms yields (7.68). Similarly to the derivation of (7.71), we have

�����
� � ����������

� � ��� ������� (7.72)

Taking the difference between (7.71) and (7.72) yields

����
� � ����

�

�����
� � ��� ��

�������� ���

�
��

Applying this relation to (7.68) leads to (7.69). �

Lemma 7.7. If � is nonsingular, the inverse ��� satisfies

�
�� � ��

�
�
��
�� � �

������� ����
����� (7.73)
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Proof. From (7.69), we see that if � is nonsingular, so is ��. Thus it follows that

���

�
����

�
��� � � ���������� ����

�
� ���������

Application of the matrix inversion lemma of (5.10) gives

��
�
����� � ���

� �������� ����
�����

This completes the proof of (7.73). �

We shall consider the strictly positive real conditions and a related theorem due
to Faurre [47] in the next section.

7.6 Strictly Positive Real Conditions

In this section, we show equivalent conditions for strict positive realness, which will
be used for proving some results related to reduced stochastic realization. In the
following, we assume that there exist the maximum and minimum solutions�� and
�� of the ARE (7.63).

Definition 7.3. (Faurre [47]) For the minimum solution ��, we define

�� � �� �����
�� �� � ���

�����
�� �� � ����� ����

�

Suppose that the following inequality

�� �� ����� ����
� 	 � (7.74)

holds. Then, the stochastic realization problem is called regular. �

Theorem 7.5. Let ����� ���� be a minimal realization. Then the following (i) �
(iv) are equivalent conditions for strictly positive realness.

(i) 
��� is strictly positive real, or �� is coercive.

(ii) � � ��
��� is positive definite.

(iii) �� 	 �, and �� �� �� ���
��
�
� is stable.

(iv) The interior of � is non-void. In other words, there exists � � � such that the
corresponding covariance matrices are positive definite, i.e.,

�
� �

�� �

�
	 �

Proof. 1Æ (i)� (ii). From (7.44), there exists 
 	 � such that the operator ��� 
 �
corresponding to ��� �� ��������
��� is positive real. Let�� be the set of solutions
of the LMI with ��� �� ������� � 
���. Then, we see that �� � �. Let �� � ��,
and define
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�� � �� �����
�� �� � ���

�����
�� �� � ����� ����

�

It follows from Lemma 7.4 and (7.49) that

����� � ���� � ���
������

���

����

�
	���	� 
��	�


�
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� �
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�

� � 
��	�
�	�

�

The constraint equation for the above optimization problem is given by

��	� �� � ����	� � ��
�	�� ���� � �� ����� � �

Then, from

�
�� ��
��� �� � ��

�
� �, we see that

����� ����� � � ���
������

���
����


��	�
�	� (7.75)

Referring to the derivation of Algorithm 1 in Subsection 7.4.2, we observe that the
optimal solution to the minimization problem in (7.75) becomes

���
������

���
����


��	�
�	� � ���������� 
 �� � �� � (7.76)

where, since � is stable and ��� �� is observable,

�
�
� �

��
���

���������� 
 �

Therefore we have

���� � ����� ����� � � ���������� 
 �� � �� �

This completes the proof of (ii).
2Æ Next we show (ii)� (iii). For �� and ��, we define �� � ����������

and �� � ���������
�. Suppose that ����� 
 � holds, but �� is not positive

definite. Then there exists � � �� such that ��� � �, � �� �. Hence,

������ ����
��� � �

holds. Noting that ���� 
 �, we have ��� �� �. Since �� � �� � �, it also follows
that ��� � �. Thus we have

��� ����� � � � ��� �����
�� � �
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However, since ��� �� �, we see that �� ��� is not positive definite, a contradic-
tion. Thus we have �� � �. It follows from Lemma 7.7 that if � � �� ��� � �,
the inverse ��� satisfies

��� � ��
�
����� � �������� ����

����� (7.77)

Since ��� ��� is observable, the Lyapunov theorem implies that if ��� � �, �� is
stable.

3Æ We prove (iii)� (iv); this part is somewhat involved. By the hypothesis, ��
is stable and �� � �. Let 	 � �, 	 � ���� , and consider the Lyapunov equation


 � ��
�

�� � �������� ����

����� � 	 (7.78)

Obviously, we have 
 � �, and hence 
�� exists. In fact, even if 	 � �, we have

 � � due to the observability of ��� ���.

We derive the equation satisfied by the inverse
��. From (7.78), we get


 � �������� ����
����� � ��

�

�� � 	

Applying the matrix inversion lemma of (5.10) to both sides of the above equation
yields
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���������
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� 	 ��������
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�

where �� is assumed to be nonsingular. Pre-multiplying the above equation by ��,
and post-multiplying by ��

�
, we have

��

����

�
���


���������� ���� �
���������
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�� � �
 �
��	
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Thus the inverse
�� satisfies
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���������� ���� �
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 �
��	
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�

��� (7.79)

Note that if 	 � �, then it follows that
�� � � � �����, and hence the above
equation reduces to (7.69).

Now define � �� �� �
��. Then the covariance matrices associated with �
are given by

� � �� �
�� ����� �
�����

� � ��� ����� �
�����

� � ����� ���� �
�����
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We show that ��� �� �� satisfy the condition (iv). If � � � � �, then ��� � �, so
that for a sufficiently large � , we get � � �. It thus suffices to show that

�Ric��� �� �� ������ � �

Since �� satisfies the ARE of (7.63), and since 	 � 	� �
��, we have
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Moreover, from (7.79), it can be shown that
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Also, by utilizing (7.72), we have
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and hence
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Subtracting the above equation from (7.80) yields
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This completes a proof of (iii)� (iv).

4Æ We finally prove (iv) � (i). From the assumption, there exists an interior
point �� � � and 
 � � such that

�
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��� ��

�
� 
���� �

�
�� ��
��� �� � 
��

�
� �

Since �� is a solution of the LMI with �	� �� ��� ���� � 
���, we see that �� is
coercive. �
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We present without proof a lemma related to Theorem 7.5 (ii), which will be used
in Section 8.6.

Lemma 7.8. Suppose that ���� � � holds in ���� in (7.11), but we do not assume
that ��� �� ���� is minimal. Then, if the LMI of (7.26) has two positive definite
solutions �� and ��, and if �� ��� � �, then ���� is strictly positive real.

Proof. If ��� �� ���� is minimal, the result is obvious from Theorem 7.5. A proof
of the non-minimal case is reduced to the minimal case; see [106]. �

7.7 Stochastic Realization Algorithm

By using the deterministic realization algorithm of Lemma 6.1, we have the follow-
ing stochastic realization algorithm.

Lemma 7.9. (Stochastic realization algorithm [15])

Step 1: For given covariance matrices ������ � � �� �� � � � � 	�, we form the
block Hankel matrix


��� �

�
����
���� ���� � � � ����
���� ���� � � � ��� � ��

...
...

. . .
...

���� ��� � �� � � � ���� � ��

�
���� � ������

where �� � � � 	 and � � �.

Step 2: Compute the SVD of 
��� such that


��� � 	
� 
�


�
�� �
� ��

��
� �
�

� �
�

�
� 
����

�
� (7.81)

where �� contains the largest � singular values of 
��� , and the other singular
values are small, i.e., �� � �� � � � � � �� � ���� � � � � .

Step 3: Based on the SVD of (7.81), the extended observability and reachability
matrices are defined by

�� � 
��
���
� � �� � ����

� � �
� (7.82)

Step 4: Compute the matrices �� �� ��� by

� � �
�
������ � � ���� � �� � � ��� ��� � ���� � �� � � �� (7.83)

where �� � ����� � � ��� � � ��.

Step 5: By using ��� �� ��� ����� so obtained, we define the ARE

� � ���� � � ��� ������������ �������� �� � ����� (7.84)
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Compute the minimum (or stabilizing) solution �� � � by the method described in
Subsection 7.4.2, or by the method of Lemma 5.14, to obtain the Kalman gain

� � � ��� �����
�������� ����

���� (7.85)

Then we have an innovation model

���� �� � ����� ������ (7.86a)

���� � ����� � ���� (7.86b)

where ��	������ � ����� ����
�. �

Since the covariance matrix of the innovation process � of (7.86) is not a unit
matrix, note that the Markov model of (7.86) is different from the Markov model of
(7.38). In fact, � in (7.86) is expressed as � � 	
�� using 	 and 
 in (7.38).

A crucial problem in this algorithm is how we can compute accurate estimates
of covariance matrices based on given finite measured data. To get good estimates,
we need a large amount of data. If the accuracy of estimates of covariance matrices
is lost, then data ��� �� ��� ����� may not be positive real, and hence there may
be a possibility that there exist no stabilizing solutions for the ARE of (7.84); see
[58, 106, 154].

7.8 Notes and References

� By using the deterministic realization theory together with the LMI and AREs,
Faurre [45–47] has developed a complete theory of stochastic realization. Other
relevant references in this chapter are Aoki [15], Van Overschee and De Moor
[163, 165] and Lindquist and Picci [106, 107].

� In Section 7.1, as preliminaries, we have introduced the covariance matrices and
spectral density matrices of a stationary process, and positive real matrices. In
Section 7.2, we have defined the problem of stochastic realization for a stationary
process based on [46].

� In Section 7.3, by using the results of [46, 107], we have shown that the stochas-
tic realization problem can be solved by means of the LMI and associated ARI
and ARE. Also, some simple numerical examples are included to illustrate the
procedure of stochastic realization, including solutions of the associated ARIs,
spectral factors and innovation models.

� Section 7.4 deals with the positivity of covariance data and the existence of
Markov models. By using the fact that there exists a one-to-one correspondence
between a solution of LMI and a Markov model, we have shown that the set
of all solutions of the LMI is a closed bounded convex set, and there exist the
minimum and maximum elements in it under the assumption that the covariance
data is positive real; the proofs are based on the solutions of related optimal con-
trol problem due to Faurre [45, 47]. Also, two recursive methods to compute the
maximum and minimum solutions of the ARE are provided.
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� In Section 7.5, we have introduced algebraic Riccati-like equations satisfied by
the difference of the maximum and minimum solutions of the LMI, together with
proofs. Section 7.6 provides some equivalent conditions such that the given data
are strictly positive real. A different proof of the positive real lemma based on
convexity theory is found in [135].

� In Section 7.7, a stochastic subspace identification algorithm is presented by use
of the deterministic realization algorithm of Lemma 6.1. A program of this algo-
rithm is provided in Table D.3. However, there is a possibility that this algorithm
does not work since the estimated finite covariance sequence may not be positive
real; see [38, 106] for details. In Section 7.10, a proof of Lemma 7.4 is included.

7.9 Problems

7.1 Let ���� � ���������, and let

������ �� ���� � �	���
 ������ �� ���� � �����

Derive a condition such that ���� is positive real in terms of ����, 	���, ����,
����. Also, derive a positive real condition for the function

���� �
	� � �

� � �

7.2 Find the condition such that the second-order transfer function

���� � � � ���
�� � ���

��

is positive real.

7.3 Find the condition such that

���� �
�

����
� �

�
�

�

� � ����� � �����
� �

�

is positive real. Note that this condition appears in the convergence analysis of
the recursive extended least-squares algorithm for ARMA models [109, 145].

7.4 Prove the following estimate for the matrix norm.
����
� �

 �

���� � ���� ���� �
�� ���

From this estimate, we can prove the continuity of ���� of Lemma 7.3.

7.5 Let � � ���, 
 � �
 �
�
���, ��	� � ���. Show that the LMI of (7.26) is

given by

���� �

�
���
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�

�
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�
�
�

�
��� � 	

Compute the spectral factors corresponding to �� and ��.
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7.6 Show that �� � ���
��

�

�����
�

satisfies (7.62).

7.7 Derive (7.65) from (7.63).

7.8 Solve the optimal control problem (7.76) in the proof of Theorem 7.5.

7.10 Appendix: Proof of Lemma 7.4

Define the positive definite function � ��� � ���������� and compute the difference.
It follows from (7.48) that

� ��� ��� � ��� � �������� �����	�� ������� � 	������� ����������

� ����������
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Moreover, from (7.21),
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Taking the sum of the both sides of the above equation over ���� ��� yields
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where we have used the boundary conditions� ��� � ���������� and � ���� � �.

Since, from (7.48), ���� �
����

����

���������	�����, we see that
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Also, noting that �� � ��� holds, we change the order of sums in the above equation,
and then interchange � and � to get
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The last equality is due to the fact that for � � ��, the second sum
�
��

�����
becomes

void. Hence, it follows that
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This completes the proof. �



8

Stochastic Realization Theory (2)

This chapter presents the stochastic realization theory due to Akaike [2, 3]. First, we
briefly review the method of canonical correlation analysis (CCA). We define the
future and past spaces of a stationary stochastic process, and introduce two predic-
tor spaces in terms of the orthogonal projection of the future onto the past, and vice
versa. Based on these predictor spaces, we derive forward and backward innovation
representations of a stationary process. We also discuss a stochastic balanced realiza-
tion problem based on the CCA, including a model reduction of stochastic systems.
Finally, presented are subspace algorithms to obtain stochastic state space models
based on finite observed data. Some numerical results are included.

8.1 Canonical Correlation Analysis

The canonical correlation analysis (CCA) is a technique of multivariate statistical
analysis that clarifies the mutual dependence between two sets of variables by finding
a new coordinate system in the space of each set of variables.

Let � and � be two vectors of zero mean random variables defined by

� �

�
����

��

��

...
��

�
���� � �

�
� � �

�
����

��

��

...
��

�
���� � �

�

Let the linear spaces spanned by � and � respectively be given by

� � �������� � � � � ���� � � �������� � � � � ���

First, we find vectors �� � � and �� � � with the maximum mutual correlation, and
define ���� ��� as the first coordinates in the new system. Then we find �� � � and
�� � � such that their correlation is maximum under the assumption that they are
uncorrelated with the first coordinates ���� ���. This procedure is continued until
two new coordinate systems are determined.
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Let the covariance matrices of two vectors � and � be given by

� � �

��
�

�

� �
�� ��

��
�

�
��� ���

��� ���

�
� ������������ (8.1)

where it is assumed for simplicity that ��� � � and ��� � �. Also, without loss of
generality, we assume that � � �. We define two scalar variables

�� � ��� �

��
���

	���
 �� � ��� �

��
���


���

by using two vectors � � �� and � � �� , respectively. We wish to find the vectors �
and � that maximize the correlation between �� and ��, which is expressed as

� �
�������
 �����

��������
�
��������

�
�������

�������� ��������

Note that if a pair ��
 �� maximizes �, then the pair ����
 ���� also maximizes � for
all non-zero scalars ��
 ��. Thus, we impose the following conditions

������ � �
 ������ � � (8.2)

The problem of maximizing � under the constraint of (8.2) is solved by means of
the Lagrange method. Let the Lagrangian be given by

� � �������
�

	
����� ������� �

�

	
����� �������

Then, the optimality conditions satisfied by the vectors � and � are

��

��
� ����� ������ � �


��

��
� ����� ������ � � (8.3)

Pre-multiplying the first equation of (8.3) by �� and the second by �� and using
(8.2), we have

������ � ������ � �� � ��

Letting �� � �� � �, it follows from (8.3) that

����� ����� � �
 ����� ����� � � (8.4)

Since ��� � �, we can eliminate � from the above equations to get

�����
��
�� ��� � ������� � �
 � �� � (8.5)

This is a GEP since ��� �� � .
We see that a necessary and sufficient condition that � has a non-trivial solution

is given by

�������

��
�� ��� � ������ � � (8.6)
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where this is a �th-order polynomial in �� since �������� �� �. Let square root

matrices of ��� and ��� respectively be ����
�� and ����

�� , satisfying

��� � ����
�� ����

�� � ��� � ����
�� ����

��

It therefore follows from (8.6) that

���
�
������� ����

����
�� ������� ����

����
�� � ����

�
� �

Define � �� �
����
�� ����

����
�� � ���� . Then, we have

������� � ����� � � (8.7)

This implies that �� is an eigenvalue of ��� � �
��� , and that � eigenvalues of

��� are nonnegative. Let �� � �� � � � � � �� � � be the positive square roots
of the eigenvalues of ���, and let ��� ��� � � � � �� � �

� be the corresponding
eigenvectors obtained from (8.5). Then, we define the matrix

� � ��� �� � � � ��	 � �
���

Similarly, eliminating � from (8.4) yields

�����
��

����� � ������� � �� � �� �

and hence
��������

��

����� � ������ � � (8.8)

Since ��� 	 �, (8.8) is equivalent to ������� � ����� � �. Since ��� � ���� is
nonnegative definite, it has 
 nonnegative eigenvalues. Let �� � �� � � � � � �� �

� be the positive square roots of the eigenvalues of ���1. Let the corresponding
eigenvectors be given by ��� ��� � � � � �� � �� , and define the matrix

� � ��� �� � � � ��	 � �
���

Definition 8.1. The maximum correlation �� is called the first canonical correlation.
In terms of corresponding two vectors �� and ��, we have two scalars

�� �� ��� 
� �� �� ��� �

These variables are called the first canonical variables. Similarly, �� is called the �th
canonical correlation, and �� � ��� 
 and �� � ��� � are the �th canonical variables.
Also, two vectors � � ��
 and � � ��� are called canonical vectors. �

The following lemma shows that � and � are the square root inverses of the
covariance matrices ��� � �

��� and ��� � �
��� , respectively.

1Since nonzero eigenvalues of ��� and ��� are equal, we use the same symbol for
them.
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Lemma 8.1. Let � and � be defined as above. Then, we have

������ � ��� ������ � �� (8.9)

and

������ � � �

�
����

��
��

�. . .
��

�
���� � �

��� (8.10)

where � � �� � � � � � �� � �.

Proof. We prove (8.9) under the assumption that �� �� �� for � �� �. Let �	�� 
��
and �	� � 
�� be pairs of eigenvectors corresponding to �� and �� , respectively. From
(8.5), we have

����
��

�� ���	� � ������	�� ����
��

�� ���	� � ������	�

Pre-multiplying the first and the second equations by 	�� and 	�� , respectively, and
subtracting both sides of resulting equations yield

���� � ��� �	
�

� ���	� � �� � �� �

Thus we see that 	�� ���	� � �� � �� �. In view of (8.2), this fact implies that
������ � ��. We can also prove ������ � �� by using 
� and 
� .

It follows from (8.4) that ���
� � �����	�. Pre-multiplying this equation by 	��
yields

	�� ���
� � ��	
�

� ���	� � ��

Similarly, pre-multiplying ���
� � �����	� by 	�� �� �� �� gives

	�� ���
� � ��	
�

� ���	� � �� � �� �

These equations prove (8.10).
Finally we show that ��� � �. Let � be a scalar, and consider

���
�
���� � ���� �����

��

�� ����
�
� �

Since ��� � � and ��� � ����
��
�� ��� � �, we get � � �. This can be proved

by using the technique of simultaneous diagonalization of two nonnegative definite
matrices. Thus, we have

���
�
��� ����� �����

��

�� ���

�
� �

Comparing this with (8.6) gives � � �� �� � �, and hence �� � �. �
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Let � � ��� and � ����. Then, we see from Lemma 8.1 that

������ � �� � ������ � ��

and

������ � 	 �

�
����


�

�

�. . .

�

�
���� (8.11)

The elements of canonical vectors� and �, which are respectively obtained by linear
transforms of � and �, are white noises with mean zero and unit variance, and they
are arranged in descending order of mutual correlations as shown in Table 8.1. Thus,
both whitening and correlating two vectors can be performed by the CCA.

Table 8.1. Canonical correlation analysis

�
�
�

���

�
�������

��

...
��

�
�������

��
�����

...
��

�����

�
��������

��

...
��

...
��

�
��������

�
�

���� �

We see from (8.7) that the canonical correlations 
� � 
� � � � � � 
� are the
singular values of �, so that they are computed as follows.

Lemma 8.2. Suppose that the covariance matrices of � and � are given by (8.1).
Then, the canonical correlations are computed by the SVD

� � ������� ����
����
�� � 
	� � (8.12)

where 	 is defined by (8.11). Also, the canonical vectors are given by

� � ��� � 
�������� �� � ���� � � �������� �

Proof. It follows from (8.12) that �
��
����
�� ������

����
�� � � � 	. Comparing

this with (8.10) gives the desired results. �

8.2 Stochastic Realization Problem

We consider the same stochastic realization problem treated in Chapter 7. Suppose
that ������ � � �� ��� � � � � is a regular full rank �-dimensional stationary process.
We assume that the mean of � is zero and the covariance matrix is given by
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���� � ������ ��������� � � ����� � � � (8.13)

Suppose that the covariance matrices satisfy the summability condition

��

����

������ �� (8.14)

Then, the spectral density matrix of � is defined by

���� �

��

����

������� (8.15)

Given the covariance matrices (or equivalently the spectral density matrix) of a
stationary process �, the stochastic realization problem is to find a Markov model of
the form

	�� � �� � 
	��� � ���� (8.16a)

���� � �	��� � 
��� (8.16b)

where 	 � �� is a state vector, and � � �� and 
 � �� are white noises with mean
zero and covariance matrices

�

��
����

���

�
������ 
�����

�
�

�
� �

�� �

�
Æ�� (8.17)

In the following, it is assumed that we have an infinite sequence of data, from which
we can compute the true covariance matrices.

Let � be the present time. Define infinite dimensional future and past vectors

���� ��

�
����

����
���� ��

...

�
���	 � ���� ��

�
����
���� ��
���� 	�

...

�
���	

Then, the cross-covariance matrix of the future and past is given by

� � ������������ �

�
����
���� ��	� ��
� � � �
��	� ��
� ���� � � �
��
� ���� ���� � � �

...
...

...
. . .

�
���	 (8.18)

and the covariance matrices of the future and the past are respectively given by

�� � ������������ �

�
����
���� ����� ���	� � � �
���� ���� ����� � � �
��	� ���� ���� � � �

...
...

...
. . .

�
���	 (8.19)
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and

�
�

� ������������ �

�
����

���� ���� ���� � � �
����� ���� ���� � � �
����� ����� ���� � � �

...
...

...
. . .

�
���� (8.20)

It should be noted that � is an infinite block Hankel matrix, and �� are infinite block
Toeplitz matrices.

Let � � ���	����� � � � �� ��� � � � � be a Hilbert space generated by all the
linear functionals of the second-order stationary stochastic process �. Let ��

�
and ��

�

respectively be linear spaces generated by the future ���� and the past ����, i.e.,

�
�
�
� ���	������ ���
 ��� � � � �� �

�

�
� ���	����� ��� ���� ��� � � � �

We assume that these spaces are closed with respect to the mean-square norm, so
that ��

�
and ��

�
are subspaces of the Hilbert space �.

8.3 Akaike’s Method

In this section, we shall study the CCA-based stochastic realization method due to
Akaike [2, 3].

8.3.1 Predictor Spaces

A necessary and sufficient condition that � has a finite dimensional stochastic real-
ization is that the Hankel matrix of (8.18) has a finite rank, i.e., ��	� ��� 	 �. In
order to show this fact by means of the CCA technique, we begin with the definition
of forward and backward predictor spaces.

Definition 8.2. Let the orthogonal projection of the future ��
�

onto the past ��
�

be
defined by

�� 
� �����
�
� ��

�
� � ���	

�
������
 
� � ��

�
�
�� 
 � �� �� � � �

�

� ���	
�
����
 
 � ���

�� 
 � �� �� � � �
�

And, let the orthogonal projection of the past ��
�

onto the future ��
�

be given by

��� 
� �����
�
� ��

�
� � ���	

�
������� �� � ��

�
�
�� � � �� �� � � �

�

� ���	
�
����� � � �
�

�� � � �� �� � � �
�

Then the spaces�� and ��� are called the forward and the backward predictor spaces,
respectively. �
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The generators ���� � � � ��� of the forward predictor space are the minimum
variance estimates of the future ������� � � �� �� � � � based on the past ��

�
, and the

generators ���� � � � ��� of the backward predictor space are the minimum variance
estimates of the past ��� � ��� � � �� �� � � � based on the future ��

�
. The notations

���� � � � ��� and ���� � � � ��� are used in this section only; in fact, the optimal
forward estimates should be written as ����� � � �� �� by using the notation defined
in Chapter 5.

The optimality conditions for the forward and backward estimates are that the re-
spective estimation errors are orthogonal to the data spaces ��

�
and ��

�
, respectively.

Thus the optimality conditions are expressed as

�
��

���� ��� ����� � � ���
�
����� ��

�
� �

and
�
��

���� ��� ����� � � ���
�
����� ��

�
� �

where � � �� �� � � � and � � �� �� � � � .

Lemma 8.3. Suppose that 	
����� � �. Then, the two predictor spaces �� and
��� are finite dimensional, and are respectively written as

�� � 
�
�
�
����� � � ���

��� � �� �� � � � � � � �
�

and
��� � 
�
�

�
����� � � ���

�� � � �� �� � � � � �
�

where � is a positive integer determined by the factorization of given covariance
matrices �	�
�� 
 � �� �� � � � �.

Proof. Since 	
����� � �, the covariance matrix 	�
� has a factorization given
by (7.7). Thus it follows from Theorem 3.13 that there exist an integer � � � and
scalars ��� � � � � �� � � such that

	�� � 
� �

��
���

��	�� � 
 � 
� � �� 
 � �� �� � � � (8.21)

This is a set of linear equations satisfied by the covariance matrices. From the defi-
nition of covariance matrices, it can be shown that (8.21) is rewritten as

�
��

���� � � �� �

��
���

������ � � �� 
�
�
����� ��

�
� � (8.22)

and

�
��

���� � � �� �

��
���

������ � � � � 
�
�
����� ��

�
� � (8.23)

where � � �� �� � � � and � � �� �� � � � . We see that (8.22) is equivalent to
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��
�
���� � � �� �

��
���

������ � � �� ��
��� ���

�
� �� � � �� �� � � �

so that we have

����� � � � � ��� � �

��
���

������� � � �� � � ���� � � �� �� � � � (8.24)

Similarly, from (8.23),

��
�
���� � � �� �

��
���

������ � � � � ��
��� ���

�
� �� � � �� �� � � �

This implies that

����� � � � � ��� � �

��
���

������� � � � � � � ���� � � �� �� � � � (8.25)

From (8.24) and (8.25), we see that the predictor spaces �� � �����
�
� ��

�
� and

��� � �����
�
� ��

�
� are finite dimensional, and the former is generated by the forward

predictors ���� � � � ��� � ������� �� � ��
�
�, � � �� �� � � � � � � �, and the latter

the backward predictors ����� � � ��� � ������� �� � ��
�
�, � � �� �� � � � � �. �

In the above lemma, the positive integer � may not be minimum. But, applying
the CCA described in Section 8.1 to the following two vectors

	 	�

�
����

���� � ���
����� � � ���

...
����� � � � � ���

�
���	 � �	 	�

�
����

����� � � ���
����� � � ���

...
����� � � ���

�
���	

we obtain the minimal dimensional orthonormal basis vectors 
��� and �
��� for the
predictor spaces �� and ���, respectively. Being orthonormal, we have 
���
���� �
�� � 
����
����. It should be noted that since ���� is a stationary process, 
��� and
�
���, the orthonormal bases of �� and ���, are jointly stationary.

For the transition from time � to � � �, we see that the predictor space evolves
from �� to ���� � �����

��� � ��
����. Since ��

��� � ��
�
� 
���������, the space

��
��� has the orthogonal decomposition

��
���

� ��
�
� 
���������� (8.26)

where ����� 	� ���� � ���� � ��� is the forward innovation for ����. Thus, it follows
that

���� � �����
��� � �

�

���� � �����
��� � �

�

�
� 
�����������

� �����
��� � �

�

�
�� �����

��� � 
�����������
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Since ��
��� � �

�
�

, we see that �����
��� � ��

�
� � ��. Hence, the first term in the

right-hand side of the above equation gets smaller than ��, but by the addition of
new information �����, a transition from �� to ���� is made.

Definition 8.3. [105] Suppose that a subspace �� �� �
�

�
� satisfies

�����
�
� ��� � �����

�
� ��

�
�

Then, �� is called a splitting subspace for ���
�
� ��

�
�. �

Lemma 8.4. The predictor space�� � �����
�
� ��

�
� is a minimal splitting subspace

for ���
�
� ��

�
�.

Proof. We note that �� � ����� � ��� and �� � ��
�

hold. It thus follows from the
property of orthogonal projection that

�����
�
� ��

�
� � �� � ����� � ��� � ��� �����

�
� ��

�
� � ���

� �����
�
� ���

The last equality implies that �� is a splitting subspace for ���
�
� ��

�
�. Also, it can be

shown that if a subspace �� of ��
�

satisfies

�����
�
� ��� � �����

�
� ��

�
�

then we have �� � ��. Hence, �� is the minimal splitting subspace for ���
�
� ��

�
�. �

This lemma shows that �� contains the minimal necessary information to predict
the future of the output � based on the past ��

�
. We can also show that the backward

predictor space ��� � �����
�
� ��

�
� is the minimal splitting subspace for ���

�
� ��

�
�,

contained in the future ��
�

. Thus, two predictor spaces defined above can be viewed
as basic interfaces between the past and the future in stochastic systems. It will be
shown that we can derive a Markov model for the stationary process ���� by using
either ����� or ����.

8.3.2 Markovian Representations

The stochastic realization technique due to Faurre considered in Section 7.3 is based
on the deterministic realization method that computes ��� �� ��� ����� from the
given covariance matrices and then finds solutions �� 	 �� 
� �� �� of LMI (7.26).
On the other hand, the method to be developed here is based on the CCA technique,
so that it is completely different from that of Section 7.3. By deriving a basis vector
of the predictor space by the CCA, we obtain a Markov model with a state vector
given by the basis vector.

We first derive a stochastic realization based on the basis vector ����� � ���. Recall
that ����� has zero mean and covariance matrix 
�.
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Theorem 8.1. In terms of the basis vector ����� � �
�

�
, a Markov model for the

stationary process � is given by

����� �� � ������ � ����� (8.27a)

���� � ������ � ����� (8.27b)

where � � ���� , � � ���� , �� � ���� satisfy

� � ������� ���������

� � ������������� (8.28)

�� � ������������ ���

Also, �� and �� are white noise vectors with mean zero and covariance matrices

�

��
�����
�����

�
� ������ �������

�
�

�
	 



� �

�
Æ��

where 	
�������� � � � 
�, and

	 � 
� ����� 
 � ��� ����� � � ����� ��� (8.29)

Proof. 1Æ Let the basis vector of ��� be given by �����. Since ��� � 
����� � ��� � �
��� , we see that ����� is included in ��� . Also, we get ����� �� � ����� � ��� . Hence,
we can decompose ���� � �� as the sum of orthogonal projections onto �����������
and its complementary space �������������� � ��� , i.e.,

����� �� � 
������� �� � ������� 
������� �� � �������������� � ��� �

The first term in the right-hand side of the above equation is expressed as


������� �� � ������ � ������� �������������������������������� � ������

Define ����� �� ���� � �� � ������. Then, ����� � ��� , but ����� � ���. We show
that ����� is orthogonal to ��� . Let � � ��� . Then, we have 
��� � ��� � �

���. Also,
by definition, � � 
��� � ��� � � �

�
� , and hence � � 
��� � ��� � � �����. Since


��� � ��� � � �����, we obtain � � ����� for any � � ��� . This proves the desired
result.

Thus, ���� � �� is orthogonal to �����. Since ��� � �
�

���� � � �� �� � � � , we see
that ����� �� � ��� holds. However, since ����� �� � ��� , it follows that ����� �� is
orthogonal to �����, implying that

����� �� � ������ ���� ��� � � �� �� � � � (8.30)

2Æ Since ���� � ��� and ��� � �
�
� , the output ���� has a unique decomposition

���� � 
������ � ������������� 
������ � �������������� � ��� �

� ������ � �����
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This shows that (8.27b) holds. By the definition of �����, we have ����� � �
�

�
and

����� � ���. As in the proof of ����� � �
�

�
in 1Æ, we can show that ����� � �

�

�
, and

hence ����� �� � �
�

�
� � � �� �� � � � . Moreover, since ����� �� � ��

���
� �

�

� holds,

it follows that ������� is orthogonal to ��� � �����
�
� ��

�
�, i.e., ������� � ������ � �

�� �� � � � . This implies that

����� �� � ������ ���� ��� � � �� �� � � � (8.31)

3Æ We see from (8.30) that

�� ����� �� ������� � �� ����� �������� ���	�����	�� � �� � � �� 
� � � �

This implies that �� is a white noise. Also, it follows from (8.31) that �� is a white
noise. Again, from (8.30) and (8.31), we have

������� �� ������� � ������� �������� ���	�����	�� � �� � � �� 
� � � �

and

�� ����� ��������� � �� ����� �������� 
�����	�� � �� � � �� 
� � � �

This shows that � ��� ��� are jointly white noises.
Finally, it can be shown from (8.28) that

� � �������� ���	�����	������ ���	�����	�� � �� �		�


 � �������� ���	�����	������ 
�����	�� � �
� �	
�

� � �������� 
�����	����� � 
�����	�� � ����� 

�

This completes the proof of (8.29). �

We now show that the orthogonal projection of (8.27a) onto ��
��� yields another

Markov model for �. It should be noted that projecting the state vector of (8.27a)
onto the past ��

��� is equivalent to constructing the stationary Kalman filter for the
system described by (8.27).

Since �����
�
� ��

�
� � �� � �
��������, we see from the proof of Lemma 8.4

that
�����

�
� ��

�
� � �����

�
� ��� � �����

�
� �
������� �

Thus, noting that ����� � ��� , it follows that

�������� � ��
�
� � �������� � �����

� ��������������������������������� � ����� (8.32)

where � � ������������� � �������� ��� � � � � ���.
The next theorem gives the second Markovian model due to Akaike [2].
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Theorem 8.2. In terms of ���� � ����� � �
�

�
, a Markov model for � is given by

���� �� � ����� � ���� (8.33a)

���� � ����� � ���� (8.33b)

where the covariance matrices satisfy ��������� � 	 � � � and


 � � � ��� ���� � � ��� ��� ���� 
 � ��	�� �� ��� (8.34)

Proof. Similarly to (8.32), we have


������� �� � ��
���� � ����� �� � ���� ��

By using the orthogonal decomposition ��
��� � ��

�
� �
��������� defined in (8.26),

we project the right-hand side of (8.27a) onto ��
��� to get

���� �� � 
�������� � ����� � ��
����

� 
�������� � ����� � ��
�
� �
����������

� 
�������� � ����� � ��
�
�� 
������� �� � ������

From (8.32) and the fact that ����� � �
�

�
, the first term in the right-hand side of the

above equation becomes 
��������� ����� � ��
�
� � �����. Defining the second term

as ���� �� 
������ � �� � ������, we have (8.33a). Since ���� � ��
���, it has a unique

decomposition

���� � 
�������� � ����� � ��
����

� 
�������� � ����� � ��
�
� �
����������

� 
�������� � ����� � ��
�
�� 
������ � ������

where we see that 
������� � ��
�
� � 	 and 
������ � ������ � �����. Hence, defining

����� � ����, we have (8.33b). We can prove (8.34) similarly to (8.29). �

Since ���� �� 
������� �� � ������ belongs to the space spanned by ���� � �����,
we have


������ � ����� � �������������������������������� � �
������

Thus, by putting � � �
��, the Markov model of (8.33) is reduced to

���� �� � ����� ������ (8.35a)

���� � ����� � ���� (8.35b)

This is the stationary Kalman filter for the system described by (8.27), since

���� � 
������� � ��
�
� � �����
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is the one-step predicted estimate of the state vector �����. Also, the state covariance
matrix of (8.35a) is given by ������������ � � � � �, and the error covariance
matrix is given by � �� ��������� ������������ ������� � � � � �.

We see that the Markov model of (8.27) is a forward model with the maximum
state covariance matrix �� � ��� for given data ��	 
	 �
	 �����, while the forward
Markov model of (8.33) has the minimum state covariance matrix �� � � ��.

8.4 Canonical Correlations Between Future and Past

In this section, we consider the canonical correlations between the future and the past
of the stationary stochastic process � of (8.16). To this end, we recall two AREs asso-
ciated with the stationary Kalman filter (5.75) and the stationary backward Kalman
filter (5.88), i.e.,


 � �
�� 	 � �
� ��

�������� 


����� �
 � 

��� (8.36)

and

�
 � �� �
�	 �
� ��� �
 �
�������� �
 �
 �
�����
 � �
 �
�� (8.37)

It is easy to see that the stabilizing solution 
 of (8.36) is equal to the minimum
solution �� � ��, which is computable by Algorithm 2 of Subsection 7.4.2, and
hence we have
 � ��, the minimum solution of (7.37). But, the stabilizing solution
�
 of (8.37) is equal to the minimum solution ��� � ������, which is computable

by Algorithm 1, so that we have �
 � ������. Therefore, in terms of stabilizing
solutions 
 and �
, the inequality of Theorem 7.4 is expressed as


 � � � �
��

In the following, we show that the square roots of eigenvalues of the product
 �

are the canonical correlations of the future and the past of the stationary process �.
This is quite analogous to the fact that the Hankel singular values of a deterministic
system ��	�	
� are given by the square roots of the eigenvalues of the product of
the reachability and observability Gramians (see Section 3.8).

Theorem 8.3. The canonical correlations of the future and the past of the station-
ary process � are given by the square roots of eigenvalues of the product 
 �
. If

��
��� � �, then the canonical correlations between the future and the past are
given by ���	 � � � 	 ��	 �	 � � � 	 ��.

Proof. Define the finite future and past by

����� �

�
����

����
���	 ��

...
���	 � � ��

�
���� 	 ����� �

�
����

���� ��
���� ��

...
���� ��

�
����
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and also define ���� �� ��������
�

� ����, ����� �� ��������
�
� ���� and �

�

��� ��
��������

�
� ����. Then, we see that

���
���

���� � �� ���
���

����� � ��� ���
���

����� � ��

From Algorithm 1 of Subsection 7.4.2, it follows that

�� � �	���� � �
� � ���
���

�
� � ���
���

�
�
� �

��
� �����

Also, from Algorithm 2,

� � 	� � 
� � ���
���


� � ���
���

���
��
�

������

Let the Cholesky factorization of block Toeplitz matrices be ����� � ���
�
� and

����� ����
�
� . Then it follows that


�
�
�
�� � 


�
���

��
�

�������
�
� �

��
� �����

�

� 

�
����

�
� �����

�������
�
� �
������

�

� 

�
����� �����

��

� ������� �����
��

� �
�
� ������� �����

��

� �

where ���� � ���� and 
���� � 
���� except for zero eigenvalues are used. It
follows from Lemma 8.2 that the singular values of ���� �����

��

� are the canonical
correlations between ����� and �����. Thus taking the limit,


�� ��� � ���
���


�
�
�
�� � ���

���
������� �����

��

� � � �����������

where � and � are respectively the Cholesky factors of the matrices �� and ��.
Thus we see that the square root of the �th eigenvalue of � �� equals the �th canonical
correlation between the future ���� and past ����, as was to be proved. �

8.5 Balanced Stochastic Realization

In this section, we consider a balanced stochastic realization based on the CCA.
From the previous section, we see that in the balanced stochastic realization, the
state covariance matrices of both forward and backward realizations are equal to the
diagonal matrix � � ��	
���� � � � � ���; see also Definition 3.9.

8.5.1 Forward and Backward State Vectors

We assume that �	�
��� � �. Let the Cholesky factorization of block Toeplitz
matrices �� and ��, defined by (8.19) and (8.20), be given by �� � ��� and �� �
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���, respectively2. Then, as shown above, the canonical correlations between the
future and past are given by the SVD of the normalized � , i.e.,

������� � ��� �

so that we have
� � ���� ��� (8.38)

From the assumption that ������� � �, it follows that � � ���	���� � � � � ���,

 � �� � � � � � �� 	 �, and ��� � 
�, � �� � 
�.

According to Lemma 8.2, we define two �-dimensional canonical vectors

���� �� � ����
���� ���� �� ���������

Then, it can be shown that ������������ � ������������ � 
�, and

������������ � ���	���� � � � � ���

Thus we see that ���� � � � � ��� are canonical correlations between ���� and 
���.
It therefore follows that the orthogonal projection of the future ���� onto the past

�
�

� is expressed as


������ � ��� � � ������
��������
���
��������
��� � ����
�


���

� ���� ��T�������
��� � ������� (8.39)

Hence, we see that the canonical vector ���� is the orthonormal basis of the forward
predictor space �� � 
����� � ��� �. Similarly, the orthogonal projection of the past

��� onto the future space ��� is given by


��
��� � ��� � � ������ ���� � ������� (8.40)

This implies that the canonical vector ���� is the orthonormal basis of the backward
predictor space ��� � 
����� � ��� �.

Let the extended observability and reachability matrices be defined by

� �� ������� � �� ����� ��� (8.41)

Then, from (8.38), the block Hankel matrix � has a decomposition

� � �������������� ���� � �� (8.42)

where ������� � ������� � �.
Let ���� and ����� 
� respectively be given by

���� �� �������� � ����
�


��� (8.43)

2Since �� ��� �� are infinite dimensional, it should be noted that the manipulation of
these matrices are rather formal. An operator theoretic treatment of infinite dimensional ma-
trices is beyond the scope of this book; see Chapter 12 of [183].
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and
����� �� �� �������� � �

����� ���� (8.44)

The former is called a forward state vector, and the latter a backward state vector. By
definition, we see that

������������ � � � ������� ����� ��� ��� (8.45)

It follows from (8.41) and (8.43) that (8.39) is rewritten as

������� � ��� � � ����� (8.46)

This implies that the past data necessary for predicting the future ���� is compressed
as the forward state vector ����. Similarly, from (8.44), we see that (8.40) is ex-
pressed as

������� � ��� � � ������� �� (8.47)

so that ���� � �� is the backward state vector that is needed to predict the past ����
by means of the future data.

In the next subsection, we show that a forward (backward) Markov model for the
output vector � is derived by using the state vector ���� (���� � ��). From (8.45),
it can be shown that the state covariance matrices of both forward and backward
Markov models are equal to the canonical correlation matrix, so that these Markov
models are called balanced stochastic realizations.

8.5.2 Innovation Representations

We derive innovation representations for a stationary process by means of the vectors
���� and ���� � �� obtained by using the CCA, and show that these representations
are balanced.

Theorem 8.4. In terms of the state vector defined by (8.43), a forward innovation
model for � is given by

���� �� � 	���� �
���� (8.48a)

���� � ����� � ���� (8.48b)

where � is the innovation process defined by

���� � ����� ������� � ��� � (8.49)

which is a white noise with mean zero. Moreover, it can be shown that the matrices
	
 �
 ���
 

 � are given by
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� � �
�
�
� � �

�
�
�

� ���������������� ����� � �
��� (8.50)

� � ��� � �	 � � 
� � �
��� (8.51)

��� � ��� � 
	 � � �� � �
��� (8.52)

� � ����� ���� � �
��� (8.53)


 � � ��� ��������� � �
��� (8.54)

where ���� and ���� denote the operations that remove the first block column and the
first block row, respectively. Also, � is a stabilizing solution of the ARE

� � ���� � � ��� ������������ �������� ��� ������� (8.55)

and �� � ��
� is stable.

Proof. 1Æ Define ���� as

���� �� ��� � ��� ������� �� � ����� (8.56)

By the definition of orthogonal projection,

������� �� � ����� � ������ ���������������������������� � �����

where, from (8.43),

� � ����� ������ ������������ �
����

Also, by the definition of ����, it can be shown that

������ �������� �

�
����

���� ��	� ��
� � � �
���� ���� ��	� � � �
����� ���� ���� � � �

...
...

...
. . .

�
���� � ���

From the decomposition �� ����, we have ��� �������, so that

� � � �������������������������

� ����� ��������������������������������

� ����� ������������� ����� � �
�
�
� � �

�
�
� (8.57)

The last equality in the above equation is obtained from ��
� � �

�
� of Theorem

6.1 (iv). Moreover, we see from (8.38) that����������� � ����� ���, so that

������������ � ����� ������
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Thus, we have (8.50) from (8.57).
2Æ From (8.42) and (8.43),

������� � ��
�
� � ��������������������������������

� ������������ �� ����� �� � � � ������
������

� ����� ���� � � � �����
������ � ��� � �� ������

������

� ��� � �� � � ����� � �� ������
������

� ��� � �� � � ��	��� � 
	���

Thus, we see that (8.48b) and (8.51) hold. Suppose that � � �. Since

���� � ����� 
	��� � ��� � 	��� � ��� � ���

we have ���� � 	���� � � �� � 	 �� � � � , implying that ���� is a white noise. Also,
computing the covariance matrices of both sides of (8.48b) yields (8.53).

3Æ From (8.43) and (8.56), we have


��� � 	��	 ����	��� � ������ 
��� � ���

and ����� � �
�

� 	 
��
������. Thus, 
��� belongs to 
��
������. This implies that

��� can be expressed in terms of the innovation process ����, so that


��� � ���
��� � ����� � ��
���������������� � �����

However, since 
��� � 	���, we get

��
��������� � ��
��������� 
	������ � ��
���������

Hence, from (8.43) and (8.56),

��
��������� � �������
�

���	 ����	����������

� ����
�

�����	 �������� ����	����
	��� 	 ������� (8.58)

From the definition of ��, the first term in the right-hand side of the above equation
becomes

����
�

�����	 �������� � ����
�

�
��
����
�����

...

�
�� � �

�
��
��
�
...

�
��

� ���� � � �� �� �
�

Also, the second term of (8.58) is equal to ��
�, so that we have (8.54) and
(8.52). Thus the state equation (8.48a) is derived. Moreover, computing the covari-
ance matrices of both sides of (8.48a), we get the ARE (8.55). Finally, the stability
of �� � ���
 follows from Lemma 5.14; see also Theorem 5.4. �
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We see that the stochastic realization results of Theorem 8.4 provide a forward
Markov model based on the canonical vector ����. We can also derive a backward
Markov model for the stationary process � in terms of the canonical vector ����.

Theorem 8.5. By means of the state vector defined by (8.44), we have the following
backward Markov model

����� �� � ������� � �������� (8.59a)

���� � ������� � ����� (8.59b)

where the innovation process �� defined by

����� � ����� �	����� � ������

is a white noise with mean zero and covariance matrix �
, where �
 and ��� are
respectively given by

�
 � ����� ��� ��� � ���� (8.60)

and
��� � ��� ���� ���� �
�� � �

��� (8.61)

Moreover, the covariance matrix � for the backward model satisfies the ARE

� � ����� ��� ���� ���������� ��� �������� � ����� (8.62)

and �� � ��� �� is stable.

Proof. We can prove the theorem by using the same technique used in the proof of
Theorem 8.4, but here we derive the result from (8.44) by a direct calculation. From
the definition of 
� and (8.44),

����� �� � ��
��� ����

� ��� ����	

�
���� ����

� ��� 
�

�
�� �

����
���� ��

�
(8.63)

The inverse of the block matrix in (8.63) is given by�
���� ����

� ��� 
�

�
��

�

�
� �� ����
���

�
��� � ���� 
��� � 
��� � ���� ����
���

�

where, from (8.45),

� 
� ������ ����
��� � ������ � ������ ��� ������

Thus, computing the right-hand side of (8.63) yields

����� �� � ��� �����
��� � ����� ���� �����
��� ���� ��

�����
��� � ���� ����
��� ���� ��� ��� ����
��� ���� ��
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By using ������ � � � and ������ ���� �� � �����,

����� �� � ������� � ��� ���� ����� ������ ���������

Define �	 and �
� as in (8.60) and (8.61), respectively. Then, we immediately obtain
(8.59a). Also, we see from (8.47) that

������� �� � ��
���� � �������

From the first � rows of the above expression, we get ������� � ��
���� � �������,

so that we have (8.59b). By definition, 
���� � �
�
���, and hence 
���� � �

�

���
for

� � �� 	� � � � . Also, since ����� �� � �
�

���
for � � �� 	� � � � , it follows that

��
����

�
�
��� ��� � ��
��������� ��� ������� ����� � 


holds for � � �� 	� � � � , implying that 
� is a backward white noise. Thus, its covari-
ance matrix is given by (8.60). Finally, computing the covariance matrices of both
sides of (8.59a) yields (8.62). �

The state covariance matrices of two stochastic realizations given in Theorems
8.4 and 8.5 are equal and are given by ��
������ � � � ��
����� � ���. Also,
two AREs (8.55) and (8.62) have the common solution �, a diagonal matrix with
canonical correlations as its diagonals. It follows from Algorithms 1 and 2 shown
in Subsection 7.4.2 that � is the minimum solution of both AREs. Thus, two sys-
tems defined by (8.48) and (8.59) are respectively the forward and backward Markov
models for the stationary process � with the same state covariance matrix. In this
sense, a pair of realizations (8.48) and (8.59) are called stochastically balanced.

8.6 Reduced Stochastic Realization

In Sections 4.8 and 7.2, we have introduced a backward Markov model as a dual of
the forward Markov model.

In this section, we first derive a forward Markov model corresponding to the
backward model of (8.59). This gives a forward model for the stationary process �
with the maximum state covariance matrix �� � ���.

Lemma 8.5. Let ����� �� ������� � ��. Let the state space model with ����� as
the state vector be given by

����� �� � ������ �
�
���� (8.64a)

���� � ������ � 
���� (8.64b)

Then, the above realization is a forward Markov model with ��
������� � ���,
which satisfies the ARE
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��� � ������ � � ���
��������

� ������ ���������� �� � ������� (8.65)

Also, the covariance matrix of �� and the gain matrix �� are respectively given by

�� � ����� ������ (8.66)

and
�� � � ���

�������������� (8.67)

Proof. A proof is deferred in Appendix of Section 8.11. �

We see that (8.65) is the same as (8.55), and � and ��� are respectively the
minimum and maximum solution of the ARE. Since the elements of the diagonal
matrix � are the canonical correlations between the future and the past, they lie
in the interval ��� ��. By assumption, we have �� 	 �, so that if �� 
 �, then
���

�� 	 � holds. It therefore follows from Theorem 7.5 (ii), (iii) that

�� 	� ����

is stable, implying that the inverse system of (8.48) is stable. It is also shown in
[69, 107] that, under the assumption of ���� 	 �, the condition that �� 
 � implies
that ���� 	 �� �
 
 � 
 
.

We now consider a reduction of a Markov model constructed in Theorem 8.4. We
partition the covariance matrix of the state vector as �� � 
��
���� � � � � ��� and
�� � 
��
������ � � � � ���. Accordingly, we define

� �

�
��� ���
��� ���

�
� � � ��� ���� �� � � ��� ���� (8.68)

Also, we consider the transfer matrix defined by (7.11)

���� � ���� ����� ��� �
�

�
���� (8.69)

and its reduced model

����� � ������ �����
�� ���

� �
�

�
���� (8.70)

The following lemma gives conditions such that the reduced model ����� becomes
(strictly) positive real.

Lemma 8.6. Suppose that ��� �� ���� is minimal and balanced. Then, if ���� is
(strictly) positive real, so is �����. Moreover, if �� 	 ����, the reduced model �����
is minimal 3.

Proof. (i) Suppose first that ���� is positive real. From (8.55),

3In general, this is not a balanced model.
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���� �

�
� ����� ��� �����

�� � ���� ����� ����

�
�

�
�

��

�
� ��� ��� � � (8.71)

By using the partitions in (8.68),���� is expressed as

�
��
�� �������

�

��
�������

�

��
�������

�

��
�������

�

��
���

�
� ������

�

�
�������

�

�

�������
�

��
�������

�

��
�� �������

�

��
�������

�

��
���

�
� ������

�

�
� ������

�

�

��� � �����
�

��
� �����

�

��
��� � �����

�

��
� �����

�

��
���� � �����

�

�
� �����

�

�

�
��

Deleting the second block row and column from the above matrix gives�
�� �������

�
�� �������

�
��

���
� �������

�
� �������

�
�

��� � �����
�
�� � �����

�
�� ����� �����

�
� � �����

�
�

�
� � (�)

In terms of ����� ��� ���� �����, we define

���	� ��

�
	 ����	�

�
��

���
� ����	�

�
�

��� � ��	�
�
�� ����� ��	�

�
�

�
� 	 � ����

Then, it follows from (�) that

������ �

�
���

��

�
����

�
�� �

�
� �

Since �� 
 �, we have ������ � � with �� 
 �.
We show that ��� is stable. Since (8.71) gives a full rank decomposition of

����, we see from Theorem 7.1 that ��� �� is reachable. By replacing � by
����� in the proof of Lemma 3.7 (i), it can be shown that ��� is stable. Since,
as shown above,������ � � with �� 
 �, this implies that ���
� is a positive real
matrix; see the comment following (7.26) in Subsection 7.3.1.

(ii) Suppose that ��
� is strictly positive real. Since ��� �� ��� is minimal, it
follows from Theorem 7.5 (ii), (iii) that����� 
 � and� � ��������� 
 �.
Since�� is a submatrix of�, we see that���� ��� 
 � and ����������

�
� 
 �.

As already shown in (i), we have������ � �, and����
��
� � � � since both� and

��� satisfy the same ARE. In other words, there exist two positive definite solutions
���� and�� satisfying the LMI and

���� ��� 
 �

It therefore follows from Lemma 7.8 that ���
� becomes strictly positive real.
(iii) Suppose that �� 
 ���� holds. Then, it follows from Lemma 3.7 (ii) that

���
� is a minimal realization. �

Thus we have shown that the reduced model ���
� is (strictly) positive real
and minimal, but not balanced. It should be noted that the minimal solution 	� of
���	� � � satisfies the ARE
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�� � ������
�
�� � � ���

� �������
�
� �

� ������ �����
�
� �

��� ���
� �������

�
� �

� (8.72)

so that the gain matrix is expressed as

��� � � ���
� �������

�
� ������� �����

�
� �

�� (8.73)

Then the reduced order Markov model of (8.48) is given by

����� �� � �������� ��������� (8.74a)

���� � ������� � ����� (8.74b)

where �	
������� � ����� �����
�
� , and ��� ������ is stable.

Corollary 8.1. The reduced order Markov model of (8.74) is stable, and inversely
stable. �

It should be noted that ��� of (8.73) is different from the gain matrix

�� � � ���
� ����	��

�
� ����	��

�
� ������� ��	��

�
� � ��	��

�
� �

��

which is the first block element of � obtained from (8.71). Moreover, the reduced
Markov model with ����
 ��
 ���
 ��� is not necessarily of minimal phase, since
��� ����� may not be stable.

A remaining issue is, therefore, that if there exists a model reduction procedure
that keeps positivity and balancedness simultaneously. The answer to this question
is affirmative. In fact, according to Lemma 3.8, we can define

�� � ��� ������� �����
����� (8.75a)

�� � �� � ����� �����
����� (8.75b)

��� � ��� � ������ ������
������ (8.75c)

����� � ���� � ����� �����
�� ���

� � ������ ������
����

� (8.75d)

where ��� � �. Then, we have the following lemma.

Lemma 8.7. Suppose that 
��� � ��
 �
 ��
 �
�
����� is strictly positive real, min-

imal and balanced. If �� � ���� holds, then 
���� � ���
 ��
 ���

�

�
������ of

(8.75) is strictly positive real, minimal and balanced.

Proof. See [106, 108]. It should be noted that the expression of ����� is different
from that of Lemma 3.8 in order to keep it symmetric. �

So far we have considered the stochastic realization problem under the assump-
tion that an infinite time series data is available. In the next section, we shall derive
algorithms of identifying state space models based on given finite observed data.
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8.7 Stochastic Realization Algorithms

Let a finite collection of data be given by ������ � � �� �� � � � � � � �� � ��, where
� � � and � is sufficiently large. We assume that the given data is a finite sample
from a stationary process. We define the block Toeplitz matrix4

������� ��

�
����
��� � �� ���� � � � ��� � � � ��
��� � �� ��� � �� � � � ��� � � � 	�

...
...

...
���� ���� � � � ��� � ��

�
���� � �����

and the block Hankel matrix

������� ��

�
����

���� ��� � �� � � � ��� �� � ��
��� � �� ��� � �� � � � ��� ���

...
...

...
���� � �� ����� � � � ��� � �� � ��

�
���� � �����

where � � �, and the number of columns of block matrices is � .
Let � be the present time. As before, we write �� � ������� and �� � �������,

respectively. The sample covariance matrices of the given data are defined by

�

�

�
��
��

� �
� �
� � �

�

	
�

�
��� ���

��� ���

�

Also, consider the LQ decomposition of the form

��
�

�
��
��

�
�

�
	�� �
	�� 	��

��

�
�


�
�

�
(8.76)

Then, it follows that

��� � 	��	
�
��� ��� � 	��	

�
�� � 	��	

�
��� ��� � 	��	

�
��

We see that the above sample covariance matrices ���, ��� , ��� are finite dimen-
sional approximations to the infinite matrices � , �� and �� of (8.18), (8.19) and
(8.20), respectively.

The following numerical algorithm is based on the theory of balanced stochastic
realization of Theorem 8.4.

Stochastic Balanced Realization – Algorithm A

Step 1: Compute square root matrices 	 and 
 of the covariance matrices ���

and ��� such that
��� � 		�� ��� �

� (8.77)

4It should be noted that although ������ is a Hankel matrix, ������� is a Toeplitz matrix.
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Step 2: Compute the SVD of the normalized covariance matrix ��� such that

�������
�� � ��� �

� �� �� �� � (8.78)

where �� is given by neglecting sufficiently small singular values of �, and hence
the dimension of the state vector is given by � � ��� ��.

Step 3: Define the extended observability and reachability matrices as

�� � � �� ������ �� � ����� �� ��� (8.79)

Step A4: Compute the estimates of �, �, ��� as

� � �
�
���� � � ���� � 	� �	� ��� � ����� � � 		 (8.80)

where �� � ���� � �
 � �		� �	 and �� � ���	
 � � 
	� �	.

Step A5: Let ���	 � ��� �� � 	� � � 		. Then, the Kalman gain is given by

� � � ���
�� ����	����	� � ����	�� (8.81)

Step A6: By the formula in Theorem 8.4, we have an innovation representation
of the form


��
 �	 � �
��	 
����	

���	 � �
��	 
 ���	

where, from (8.53), the covariance matrix of the innovation process is given by � �
���	� � ����.

Remark 8.1. Since Algorithm A is based on the stochastic balanced realization of
Theorem 8.4, we observe that this algorithm is quite different from Algorithm 2 of
Van Overschee and De Moor ( [165], p. 87). In fact, in the latter algorithm, based on
the obtained ��� �� ��� ���		, it is necessary to solve the ARE of (7.84) to derive
the Kalman gain � from (7.85). However, as stated in Chapter 7, there may be a
possibility that the estimate ��� �� ��� ���		 obtained above is not positive real,
and hence the ARE of (7.84) does not have a stabilizing solution. In Algorithm A,
however, we exploit the fact that �� obtained by the CCA is an approximate solution
of the ARE of (8.55), so that we always get an innovation model. �

We present an alternative algorithm that utilizes the estimate of state vector. The
algorithm is the same as Algorithm A until Step 3.

Stochastic Balanced Realization – Algorithm B

Step B4: Compute the estimate of the state vector

��� � ����� �� ���� ������� � �
���

and define the matrices with � � � columns as
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����� � ������ � � ��� ��� � ������ � � � � ��� ����� � ������� � � � � ��

Step B5: Compute the estimate of ��� �� by applying the least-squares method
to �

�����

�����

�
�

�
�

�

�
��� �

�
��
��

�

where �� � �������� and �� � �������� are residuals.

Step B6: Compute the sample covariance matrices of residuals

�
�� ��
��� �	

�
�

�

� � �

�
���

�
� ���

�
�

���
�
� ���

�
�

�
(8.82)

Then, we solve the ARE associated with the Kalman filter [see (5.67)]


 � �
�� � ��
�� � �����
�� � �	�����
�� � ���� � �� (8.83)

to get a stabilizing solution 
 � 	. Thus the Kalman gain is given by

� � ��
�� � �����
�� � �	���

Step B7: The identified innovation model is given by

���
� �� � ����
� �����
�

��
� � ����
� � ���
�

where 
������
�� � �
�� � �	.

Remark 8.2. In Algorithm B, the covariance matrix obtained by (8.82) is always
nonnegative definite, so that the stabilizing solution 
 � 	 of the ARE of (8.83) ex-
ists. Thus we can always derive an approximate balanced innovation model because

�
� ���� � ��.

In Algorithm 3 of Van Overschee and De Moor ( [165], p. 90), however, one must
solve the Lyapunov equation

�� � ����� � ��

under the assumption that � obtained in Step B5 is stable. By using the solution
�� � 	, the matrices �� and ��	� are then computed by

�� � ����� � ���� ��	� � �	� �����

to get the data ��� �� ��� ��	��. The rest of Algorithm 3 is to solve the ARE of (7.84)
to obtain the Kalman gain as stated in Remark 8.1. It should be noted that Algorithm
3 works under the assumption that the estimated � is stable; otherwise it does not
provide any estimates. Hence, Algorithm B derived here is somewhat different from
Algorithm 3 [165]. �
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8.8 Numerical Results

We show some simulation results using simple models; the first one is a 2nd-order
ARMA model, and the second one a 3rd-order state space model.

Example 8.1. Consider the ARMA model described by

����� ������� �� � ������� �� � ����� ������� �� � ��	���� ��

where � is a zero mean white Gaussian noise with unit variance. We have generated
time series data under zero initial conditions. By using Algorithm A with � � ��,
we have identified innovation models, from which transfer functions are computed.
Table 8.2 shows canonical correlations ��� � � �� � � � � 
 between the future and past
vs. the number of data � , where � ��means that the exact canonical correlations
are computed by using the relation �� �

�
	��
 �
� derived in Theorem 8.3. We

observe from Table 8.2 that, though the values of the first two canonical correlations
�� and �� do not change very much, other canonical correlations ��� ��� � � � get
smaller as the number of data � increases. For smaller � � ����, we find that ��
and �� are rather large, so that it is not easy to estimate the order of the ARMA
model. However, as the number of data increases, the difference between �� and ��
becomes larger, so that we can correctly estimate the order � � �.

Table 8.2. Canonical correlations between the future and past

� �� �� �� �� �� ��

��� ������ ������ �����	 ������ ����	� ���	��

���� ������ �����	 ����	� �����	 ������ ������

���� ����	� ������ ������ ����	� ����		 ������

���� ������ �����	 ������ ������ ������ ������

����� ������ ����	� �����	 ������ ������ ������

����� ������ ������ ������ ����		 ������ ������

����� ������ ������ ������ ������ ������ ������

� ������ ������ ������ ������ ������ ������

Now we consider the case where the number of data is fixed as � � �����. If
we take � � ��, then the first six canonical correlations are given by


 � 
����������� ������� �����	� ���	��� ���	�	� ���	���

Compared with 
 � 
��������
�� ������� ����
�� ������� �����	� ������� in
Table 8.2 �� � ������, we see that though the first two canonical correlations ��
and �� are not significantly affected, the values of ��� ��� � � � are quite changed
by taking a large value of �. This may be caused by the following reason; for a
fixed � , the sample cross-covariance matrix 
�� (or covariance matrices 
�� and
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Table 8.3. Parameter estimation by Algorithm A

�� �� �� ��

� ������ ����� ������ �����

��� ������� ����	� ����
	� ��	���

���� ���	�	� ���	
� ���	��� ������

���� ���	��� ����	� ���		�
 ����
�

���� ������� ������ ���	��� ���
��

����� ������� ������ ���	��� ���
��

����� ������� ������ ������	 ���
��

����� ���	��� ����
� ���	�	� ������

���) computed from (8.76) will loose the block Hankel (Toeplitz) property of true
covariance matrices as the number of block rows � increases.

Table 8.3 displays the estimated parameters of the 2nd-order ARMA model. In
the identification problem of Example 6.7 where both the input and output data are
available, we have obtained very good estimation results based on small number
of data, say, � � ���. However, as we can see from Table 8.3, we need a large
number of data for the identification of time series model where only the output data
is available. This is also true when we use the stochastic realization algorithm given
in Lemma 7.9, because we need accurate covariance data to get good estimates for
Markov models. Although not included here, quite similar results are obtained by
using Algorithm B, which is based on the estimate of state vectors. �

Example 8.2. We show some simulation results for the 3rd-order state space model
used in [165], which is given by

��� � �� �

�
�

��� ��� �
���� ��� �

� � ���

�
����� �

�
�

����
����	
��
�

�
� ����

���� � ����� ��	
 �������� � ����

where � is a Gaussian white noise with mean zero and unit variance. As in Example
8.1, we have used Algorithm A to compute canonical correlations and estimates of
transfer functions, where � � ��. The simulation results are shown in Tables 8.4
and 8.5. We observe that, except that the estimate of the parameter �� is rather poor,
the simulation results for the 3rd-order system are similar to those of the 2nd-order
system treated in Example 8.1. Also, we see that as the increase of number of data
� , the canonical correlations are getting closer to the true values. �

It should be noted that the above results depend heavily on the simulation con-
ditions, so that they are to be understood as “examples.” Also, there are possibilities
that the stochastic subspace methods developed in the literature may fail; detailed
analyses of stochastic subspace methods are found in [38, 58, 154].
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Table 8.4. Canonical correlations between the future and past

� �� �� �� �� �� ��

���� ������ ������ ������ ������ �����	 ���	��

	��� ������ ������ ������ ������ ������ ������

����� ������ ������ �����	 ������ ������ ������

����� ������ ������ ������ ������ ������ ������

	���� ������ ������ ������ ������ ������ ������

� ������ ������ ������ ������ ������ ������

Table 8.5. Parameter estimation by Algorithm A

�� �� �� �� �� ��

� 
����� 
���� 
������� 
�������� 
������� 
�������

���� ���	��� ������ ������� ������� ��	��	 ������

	��� ������� �����	 ������� ������� ��	��� ������

����� ���	��� ������ ������� ������� ������ ������

����� �����	� ������ ������� ������� ����	� �������

	���� ������� ������ ������	 �����		 ������ �������

8.9 Notes and References

� This chapter has re-considered the stochastic realization problem based on the
canonical correlation analysis (CCA) due to Akaike [2,3]. Also, we have derived
forward and backward innovation representations of a stationary process, and
discussed a stochastic balanced realization problem, including a model reduction
of stochastic systems.

� In Section 8.1 we have reviewed the basic idea of the CCA based on [14, 136].
The stochastic realization problem is restated in Section 8.2. The development
of Section 8.3 is based on the pioneering works of Akaike [2–4]. In Section 8.4,
we have discussed canonical correlations between the future and the past of a
stationary process. We have shown that they are determined by the square roots
of eigenvalues of the product of two state covariance matrices of the forward and
the backward innovation models; see Table 4.1 and [39].

� Section 8.5 is devoted to balanced stochastic realizations based on Desai et al.
[42,43], Aoki [15], and Lindquist and Picci [106,107]. By extending the results of
[106, 107], we have also developed stochastic subspace identification algorithms
based on the LQ decomposition in Hilbert space of time series [151, 152], and
stochastic balanced realizations on a finite interval [153, 154].

� Section 8.6 has considered reduced stochastic realizations based on [43,106]. An
earlier result on model reduction is due to [50], and a survey on model reduction
is given in [18]. The relation between the CCA and phase matching problems has
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been discueed in [64,77]. Some applications to economic time series analysis are
found in [16].

� In Section 8.7, the stochastic subspace identification algorithms are derived based
on the balanced realization theorem (Theorem 8.4); see also the algorithm in
[112]. Section 8.8 includes some numerical results, showing that a fairly large
number of data is needed to obtain good estimates of time series models. More-
over, Appendix includes a proof of Lemma 8.5.

8.10 Problems

8.1 Show that the result of Lemma 8.1 is compactly written as
�
�
� �
� ��

��
��� ���

��� ���

��
� �
� �

�
�

�
� �

�� �

�

and we have

���

�
� �

�� �

�
� ��� ���� � � � ��� ����

8.2 Let � be a Hilbert space. Let � � �	
���� be a subspace of �. Show that the
orthogonal projection of � � � onto � is equivalent to finding � such that
������� is minimized with respect to �, and that the optimal � is given by

� � 	������	��������

8.3 Compute the covariance matrices of the output process 
 for three realizations
given in Theorems 8.4, 8.5 and Lemma 8.5, and show that these are all given by
(7.7).

8.4 [43] Suppose that 
 is scalar in Theorem 8.4, and that canonical correla-
tions ���� 
 � �� � � � � �� are different. Prove that there exists a matrix � �
��

���� � � � � ��� such that

� � ����� �� � ��

8.5 In Subsection 8.5.1, consider the following two factorizations �� � ���
�
� �

���
�
� and �

�

� ���
�
� � ���

�
� . Then, the SVD of the normalized block

Hankel matrix gives

� � ������
�
� �

�
� � ������

�
� �

�
�

Suppose that the canonical correlations ���� 
 � �� � � � � �� are different. Let
the two realizations of 
 be given by ��� � �� � ��� � �� � ���, � � �� �. Show
that there exists a matrix � � ��

���� � � � � ��� such that

�� � ����� �� � ���� ��� � ����� �� � ��� �� � ��
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8.11 Appendix: Proof of Lemma 8.5

1Æ From (8.59a), the covariance matrix of �� is given by

������� ����
�
���� �

�
���� � � �� �� � � �

�������� � � ��� ��� � � �
(8.84)

Define ����� �� ��������������. Note that ����� �� � ������ � ��
�
� � �

�
� and

����� � �����
��� � �

�
���� � ��

��� � ��
�

. Then, since ����� � �������� ��, we get

����� � ������������������ �� � �
�
�

and hence for � � �� �� � � � ,

����� �� � �������� ������������ � � �� � �
�

���
� �

�
� (8.85)

Also, from (8.84),

������� �����������

� ������� � � ����������� ��������� �����������

� ���������� ����
�
��� ������

������������ � � ����
�
��� ������

� ����������� �������� ��� � �� � � �� �� � � �

Since ����� � �������� ��, it follows that

������� ����
�
��� ��� � �� � � �� �� � � �

implying that ���� � �� � 	
������� � ��� � ������ � ��� �. This together with
(8.85) show that ����� �� � ��

�
. Hence, the following relation holds.

����� �� � ������ ���� ��� � � �� �� � � � (8.86)

2Æ Define 	���� �� �����
�����. Since ����� � �������� �� � �
�
� , we have

	���� � ��
�

. Also, from (8.59),

��������������� � ��
 �
����� � 	������
�
� ��� ������

� �
��������
�
� ��� ������ ���	�����

�
� ��� ������

� �
����� ���	����
�
�
�
����� 	�

�
��� �������

� �
����� ���	����	
�
� ���� �����

� �
����� � �
 � �
������ � 
���
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Hence, we have

���������������� � ��������������� � �����������������

� ���� � ���� � �

This implies that ����� � �����. Thus, for any �, we have ����� � �����
�
� ��

�
� and

����� � ��
�

. Hence, similarly to the proof in 1Æ, we get

����� �� � �
�

���
� ����� �� � �

�

�
� � � �� �� � � �

By definition, ������� � �
�

���
� �

�
�

, it follows that ������� � ������ � � �� �� � � � .
Thus, summarizing above, the following relation holds.

����� �� � ������ ���� ��� � � �� �� � � � (8.87)

3Æ It follows from (8.86) and (8.87) that for 	 � �� �� � � � ,

��
���� 	��
������� � ��
���� 	������� ���������	�� � �

��
���� 	���������� � ��
���� 	������� ������	�� � �

������� 	���������� � ������� 	������� ������	�� � �

������� 	��
������� � ������� 	������� ���������	�� � �

This implies that the joint process �
����� ������ is white noise.
Now we compute the covariance matrices of 
���� and �����. We see that the

covariance matrix of 
���� is given by

�� � ��
�����
�������

� �������� ���������	������ ���������	��

� ��� �������

Noting that ����� � �����, we have


� � ��
������������� � �������� ���������	���������

� ������� �������� ������	��

� ����������� 
������ � ������ ��������� ��	��

� �����������
�
�
���� 
�� ������������

�
�
��� ��������

� ���� 
�� ����������� � 
�� �������

Also, the covariance matrix of ����� is given by

�� � ���������������� � �������� ������	����� � ������	��

� ����� ������
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It therefore follows that�
�� ��

����� ��

�
�

�
���

������� ���
�������

� ���
��������� ����� ������

�
(8.88)

4Æ Finally, by using the ARE of (8.62), i.e.,

� � ����� ���
���� ���������� ��� ���������

���� ����� (8.89)

we can derive, as shown below, the ARE of (8.65):

��� � ������ � � ���
�������������� ���������

� � �� � ������� (8.90)

This equation implies that the block matrix of (8.88) is degenerate, so that there exists
a linear relation between ����� and 	����. Hence, we have

����� � �
������ � 	�����

� 
�������	��������
�	�����	����������	����

� ��������	���� � ��	����

This completes a proof of Lemma 7.5.

Derivation of Equation (8.90) As shown in Section 5.8 (see Problem 5.7), the
ARE of (8.89) is expressed as

� � ���� � ��� ��������� ��� ������ ���� � ���������

where � �� �� ����������. Using the matrix inversion lemma of (5.10) yields

� � ��������� � ���� �� ��������� ��� ������ ���	�

� ������ � ��������� ��	��� (8.91)

Again, using the matrix inversion lemma, the inverse of the left-hand side of (8.91)
becomes

�� � ���������	�� � ��� ������������ �������������

Suppose that � is invertible. Then, by computing the inverse of the right-hand side
of (8.91), and rearranging the terms,

��� � ������ � ������������ ��������������� � ��������� ��

This is equivalent to (8.90). �
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Subspace Identification
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Subspace Identification (1) – ORT

This chapter deals with the stochastic realization problem for a stationary stochastic
process with exogenous inputs. As preliminaries, we review projections in a Hilbert
space, and explain the feedback-free conditions and the PE condition to be satisfied
by input signals. The output process is then decomposed into the deterministic and
stochastic components; the former is obtained by the orthogonal projection of the
output process onto the Hilbert space spanned by the exogenous inputs, while the
latter is obtained by the complementary projection. By a geometric procedure, we
develop a minimal state space model of the output process with a very natural block
structure, in which the plant and the noise model are independently parametrized.
Subspace algorithms are then derived based on this convenient model structure.
Some numerical results are included to show the applicability of the present algo-
rithm.

9.1 Projections

We briefly review projections in a Hilbert space and present some related facts that
will be used in the following. Let � � �

� be a random vector. Let the second-order
moment of � be defined by

������� �

��

���

����
�
�

where ���� denotes the mathematical expectation. Let a set of random vectors with
finite second-order moments be defined by

� � �

�
�

��� ������� ��
�

Then the mean-square norm of � � � is given by ���� �

�
�������. It is well

known that � is a linear space, and by completing the linear space with this norm,
we have a Hilbert space generated by random vectors with finite second moments.
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Let �� � be elements of�, and let �, � be subspaces of �. If ������ � �, we
say that � and � are orthogonal. Also, if ������ � � holds for all � � � and � � �,
then we say that � and � are orthogonal, and we write � � �. Moreover, � � �
denotes the vector sum such that ��� � � � � �� � � ��, �� � denotes the direct
sum (� � � � ���), and � � � the orthogonal sum (� � �). The symbol ��

denotes the orthogonal complement of the subspace� in�, and span��� �� denotes
the Hilbert space generated by all the linear combinations of random vectors � and
�. If infinite random vectors are involved, we write �������� ��� � � � �.

Let � and � be subspaces of �. Then, the orthogonal projection of � � � onto
� is denoted by ���� � ��. If � � �������, the orthogonal projection is written as

���� � �� � ��������������

where ��	� denotes the pseudo-inverse. The orthogonal projection onto the orthogo-
nal complement�� is denoted by ���� � ��� � �	 ���� � ��. Also, the orthogonal
projection of the space � onto � is denoted by ���� � ��.

Lemma 9.1. Let �, � 
 �, and suppose that � � � � � and � � � � ��� hold.
Then, we have the decomposition formula

���� � � � �� � ������ � ��� ������ � �� (9.1)

where ������ � �� is the oblique projection of � onto � along �, and ������ � ��
the oblique projection of � onto � along � as in Figure 9.1. �

�

�

�

�

������ � ��

�

�

������� � ��

Figure 9.1. Oblique projections

We write the oblique projection of � onto � along � as ������ � ��. If � � �,
then the oblique projection reduces to the orthogonal projection onto �.

Definition 9.1. Suppose that � � � and � � � satisfy the orthogonality condition

����	 ���� � ��	��	 ���� � ��	�� � �� � 
 � (9.2)

Then, we say that � and � are conditionally orthogonal with respect to �. If (9.2)
holds for all � � � and � � �, then we say that � and � are conditionally orthogo-
nal with respect to �. This is simply denoted by � � � � �. �
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�

�
� � �

�

�

�

� �
��

��

�
�

Figure 9.2. Conditional orthogonality (� � � � �, � � � � �)

In Figure 9.2, let the orthogonal projections of � and � onto � � � be denoted by
�� and ��, respectively. Then, the condition (9.2) implies that � � �� and � � �� are
orthogonal.

Lemma 9.2. The conditional orthogonality� � � � � is equivalent to the following
condition

���� � � � �� � ���� � �� (9.3)

Proof. The conditional orthogonality implies that (9.2) holds for all � � �, � � �.
Since ��� ���� � ��� � � and ���� � �� � �, it follows from (9.2) that

������ ���� � ����� � ����� ����� ���� � ����� � � (9.4)

holds for all � � �, � � � and � � �. Since � � � � ��� � � � � �� � � ��, we
see from (9.4) that �� ���� � �� � � � �. Hence,

���� � � � �� � ��� ���� � �� � � � �� (9.5)

However, since � � ���, the right-hand side equals ���� � ��. Conversely, if (9.3)
holds, then we have (9.5), so that � � ���� � �� � � � �. This implies that (9.4)
holds for all �� �� �, and hence (9.2) holds. �

9.2 Stochastic Realization with Exogenous Inputs

Consider a discrete-time stochastic system shown in Figure 9.3, where � � �
� is

the input vector, � � �
� the output vector, � � �

� the noise vector. We assume that
� and � are second-order stationary random processes with mean zero and that they

�� �

�
� �

�

Figure 9.3. Stochastic system with exogenous input
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are available for identification. The output � is also excited by the external noise �,
which is not directly accessible. We need the following assumption, whose meaning
is explained in the next section.

Assumption 9.1. There is no feedback from the output � to the input �. This is called
a feedback-free condition. �

The stochastic realization problem with exogenous inputs is stated as follows.

Stochastic Realization Problem

Suppose that infinite data ������ ����� � � �� ��� � � � � are given. The problem is to
define a suitable state vector � with minimal dimension and to derive a state space
model with the input vector � and the output vector � of the form

���� �� � ����� ������ ��	��� (9.6a)

���� � 
���� ������ � 	��� (9.6b)

where 	 is the innovation process defined below (see Lemma 9.6). It should be noted
that the stochastic realization problems considered in Chapters 7 and 8 are realiza-
tions of stationary processes without exogenous inputs.

Consider the joint input-output process � �

�
�

�

�
� �

� , where 
 �� � � �.

Since we are given infinite input-output data, the exact covariance matrices of � are
given by

������ � ������ �������� �

�
������ ������
������ ������

�
� � � �� ��� � � �

and the spectral density matrix is

������ �

��
����

�������
�� �

�
������ ������
������ ������

�

We consider the prediction problem of ��� � ��� � � �� �� � � � based on the
present and past observations ����� ��� � ��� � � � such that

�� � �	

����

��


�
��� � ���

��
���

����� � ��

�

where �� � �
��� are coefficients. In general, for the minimum prediction error

covariance matrices, we have � � �� � �� � � � � . If �� � �, then the process
� is regular. If ����� � �, � is called singular [138]; see also Section 4.5. If the
spectral density matrix ������ has full rank, we simply say that� has full rank. The
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regularity and full rank conditions imply that the joint process� does not degenerate.

Let the Hilbert space generated by � be defined by

� � ��������� � � � ����� � � � �

This space contains all linear combinations of the history of the process �. Also, we
define Hilbert subspaces generated by � and � as

� � ��������� � � � ����� � � � �

� � ��������� � � � ����� � � � �

Let � be the present time, and define subspaces generated by the past and future of �
and � as

�
�

�
� ��������� � � � ��� �

�

�
� ��������� � � � ��

��
�

� ��������� � � � ��� ��
�

� ��������� � � � ��

It may be noted that the present time � is included in the future and not in the past by
convention.

9.3 Feedback-Free Processes

There exists a quite long history of studies on the feedback between two observed
processes [24–26, 53, 63]. In this section, we provide the definition of feedback-free
and consider some equivalent conditions for it.

Suppose that the joint process is regular and of full rank. It therefore follows from
the Wold decomposition theorem (Theorem 4.3) that the joint process � is expressed
as a moving average representation

�
����
����

�
�

��
���

�
�� ��

	� 
�

� �
���� ��

��� ��

�
(9.7)

where �� � �
��� , �� � �

��� , 	� � �
��� , 
� � �

��� are constant matrices,
and � � �� and 
 � �� are zero mean white noise vectors with covariance matrices

�

��
����

���

�
	����� 
����


�
� ��Æ��� �� � �

Define �� � matrices �� ��

�
�� ��

	� 
�

�
� � � �� �� � � � and the �� � transfer matrix

� ��� �

��
���

���
�� �

�
���� ����
	��� 
���

�
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Theorems 4.3 and 4.4 assert that ���� � � �� �� � � � � are square summable and
������ is analytic in ��� � �. In the following, we further assume that both � ���
and ������ are stable, i.e. � ��� is of minimal phase. Also, we assume that � ���
is a rational matrix [24, 25], so that we consider only a class of finitely generated
stationary processes, which is a subclass of regular full rank stationary processes.
The condition of rationality of � ��� is, however, relaxed in [26].

Now we provide the definition that there is no feedback from the output � to
the input �, and introduce some equivalent feedback-free conditions. The following
definition is called the strong feedback-free property [26]; however for simplicity,
we call it the feedback-free property.

Definition 9.2. There is no feedback from � to � for the joint process of (9.7), if the
following conditions are satisfied.

(i) The covariance matrix �� is block diagonal with

�� �

�
��� �
� ���

�
� ��� � �

��� � ��� � �
���

(ii) The moving average representation (9.7) is expressed as

�
����
����

�
�

��
���

�
	� 
�

� ��

� �
���� ��

��� ��

�
(9.8)

so that the transfer matrix � ��� �

�
	��� 
���
� ����

�
is block upper triangular. �

Theorem 9.1. Suppose that the joint process � is regular and of full rank. Then, the
following conditions (i) � (v) are equivalent.

(i) There is no feedback from the output vector � to the input vector �.

(ii) The smoothed estimate of ���� based on the whole input data is causal, i.e.

������� � �� � ������� � ������� � � �� ��� � � � (9.9)

(iii) In terms of the input �, the output process � is expressed as

���� �

��
���

������ �� �

��
���

������ �� (9.10)

where

���� �

��
���

���
��� ���� �

��
���

���
��

are rational matrices such that ���� has full rank, and ����, ���� ������ are
stable, and the processes � and � are uncorrelated, where � � �� is a zero mean
white noise vector.
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(iv) Given the past of �, the future of � is uncorrelated with the past of �, so that the
conditional orthogonality condition

�
�

�
� �

�

�
� ��

�
� � � ����� � � � (9.11)

holds. This condition is equivalent to

�����
�
� ��

�
� ��

�
� � �����

�
� ��

�
�� � � ����� � � � (9.12)

which implies that the past of � is irrelevant for the prediction of the future of �
given the past of �. This condition is due to Granger [63].

Proof. A proof is deferred in Appendix of Subsection 9.10.1. �

9.4 Orthogonal Decomposition of Output Process

9.4.1 Orthogonal Decomposition

Suppose that Assumption 9.1 holds. Putting � � ��
���, � � ��

��� and � � ��
���,

we get � � � � �. It then follows from Lemma 9.2 and (9.11) that

�����
��� � �� �

�����
��� � �

�

����� � � �� ��� � � � (9.13)

Since ���� � ��
���, we have

������� � �� � ������� � ��
����� � � �� ��� � � � (9.14)

This is the same as the condition (ii) of Theorem 9.1.
We now define the orthogonal decomposition of the output process �.

Definition 9.3. Consider the orthogonal projection of ���� onto � such that

����� � ������� � �� � ������� � ��
���� (9.15)

Then, �� is called the deterministic component of �. Also, the complementary pro-
jection

����� � ����� ������� � ��
����

� ����� ������� � �� � ������� � ��� (9.16)

is called the stochastic component of �. �

The deterministic component �� is the orthogonal projection of the output � onto
the Hilbert space � spanned by the input process �, so that �� is the part of � that is
linearly related to the input process �. On the other hand, the stochastic component
�� is the part of � that is orthogonal to the data space �; see Figure 9.4. Thus, though
�� is causal, it is orthogonal to the whole input space.
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��

� �
��

��

�

�

Figure 9.4. Orthogonal decomposition

Lemma 9.3. Under Assumption 9.1, the output process � is decomposed into the
deterministic component �� and the stochastic component ��. In fact,

���� � ����� � ������ � � ����� � � � (9.17)

where ����� � ����� holds for all �� � � ����� � � � .

Proof. Immediate from (9.15) and (9.16). �

From this lemma, we see that if there is no feedback from the output to the input,
a state space model for � is expressed as the orthogonal sum of state space models
for the deterministic component �� and the stochastic component ��. It follows from
Theorem 9.1 (iii) that �� and �� correspond to the first- and the second-term of the
right-hand side of (9.10), respectively.

9.4.2 PE Condition

In this subsection, we consider the PE condition to be satisfied by the input process,
which is one of the important conditions in system identification [109,145]; see also
Appendix B.

Assumption 9.2. For each �, the input space � has the direct sum decomposition

� � �
�

� � �
�

� (9.18)

where ��
�
� �

�

�
� ���. �

The condition ��� � �
�

� � ��� is equivalent to the fact that the spectral density
function of � is positive definite on the unit circle [106], i.e.,

������ � ���� � � 	 � (9.19)

In this case, the input � has PE condition with order infinity.
The condition (9.19) is equivalent to the fact that all the canonical angles between

the past and future spaces of the input are positive. It also follows from [64, 69] that
a necessary and sufficient condition that the canonical angles between ��� and ��� is
zero is that ����
� has some zeros on the unit circle.
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Remark 9.1. The above assumption is too restrictive for many practical cases, and
we could instead assume the PE condition of sufficiently high order and the finite
dimensionality of the underlying “true” system. The reason for choosing the above
condition is that it allows very simple proofs in the mathematical statements below,
and it does not require the finite dimensionality assumption on the “true” systems. �

Lemma 9.4. Under Assumptions 9.1 and 9.2, the deterministic component �� of
(9.15) is expressed as

����� �

��

���

������ �� �

��

����

�������� (9.20)

where �� � �
��� are constant matrices with ���� �

�
�

������
�� stable.

Proof. This fact is essentially shown in the proof of Theorem 9.1 (iii). From (9.15),
we have ����� � �

�

���, so that it is expressed as a linear combination of the present
and past inputs as in (9.20).

The stability of ���� can also be proved as follows. The optimality condition for
���� � � �� �� � � � � is given by

�����
��

���

������ �� � ���� ��� � � �� �� � � �

Thus it follows that

������ �

��

���

������� � ��� � � �� �� � � �

Since the above equation is a discrete-time Wiener-Hopf equation, we can solve it by
using the spectral factorization technique. Suppose that the spectral density matrix
	����� is factored as

	����� � 
���
������

where 
��� is of minimal phase. It then follows from [11] that the optimal transfer
matrix ���� is given by

���� � �	�����

���������


����� (9.21)

where � � �� denotes the operation that extracts the causal part of the transfer matrices.
Thus the stability of ���� follows from the definition of (9.21). �

Lemma 9.5. The deterministic component �� and the stochastic component �� of
(9.15) and (9.16) are mutually uncorrelated second-order stationary processes, and
are regular and of full rank.

Proof. Lemma 9.3 shows that two components are uncorrelated. We see from (9.20)
that �� � �����. However, since � is second-order stationary and since ���� is
stable, �� is a second-order stationary process. Thus �� �� � � �� is also second-
order stationary. Moreover it may be noted that � and � are regular and of full rank,
so are �� and ��. �
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Remark 9.2. A finite sum approximation of �� of (9.20) is given by

����� �

����

���

������ ��

for a sufficiently large � � �. It can be shown that this is easily computed by means
of LQ decomposition (see Section A.2). �

9.5 State Space Realizations

In order to obtain a realization of the stochastic component ��, we can employ the
results of Chapter 8. For the deterministic component ��, however, the mathematical
development of a state space realization is slightly involved, since we must employ
oblique projections due to the existence of the exogenous input �.

We begin with a realization of the stochastic component.

9.5.1 Realization of Stochastic Component

Let the Hilbert space generated by �� be defined by

�� � ���������� � � � ���	� � � � � � ��

and let Hilbert subspaces generated by the past and future of �� be defined by

���� � ���������� � � 	 ��� ���� � ���������� � � � ��

It follows from the stochastic realization results in Chapter 8 that a necessary and
sufficient condition that the stochastic component has a finite dimensional realization
is that the predictor space

��
���
� � 

����� � ���� � (9.22)

is finite dimensional.

Theorem 9.2. Define ��
���
���
� � � ��. Then, the minimal dimension of realization

is ��. In terms of a basis vector �� of the predictor space, a state space realization of
the stochastic component �� is given by

����� 	� � 
������ �������� (9.23a)

����� � ������� � ����� (9.23b)

where �� is the innovation process for ��, or the one-step prediction error defined by

����� �� ������ 

������ � ��
�

� �

Proof. Immediate from Theorem 8.4 in Subsection 8.5.2. �
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The innovation representation of (9.23) is called the stochastic subsystem. The
following lemma shows that the innovation process �� is the same as the conditional
innovation process � of �.

Lemma 9.6. The innovation process �� is expressed as

����� � ���� �� ����� ������� � ����� � �
�

� � (9.24)

Proof. By using the property of orthogonal projection, we can show that

���� � ����� ������� � ����� � �
�

� � � ����� ������� � ����� �
���� �

� ������ ������� � ��������
������� � ���� �

� ������ �������� � ����� � ��
�

� �

� ������ �������� � ��
�

� � � �����

where we used the fact that ����� � ���� . �

9.5.2 Realization of Deterministic Component

A state space realization of the deterministic component should be a state space
model with the input process � and the output process ��. In the following, we use
the idea of N4SID described in Section 6.6 to construct a state space realization for
the deterministic component of the output process.

As usual, let the Hilbert space generated by �� be defined by

�� � ��	
������ � � � ����� � � � � 	 �

and let Hilbert spaces spanned by the future and past of the deterministic component
�� be defined by

���� � ��	
������ � � 
 ��� ���� � ��	
������ � � � ��

Definition 9.4. For any �, if a subspace �� �	 �
�

� � satisfies the relation

�����
�

����� � ��� � � �����
�

����� � ��� (9.25)

then �� is called an oblique splitting subspace for the pair ����� � �
�
� �. �

The space �� satisfying (9.25) carries the information contained in ��� that is
needed to predict the future outputs ����� ��, � � �� �� � � � , so that it is a candidate
of the state space. Also, the oblique predictor space for the deterministic component

�
���
� � �����

�

����� � ��� � (9.26)

is obviously contained in ��� and is oblique splitting. This can be proved similarly

to the proof of Lemma 8.4. In fact, since ����
� 	 �

�
� , it follows from the property

of projection that
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�����
�

����
�
� ��

�
� � �

���
� � �����

�

��
���
� � �

���
� �

� �����
�

� �����
�

����� � ��� � � �
���
� �

� �����
�

����� � �
���
� �

This shows that ����� is an oblique splitting from (9.25). Thus all the information in
���� that is related to the future is contained in the predictor space ����� .

We further define the extended space by

���� � ���� � �
���
� (9.27)

Then, we have the following basic result.

Lemma 9.7. The predictor space ����� defined by (9.26) is an oblique splitting
subspace for ����� � �

�
� �, and

�
���
� � ���� � ��� (9.28)

holds. Moreover, under Assumption 9.2, we have the following direct sum decompo-
sition

���� � ����� � ��� � � ����� � ��� � (9.29)

Proof. A proof is deferred to Appendix of Subsection 9.10.2. �

Now we assume that �����
���
� � � � holds. Let the subspace generated by ����

be defined by
�� 	� 
��
������ � �

�

�

It follows from Assumption 9.2 that ����� � ��� � �� ��
�
� � �� � ����. Hence,

we have a direct sum decomposition

�
���
��� � ������ � �

�
��� � ������� � �

�
� � � ������� � ��� (9.30)

where ������ �
���� holds, so that

������� � �
�
� � � ����� � �

�
� � � �

���
�

Since ������� � ��� � �� holds, we see from (9.30) that

�
���
��� � �

���
� � �� (9.31)

It should be noted here that the right-hand side of the above equation is a direct sum,
since ����� � �� � ��� holds from �

���
� � ��� .

Let ����� � �� be a basis vector for����� , and ������� be the shifted version of

it. We see from (9.28) that ����� �� is a basis for the space ������� � ������ � �
�
���.
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�

�

�

�
���
�

�������

��

�

����� ��������

Figure 9.5. Direct sum decomposition of ����� ��

As in Figure 9.5, the projection of ���� � �� � �
���
��� onto the subspaces in the

right-hand side of (9.31) gives the state space equation

����� �� � ������� ������� (9.32)

where �� � �
��� and �� � �

��� . Note that, since the right-hand side of (9.31) is
a direct sum, (9.32) is a unique direct sum decomposition.

Since ����� � ���� � �
�

���, it follows from (9.27) that

����� � ���� � ����� � ����� � ��� � � ����� � ��� � �
���
� � ��

Hence, the projection of ����� onto the two subspaces in the right-hand side of the
above equation yields a unique output equation1

����� � ������� ������� (9.33)

where �� � �
��� and �� � �

��� are constant matrices.
Since the predictor space ����� is included in ��� , we see that ����� � �

�

� . As
in Lemma 9.4, it follows that ����� is expressed as

����� �

��

���

������ 	� � �� � � �
��

where � �
� is stable and �� � �
��� . Since � is regular and stationary, so is ��.

Thus it follows from (9.32) that

�� � �
� ����
����� � � �
�� � � �
� � �
� ����

����

Since � �
� is stable, if ���� ��� is reachable, all the eigenvalues of �� must be
inside the unit disk, so that �� is stable.

Summarizing above results, we have the following theorem.

Theorem 9.3. Suppose that the joint process
 has a rational spectral density matrix
and that the input process � satisfies Assumptions 9.1 and 9.2. Then, the predictor

1The decomposition of ����� is obtained by replacing ���� � �� � �����, ������� �
�������, �������� ������ in Figure 9.5.
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space ����� has dimension �, and a state space model with the state vector ����� �

�
���
� is given by

����� �� � ������� ������� (9.34a)

����� � ������� ������� (9.34b)

where �� is stable. This is called the deterministic subsystem. Moreover, let ��� be
the state space of another realization of ��, and let �������� � ��. Then we have
�� � �.

Proof. The first half of the theorem is obvious from above. We shall prove the
result for the dimension of the state spaces. Let �� � �

�� be a state vector, and let a
realization for �� be given by

����� �� � ������� � ������

����� � ������� � ������

The impulse response matrices of the system are defined by

	� �

�
��
 � � 	

�� ����� ��
 � � �
 

 � � �

The following proof is related to that of the second half of Lemma 9.7; see Sub-
section 9.10.2. In terms of impulse responses, we have

����� �� �

����
����

	��������� �

����
���

	���������

�� ��� ��� �� � ��� ��� ��
 � � 	
 �
 � � � (9.35)

where ��� �� � �� � �
�
� and ��� �� � �� � �

�
� . Since ��� � �

�
� � �	�, we see that

��� ��� �� is the oblique projection of ����� �� onto ��� along ��� , so that

��� ��� �� � �
���
�

������ �� � ��� � (9.36)

and hence ���� �� � �� � � � 	
 �
 � � � � generates ����
� [see (9.26)]. Similarly,

��� �� � �� is the oblique projection of ���� � �� onto ��� along ��� , and also by
definition, ���� ��� �� � � � 	
 �
 � � � � generates ���� . It therefore follows that

��� ��� �� � ����� � ��� � � ����� � ��� �

By combining this with (9.36), we get

����� �� � ��� ��� �� � ��� ��� �� � ����� � ��� � � ����� � ��� � �
����

This implies that the two terms in the right-hand side of (9.35) are respectively the
oblique projections of ���� � �� onto the two subspaces of (9.29). Moreover, from
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(9.35), we can write ��� ����� � �� ��������� � � �� �� � � � , so that the space����� is
generated by � �� �������� � � � �� �� � � � �. However, the latter is contained in ��� ��

�	
��������. Thus it follows that ����� � ���, implying that �
����� � �
�����. �

This theorem shows that the state space ��� of a realization of �� includes the
state space ����� , so that ����� is a state space with minimal dimension.

9.5.3 The Joint Model

As mentioned above, to obtain a state space realization for �, it suffices to combine
the two realizations for the deterministic and stochastic components. From Theorems
9.2 and 9.3, we have the basic result of this chapter.

Theorem 9.4. A state space realization of � is given by
�
����� ��
����� ��

�
�

�
�� �
� ��

� �
�����
�����

�
�

�
��

�

�
���� �

�
�
	�

�

��� (9.37a)

���� � ��� ���

�
�����
�����

�
������� � 
��� (9.37b)

Proof. A proof is immediate from Theorems 9.2 and 9.3 by using the fact that

� � 
 (Lemma 9.6). �

We see from (9.37) that the state-space model for the output process � has a very
natural block structure. The realization (9.37) is a particular form of the state space
model of (9.6) in that �- and �-matrix have block structure, so that the state vector
�� of the deterministic subsystem is not reachable from the innovation process 
,
while the state vector �� of the stochastic subsystem is not reachable from the input
vector �. Also, if the deterministic and stochastic subsystems have some common
dynamics, i.e., if �� and �� have some common eigenvalues, then the system of
(9.37) is not observable, so that it is not minimal.

�
�

� ��� �
�

�
�

�

�

�����
� ��

��

Figure 9.6. Multivariable transfer function model

Thus, as shown in Figure 9.6, the output � is described by

� � � �
�����
�
 (9.38)
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where � ��� and ���� are respectively defined by

� ��� � �� � ������ ����
����

and
���� � �� � ������� ����

����

It should be noted that by the orthogonal decomposition method, we have a multivari-
able input-output model where the plant transfer matrix � ��� and the noise transfer
matrix ���� have independent parametrizations.

Up to now, we have considered the ideal case where an infinite input-output data
is available. In the following sections, we derive subspace identification methods by
adapting the present realization results to given finite input-output data.

9.6 Realization Based on Finite Data

In practice, we observe a finite collection of input-output data. In this section, we
consider the realization based on finite data. Suppose that we have a finite input-
output data �	�
�� ��
�� 
 � �� �� � � � � 
�. Let the linear spaces generated by 	 and
� be denoted by

����� � � ���	�	�
� � 
 � �� �� � � � � 
�

����� � � ���	���
� � 
 � �� �� � � � � 
�

Also define the orthogonal complement of ����� � on the joint space ����� � � ����� �,
which is denoted by ����� �. Therefore, we have

����� � � ����� � � ����� � � ����� �

Lemma 9.8. For the deterministic subsystem of (9.34), we define


���
� �� 
�����
� � ����� �� � 
����
� � ����� ��

Then the projected output 
���
� is described by the state space model


���
� �� � ��
���
� ���	�
� (9.39a)


���
� � ��
���
� ���	�
� (9.39b)


����� � 
������� � ����� �� (9.39c)

where 
���
� �� 
�����
� � ����� ��. It should be noted that the above equation is the
same as (9.34), but the initial condition 
����� is different from ����� as shown in
(9.39c).

Proof. Since � � ����� �, we have (9.39) by projecting (9.34) onto ����� �. �
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Lemma 9.8 shows that we can identify the system matrices ���� ��� ��� ���
based on the data ������ ������� � � �� �� � � � � �� by using the subspace method
described in the next section. Moreover, from the identified matrices and (9.39), we
have

������ � ���
�
��	���� �

����

���

���
�����
� ����
� ������� (9.40)

for � � �� �� � � � � � . Since the estimates of ���� ��� ��� ��� are given, we can
obtain the estimate of the initial state vector �	���� of (9.39c) by applying the least-
squares method to (9.40).

We turn our attention to realization of the stochastic subsystem. In this case, we
need to compute the orthogonal projection of the output data onto the orthogonal
complement ����� �, which is written as

������ �� ����� ������� � ����� ��� � � �� �� � � � � � (9.41)

The next lemma clarifies the relation between the stochastic components �� and ���
defined above.

Lemma 9.9. Define the estimation error

������ � ������ ������� � � �� �� � � � � �

Then we have
������ � ����� � ������� � � �� �� � � � � � (9.42)

Proof. We first note that

���� � ����� � ������ ����� � �

Since � � ����� �, it follows from (9.41) that

������ � ����� � ������ �������� � ����� � ����� ��

� ����� �
�
������ �������� � ����� ��

�
� ����� � ������

as was to be proved, where we used the fact that �������� � ����� �� � �. �

Lemma 9.9 means that for a finite data case, the output ������ projected onto
the complement ����� � is different from the true stochastic component defined by

����� � ������� � ���, because the former is perturbed by the smoothed error ������
of the deterministic component.

Define the vector �	���� �� 	����� �	����. It then follows from (9.34) and (9.39)
that

�	���� �� � ���	����� ������ � ���	����

so that the term acting on the stochastic component ����� is expressed as
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������ � ���
�
�������� � � �� �� � � � � � (9.43)

Thus the estimation error ������ does influence on the stochastic component as well
as the deterministic component. If we ignore the additive term ������ in (9.42), there
are possibilities that we may identify stochastic subsystems with higher dimensions
than the true order ��. Hence it is desirable to filtering out this additive terms by some
means. For more detail, see [30, 131].

9.7 Subspace Identification Method – ORT Method

In this section, we develop subspace methods for identifying state space models
based on finite input-output data. In the sequel, the subspace method is called the
ORT method, since the identification methods developed in this section are based on
the orthogonal decomposition technique introduced in Section 9.4.

Suppose that the input-output data ������ ����� � � �� �� � � � � 	 � �
 � �� are
given with 	 sufficiently large and 
 � �. Based on the input-output data, we define
as usual block Hankel matrices as

������ �

�
����

���� ���� � � � ��	 � ��
���� ���� � � � ��	�

...
...

. . .
...

��
 � �� ��
� � � � ��	 � 
 � ��

�
���� � �

����

and

������� �

�
����

��
� ��
 � �� � � � ��
 �	 � ��
��
 � �� ��
 � �� � � � ��
 �	�

...
...

. . .
...

���
 � �� ���
� � � � ��	 � �
 � ��

�
���� � �����

Similarly, we define 
�����, 
������ � �
���� , and also

������� ��

�
������

�������

�
� 
������ ��

�

�����


������

�

9.7.1 Subspace Identification of Deterministic Subsystem

Consider the subspace identification of the deterministic subsystem of (9.39). We
define the extended observability matrix as

�� �

�
����

��
����

...
���

���

�

�
���� � ����� � 
 � �
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and the block lower triangular Toeplitz matrix as

������ ��� �

�
������

��

���� ��

������ ���� ��

...
...

. . .
. . .

���
���
� �� � � � � � � ���� ��

�
������
� ������

By iteratively using (9.39a) and (9.39b), we obtain a matrix input-output equation of
the form [see (6.23)]

�� ������� � ��
���
� � ��������� (9.44)

where �� �
������ is the block Hankel matrix generated by �	� and ���

� is defined by

���
� � ��
���� �
��� � �� � � � �
��� �� � ���

We need the following assumption for applying the subspace method to the sys-
tem of (9.44); see Section 6.3.

Assumption 9.3. A1) �	
�� ���
� � � 
.

A2) �	
���������� � ���.

A3) 
�	
� ���
� � � 
�	
��������� � ���. �

As mentioned in Section 6.3, Assumption A1) implies that the state vectors
�
����� �
��� � ��� � � � are sufficiently excited. The condition A2) implies that the
input process � has the PE condition of order ��, and A3) is guaranteed by the
feedback-free condition.

First we present a method of computing the deterministic component of the out-
put process. According to the idea of the MOESP method of Section 6.5, we consider
the LQ decomposition:

�
�������
�������

�
�

�
��� �
��� ���

�� ���
�

���
�

�
(9.45)

where ��� � �
������� , ��� � �

������� are block lower triangular matrices, and
��� � �

����� , ��� � �
����� are orthogonal matrices. It follows from A2) of

Assumption 9.3 that ��� is nonsingular, so that we have

������� � ���
���

� ����
���

� � ����
��
��
������� ����

���

�

We see that ���
���
� belongs to the row space of �������, and ���

���
� is orthogonal

to it since ���
�
��� � �. Hence, ���

���
�

is the orthogonal projection of ������� onto
the rowspace �������. Thus, the deterministic component is given by

�� �
������ � ���

���

�
� ����

��
��
������� (9.46)

and hence the stochastic component is
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�� �
������ �� ������� � �� �

������ � ���
���

�
(9.47)

Bearing the above facts in mind, we consider a related LQ decomposition
�
���
�������
������
������
�������

�
��� �

�
���
��� � � �
��� ��� � �
��� ��� ��� �
��� ��� ��� ���

�
���

�
���
��
�

��
�

��
�

��
�

�
��� (9.48)

where���, ��� � ������ , ���, ��� � ������ are block lower triangular matrices,
and ��, �� � �

���� , ��, �� � �
���� are orthogonal matrices. In view of (9.46)

and (9.48), the deterministic component �� �
������ is given by

�� �
������ � ����

�

�
� ����

�

�

On the other hand, from (9.44) and (9.48), we have

������
�

� � �� ���
� � ����

�

� � ����
�

� (9.49)

Post-multiplying (9.49) by �� yields �� ���
��� � ���. Since ���

��� has full row
rank from A1) of Assumption 9.3, we have

�����	 � ������	 (9.50)

Similarly, pre-multiplying (9.49) by a matrix ���� 	
� satisfying ���� 	

�
�� � �, and

post-multiplying by �� yield

���� 	
���� � ���� 	

������� 	�	��� (9.51)

Making use of (9.50) and (9.51), we can derive a subspace method of identifying
the deterministic subsystem. In the following, we assume that LQ decomposition of
(9.48) is given.

Subspace Identification of Deterministic Subsystem – ORT Method

Step 1: Compute the SVD of ���:

��� � 
 �� �� �

�
�
 �
� �


� �
�� �

�� �

�
� �� �
 �� � (9.52)

where �
 is obtained by neglecting smaller singular values, so the dimension of the
state vector equals �
�� �
	. Thus, the decomposition

�� �
 �� � �
�
�� �
���

	�
�
��� �� �

	

gives the extended observability matrix �� � �� �
���.

Step 2: Compute the estimates of �� and 
� by

�� � �
�
������ 
� � ���� � �� �	 (9.53)
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where �� denotes the matrix obtained by deleting the first � rows from ��.

Step 3: Given the estimates of�� and��, the Toeplitz matrix �� becomes linear
with respect to �� and ��. By using ��� of (9.52) for ���� �

�, it follows from (9.51)
that

�������
��
��

� ��������� ��� (9.54)

Then we can obtain the least-squares estimates of �� and �� by rewriting the above
equation as (6.44) in the MOESP algorithm.

Remark 9.3. In [171] (Theorems 2 and 4), the LQ decomposition of (9.48) is used
to develop the PO-MOESP algorithm. More precisely, the following relations

������ � �� ���� ����

and
������� ��� ���� � ��������� ������� ��� ����

are employed. We see that these relations are different from (9.50) and (9.51); this is
a point where the ORT method is different from the PO-MOESP method. �

9.7.2 Subspace Identification of Stochastic Subsystem

We derive a subspace identification algorithm for the stochastic subsystem. For data
matrices, we use the same notation as in Subsection 9.7.1. As shown in (9.47), the
stochastic component is given by

�	 �
������ � 	������ � �	 �

������

It follows from (9.48) that

�	 �
������ �

�
��� 	
��� ���

� �

�
�


�
�

�
(9.55)

so that we define


	����� � ���

�

� �

	������ � ���


�

� � ���

�

�

The sample covariance matrices of stochastic components are then given by
�
��� ���

��� ���

�
�

�

�

�

	�����

	������

� �
� 
	������

� � 
	�������
�

�

Thus we have

��� �
�

�
����

�

��
� ��� �

�

�

�
����

�

��
� ����

�

��

�
� ��� �

�

�
����

�

��

The following algorithms are based on the stochastic subspace identification al-
gorithms derived in Section 8.7.
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Subspace Identification of Stochastic Subsystem – ORT Method
Algorithm A

Step 1: Compute square roots of covariance matrices ��� and ��� satisfying

��� � ���� ��� ����

Step 2: Compute the SVD of the normalized covariance matrix

�������
��
� ��� � � �� �� �� �

where �� is obtained by deleting sufficiently small singular values of �, so that the
dimension of the state vector becomes �� � ��� ��.

Step 3: Compute the extended observability and reachability matrices by

��� � � �� ������ ��� � ����� �� ���

Step A4: Compute the estimates of ��, �� and ��� by

�� � ��������� �� � ����� � 	� �	� ���
� � ������ � � 		

where �� � ����	
 � � 
	� �	.

Step A5: The covariance matrix of �� is given by ����	 �� ��� �� � 	� � � 		. By
using ���� ��� ���� ����		, the Kalman gain is given by


� � � ���
� ���

����
� 	�����	� �� ���

�
� 	

��

so that the innovation model becomes

����
 �	 � ������	 

����	

����	 � ������	 
 ���	

where �
�����	� � ����	� �� ���
�
� .

Now we present an algorithm that gives a state space model satisfying the posi-
tivity condition, where Steps 1–3 are the same as those of Algorithm A.

Algorithm B

Step B4: Compute the estimates of state vectors by

��� � ����� �� ���� ������� � �
���

and define matrices with � � � columns

����� � ������ � � �	� ��� � ������ � � � � �	� �� �
��� � � �

������ � � � � �	

Step B5: Compute the estimates of matrices �� and �� applying the least-
squares method to the overdetermined equations
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�����

�� �

���

�
�

�
��

��

�
��� �

�
��
��

�

where �� and �� are residuals.

Step B6: Compute the covariance matrices of residuals

�
�� ��
��� ��

�
�

�

� � �

�
���

�
�

���
�
�

���
�
�

���
�
�

�

and solve the ARE [see (5.67)]

	 � ��	�
�
�
� ���	�

�
�
� ������	�

�
�
� ��������	�

�
�
� ���� � ��

In terms of the stabilizing solution 	 � �, we have the Kalman gain


� � ���	�
�
� � ������	�

�
� � �����

Step B7: The innovation model is then given by

����� �� � ������� �
��
���

���� � ������� � �
���

where ��	��
���� � ��	�
�
� � ��.

The above algorithm is basically the same as Algorithm B of stochastic balanced
realization developed in Section 8.7. We see that since the covariance matrices of
residuals obtained in Step B6 is always nonnegative definite and since ���� ��� is
observable, the ARE has a unique stabilizing solution, from which we can compute
the Kalman gain. Thus the present algorithm ensures the positivity condition of the
stochastic subsystem; see also Remark 8.2.

9.8 Numerical Example

Some numerical results obtained by using the ORT and PO-MOESP methods are
presented. A simulation model used is depicted in Figure 9.7, where the plant is a
5th-order model [175]

� ���� �
�

� ��� �
�
�
�

�

�

�����
� �

����

Figure 9.7. Simulation model
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� ��� �
��������� � ���������

�� ��	

	��� � 	�������
� �����
��� � ���
�����

� ��	������

and where the input signal generation model ���� and the noise model ���� are
respectively given by

���� �

�
�� ��

�� ����
� ���� �

�� ������ � ��
����

� � ��
��� � ��
���

The noises � and �� are mutually uncorrelated white noises with ���� ��� and
���� ��, respectively. Thus the spectral density functions of 	 and 
 are given by

����� � ���������� ����� � �����������

so that their powers are proportional to the gain plots of ���� with � � ��
 and����
shown in Figure 9.8, respectively.

0 0.5 1 1.5 2 2.5 3
−50

−40

−30

−20

−10

0

10

20

Frequency [rad/sec]

G
ai

n 
[d

B
]

��������

�� ������

��������

Figure 9.8. The Bode gain plots of � ���, ���� and ����

In the present simulations, we consider the four cases according as 	 and/or 

are white noises or colored noises, where the variance �� of noise � is adjusted so
that the variance of 
 becomes approximately ��� � ����. Also, the variance of the
output 
� � � ���	 changes according to the spectrum of 	, so that the S/N ratio in
the output becomes as

�����
�
� �

�
����	 white noise �� � ��

���
	 colored noise �� � ��
�

In each simulation, we take the number of data points � � ���� and the number
of block rows � � ��. We generated 30 data sets by using pseudo-random num-
bers. In order to compare simulation results, we have used the same pseudo-random
numbers in each case.

Case 1: We show the simulation results for the case where the input signal 	 is a
white noise. Figure 9.9 displays the Bode gain plots of the plant obtained by applying
the ORT method, where 
 is a white noise in Figure 9.9(a), but is a colored noise in
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Figure 9.9. Identification results by ORT method
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Figure 9.10. Identification results by PO-MOESP method

Figure 9.9(b), and where the real line denotes the Bode gain of the true plant. Also,
Figure 9.10 displays the corresponding results by the PO-MOESP method. We see
that there is no clear difference in the results of Figures 9.9(a) and 9.10(a). But, there
are some differences in the results of Figures 9.9(b) and 9.10(b), in that the ORT
method gives a slightly better result in the high frequency range and we observe a
small bias in the low frequency range between ��� to � (rad) in the estimates by the
PO-MOESP method.

Case 2: We consider the case where � is a colored noise. Figure 9.11 displays
the results obtained by applying the ORT, and Figure 9.12 those obtained by using
the PO-MOESP. Since the power of the input � decreases in the high frequency range
as shown in Figure 9.8, the accuracy of the estimate degrades in the high frequency
range.

Though the output S/N ratio for colored noise input is higher than for white noise
input, the accuracy of identification is inferior to the white noise case. There are no
clear difference in Figure 9.11(a) and 9.12(a) for white observation noise, but if � is
a colored noise, there exist some appreciable differences in the results of the ORT
and PO-MOESP methods in the low frequency range as well as in high frequency
range as shown in Figures 9.11(b) and 9.12(b).
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Figure 9.11. Identification results by ORT method
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Figure 9.12. Identification results by PO-MOESP method

A reason why there is a considerable difference in the results of the ORT and
PO-MOESP in the case of colored observation noise is that the noise � has a large
power in the frequency range greater than ��� (rad) where the input � has a low
power. In fact, the peak of the gain characteristic shown in Figure 9.12(b) is located
around ��� (rad), which is the same as the peak of noise spectrum of Figure 9.8. In
the PO-MOESP method, the frequency components beyond ��� (rad) are erroneously
identified as those due to the input signal � rather than the noise �. On the other hand,
in the ORT method, the data is first decomposed into the deterministic and stochastic
components based on the preliminary orthogonal decomposition, and it seems that
this decomposition is performed very well even if the noise is colored as long as the
exogenous input satisfies a PE condition with sufficiently high order. For differences
between the two algorithms; see Remark 9.3 and programs listed in Tables D.5 and
D.7.

Further simulation studies showing a superiority of the ORT method based on the
preliminary orthogonal decomposition are provided in Section 10.7, in which results
of three subspace identification methods will be compared.
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9.9 Notes and References

� Based on Picci and Katayama [130, 131], we have presented realization results
for the stochastic system with exogenous inputs under the assumption that there
is no feedback from the output to the input and the input satisfies a sufficiently
high PE condition. The main idea is to decompose the output process into the
deterministic and stochastic components, from which we have derived a state
space model with a natural block structure.

� In Section 9.1, projections in a Hilbert space are reviewed and the property of
conditional orthogonality is introduced. Then Section 9.2 has formulated the
stochastic realization problem in the presence of exogenous inputs, and Section
9.3 discussed the feedback-free conditions in detail based on [24, 25, 53].

� In Section 9.4, we have considered the PE condition of the exogenous inputs,
and developed a method of decomposing the output process into the determin-
istic component and the stochastic component. In Section 9.5, we have shown
that a desired state space model can be obtained by combining realizations for
the deterministic and stochastic components, resulting in a state space model
with a block structure in which the plant and the noise model have independent
parametrizations.

� In Section 9.6, a theoretical analysis of deterministic and stochastic realiza-
tion methods based on finite input-output data is made, and in Section 9.7, the
ORT method of identifying the deterministic and stochastic subsystems are de-
veloped by using the LQ decomposition and the SVD. Since the present algo-
rithms are derived from the basic stochastic realization methods in the pres-
ence of exogenous inputs, they are different from those of MOESP [171–173]
and N4SID [164, 165]. Some numerical results are included in Section 9.8; for
further simulation studies, see [29, 30], [93], and for theoretical analyses of ill-
conditioning of subspace estimates, see [31, 32].

� In Section 9.10, proofs of Theorem 9.1 and Lemma 9.7 are included.

9.10 Appendix: Proofs of Theorem and Lemma

9.10.1 Proof of Theorem 9.1

1Æ Proof of (i)� (ii). Rewriting (9.8), we have�
�

�

�
�

�
���� ����
� ����

��
�

�

�

where � and � are zero mean white noise vectors with covariance matrices ��� and
���, respectively. By assumption, 	 ��� is stable, so are ����, ���� and ����. Also,
we have

	����� �

�
������ �����������������

� ������

�
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Also, ������ is stable, so are ������ and ������. Thus, in particular, ���� is of
minimal phase. Hence, we see that � � ����� is the innovation representation for
�, and � is the innovation process for �.

Define

� � ��������� � � � ����� � � � �� �
�

�
� ��������� � � � 	�

Since ���� is of minimal phase, we have � � � and ��
�
� ��

�
. Moreover, we get

	


�
��
���

����	� ��

�����
�

�

��
���

����	� ��

� 	


�
��
���

����	� ��

���������
�

Noting that 
 � �, we have

	
���	� � �� � 	


�
��
���

��
�	 � �� 


��
���
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�����
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���
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�
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���

��
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���

����	� ��

���������
�

� 	
���	� � ��
����

as was to be proved.

2Æ Proof of (ii) � (iii). From (ii), it follows that

���	� �� 	
���	� � ��
���� �

��
���

����	� �� � �� � �����

so that from � � �����, we have

�� � ����������� �� �����

Also, from the stability of ���� and the minimal phase property of ����, we see that
���� is stable.

We define ��	� �� ��	�� 	
���	� � ��
����. Then,

��	� �

��
���

����	� �� 
 ��	�

We show that ��	� is orthogonal to �. Since 	
���	� � ��
���� � 	
���	� � �� and

�
�

���
	 ��

���
	 �� � � �� �� � � � , we get
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������� � ��
���� �

������� � ��� � � �� �� � � �

It therefore follows that

��

�
��
���

������ �� � ����

���� �����
�

� ������� � ������

� ������� � ������

� ��

�
��
���

������ �� � ����

���� �����

�
(9.56)

where � � �� �� � � � . Note that
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�
��
���
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���� �����
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���

������ ��

� ��
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������ ��
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Thus it follows from (9.56) that

������� � ������ �
������� � ������ � �� � � �� �� � � �

where ���� � �
�

��� is used. However, since ����� � �
�

���� � � �� ��� � � � , we have
���� � ������ � � �� ��� � � � . Thus it follows that

������� � ������ � �� � � �� ��� � � �

This implies that � is orthogonal to �.
Recall that � �� � � �� is defined by the difference of two regular full rank

stationary processes, so is �. Let the innovation representation of � be

���� �

��
���

	�
��� ��� 	� � ��

where 
 � �
� is a zero mean white noise vector with covariance matrix 	��, and

where 	�
� ��
�
�

��� 	�

�� has full rank and minimal phase. Hence, � can be ex-

pressed as (9.10), where 
 is uncorrelated with � due to the fact that � � �. Since
��
� is stable, and since 	�
� is of minimal phase, and 	�
� has full rank, the proof
of (iii) is completed.

3Æ Proof of (iii)	 (iv). Let the Hilbert space generated by the past of � be given
by ��� � 
��
����� � � � ��. Since 
 � �,

��� 
 �
�

� � ��� � ���
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From (iii), it follows that ���� �� � ��
�
� � � �� �� � � � , so that
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This implies that (9.12) holds.

4Æ Proof of (iv) � (i). We define ���� � ����� ������� � ��
����. From (iv), we

have
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Thus it follows that ��������� � ��
�
� � �� � � �� �� � � � . By the definition of ����,

������� �� � ��
�
� � �� � � ��� ��� � � � holds, implying that � is orthogonal to �.

Let the innovation representation of � be given by

���� �

��

���

������ 	�� �� � 
�

where � is a zero mean white noise vector with covariance matrix ���. Hence we
have

���� � ���� � ������� � ������

�

��

���

������ 	� �

��

���

������ 	�

Let the innovation representation of the stationary process � be given by

���� �

��

���


����� 	�� � � �� 	�� � � � (9.57)

where � 
 �� is a zero mean white noise vector with covariance matrix ���, where

��� �

�
�

���
��
�� is of minimal phase. It follows from (9.57) that � � 
����,

so that

���� �

��

���

������ 	� �

��

���

������ 	� (9.58)

where���� � ����
���. From (9.57) and (9.58),� ��� has a block upper triangular
structure, implying that there is no feedback from � to �.

9.10.2 Proof of Lemma 9.7

First we show that ����� is an oblique splitting subspace for ����� � �
�

� �. Clearly,
from (9.27), any �� 
 ���� is expressed as
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�� � �� � �� �� � ���
�
� � � �

���
�

Since ����� is an oblique splitting subspace for ����� � �
�

� �, and since � � �
���
� is

included in ��� , we have

�����
�

��� � ��� � �
�����

�

��� � ��� ��
�����

�

�� � ��� �

� �����
�

��� � �
���
� �� �����

�

�� � �
���
� �

� �����
�

��� � �
���
� �

Hence

�����
�

����� � ��� � � ���	
�
�����

�

��� � ��� �
��� �� � ����

�

� ���	
�
�����

�

��� � �
���
� �

��� �� � ����

�

� �����
�

����� � �
���
� �

This proves the first statement.
From (9.26) and (9.27), we have ����� � ��� and ����� � ���� , so that ����� �

����� � ��� � holds. Conversely, suppose that � � ���� � ��� holds. Then, we have

� � ���� � ���� � �
���
� � � � ���

Let � � �� � �� where �� � ���� and �� � �
���
� � �

�
� . Since � � �

�
� , we have

�� � � � �� � �
�
� . However, since �� � ���� , it also follows from (9.26) that

�� � �����
�

��� � �
�
� � � �

���
�

Thus, we have � � �� � �� � �
���
� . This completes the proof of (9.28).

We now prove (9.29). The following inclusion relation clearly holds:

���� � ����� � ��� � � ����� � ��� � (9.59)

because the two sets in the right-hand side of the above equation are included in the
set in the left-hand side. We show the converse. Since ���� � ���� � �

���
� , it suffices

to show that

���� � ����� � �
�
� � � ����� � �

�
� � (9.60)

�
���
� � ����� � ��� � � ����� � ��� � (9.61)

It follows from Lemma 9.4 that

����� �� �

����
����

��������	� � ��� ��� �� � ��� ��� ��
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where

��� ��� �� �

����

����

���������� � �
�

� (9.62a)

��� ��� �� �

����

���

���������� � �
�
� (9.62b)

and where ��� � ��� � ���. Thus ��� �� � �� is the oblique projection of ���� � ��

onto the past ��� along the future ��� , so that it belongs to ����� . Thus we get

��� ��� �� � �
���
� � ���� � ��� . Also, we have

��� ��� �� � ����� ��� ��� ��� �� � ����

Thus, from (9.62), the relation ��� �� � �� � ���� � ��� holds. Therefore, it follows
that

����� �� � ��� ��� �� � ��� ��� �� � ����� � ��� � � ����� � ��� �

Since ���	����� � �� � � � �� 
� � � � � � ���� , we have (9.60). Also, it follows that

(9.61) trivially holds, since ����� � ���� � ��� from (9.28).
This complete the proof of Lemma 9.7.
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Subspace Identification (2) – CCA

In this chapter, we consider the stochastic realization problem in the presence of
exogenous inputs by extending the CCA-based approach. The oblique projection
of the future outputs on the space of the past observations along the space of the
future inputs is factorized as a product of the extended observability matrix and the
state vector. In terms of the state vector and the future inputs, we then derive an
optimal predictor of the future outputs, which leads to a forward innovation model
for the output process in the presence of exogenous inputs. The basic step of the
realization procedure is a factorization of the conditional covariance matrix of the
future outputs and the past input-output given future inputs; this factorization can
easily be adapted to finite input-output data by using the LQ decomposition. We
derive two stochastic subspace identification algorithms, of which relation to the
N4SID method is explained. Some comparative simulation results with the ORT and
PO-MOESP methods are also included.

10.1 Stochastic Realization with Exogenous Inputs

Consider a stochastic system shown in Figure 10.1, where � � �� is the exogenous
input, � � �

� the output vector, and � the stochastic disturbance, which is not ob-
servable. We assume that ������ ����� � � �� ��� � � � � are zero mean second-order
stationary stochastic processes, and that the joint input-output process ��� �� is of
full rank and regular.

�� �

�

� �

�

Figure 10.1. Stochastic system with exogenous input
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The stochastic realization problem considered in this chapter is the same as the
one studied in Chapter 9, which is restated below.

Stochastic Realization Problem

Under the assumption that the infinite data ������ ����� � � �� ��� � � � � are given,
we define a suitable state vector � with minimal dimension and derive a state space
model with the input vector � and the output vector � of the form

���� �� � ����� ������ ������ (10.1a)

���� � 	���� �
���� � ���� (10.1b)

where � is an innovation process. �

In this chapter, we shall present a stochastic realization method in the presence
of an exogenous input by means of the CCA-based approach. We extend the CCA
method developed in Chapter 8 to the present case. Under the absence of feedback
from � to �, we derive a predictor space for the output process �, leading to a minimal
causal stationary realization of the process � with the exogenous process � as an
input. A basic idea is to derive a multi-stage Wiener predictor of the future output in
terms of the past input-output and the future inputs, where an important point is to
define an appropriate causal state vector.

Let � be the present time, and � a positive integer. Then, we define the future
vectors

���� ��

�
����

����
���� ��

...
���� � � ��

�
���� � ����� ��

�
����

����
���� ��

...
���� � � ��

�
����

and the past vectors

�
�

��� ��

�
����
���� ��
���� ��

...

�
���� � �

�

��� ��

�
����
���� ��
���� ��

...

�
����

We further define


��� ��

�
����
���� ��
���� ��

...

�
���� � ���� ��

�
����
����

�

where � � �� � � �� 
�� is the joint input-output process. It should be noted that
the future vectors ���� � �

�� and ����� � �
�� are finite dimensional, but the past

input-output vector 
��� is infinite-dimensional.
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The notation in this chapter is the same as that of Chapter 9. The linear spaces
generated by the past of �, � and the future of � are respectively denoted by

�
�

�
� ��������� � � � � �

��
�

� ��������� � � � � �

��
�

� ��������� � � � � �

Also, we assume that these spaces are complete with respect to the mean-square
norm ���� �

�
�������, so that ��

�
, ��

�
and ��

�
are thought of as subspaces of

an ambient Hilbert space � � � � � that includes all linear functionals of the joint
input-output process ��� ��.

Let � be a subspace of the Hilbert space �. Then the orthogonal projection of a
vector 	 � � onto � is denoted by ���	 � ��. If � is generated by a vector 
, then
the orthogonal projection is expressed as

���	 � �� � ��	
����

���


� ����
�
��
 �� ���	 � 
�

where ��� �� ��	
�� is the covariance matrix of two random vectors 	 and 
, and
���� is the pseudo-inverse. Let �� be the orthogonal complement of � � �. Then,
the orthogonal projection of 	 onto �� is given by

���	 � ��� �� 		 ���	 � ��

If � is generated by a random vector 
, then we write ���	 � ��� � ���	 � 
��. For
the oblique projection; see also Section 9.1.

We begin with a simple result on the conditional covariance matrices.

Lemma 10.1. For three random vectors �� 	� 
 � �, we define the conditional
covariance matrix

����� �� �� ���� � 
�� ���	 � 
���� (10.2)

Then, it follows that
����� � ��� 	��������

����� (10.3)

where ��� is assumed to be nonsingular.

Proof. By definition,

���� � 
�� � � 	��������
��
� ���	 � 
�� � 		��������

��


Substituting these relations into (10.2) yields

����� � ��	� 	��������
��

			��������

��

��

Rearranging the terms, we get (10.3) [see also Lemma 5.1]. �
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Lemma 10.2. Consider three random vectors �� �� � � � and two subspaces� ��
������� and � �� ������� with � � � � ���. Then, we have

���� � � ��� � ������ � ��� ������ � ��

�� �	�
�� �	�
� (10.4)

Also, define the conditional covariance matrices by

����� � �� ��	� � ��
 ��	� � ��
��

����� � �� ��	� � ��
 ��	� � ��
��

����� � �� ��	� � ��
 ��	� � ��
��

����� � �� ��	� � ��
 ��	� � ��
��

Then, �	�
 and �	�
 satisfy the discrete Wiener-Hopf equations

�	�
����� � ������ �	�
����� � ����� (10.5)

where we note that if ��� and ��� are positive definite, so are ����� and �����.

Proof. We see that the orthogonal projection of (10.4) is given by

���� � � � �� � ������ �����

��
�

�

�
��� ���

��� �
�

�

�

Thus it follows that

���� � � � �� � ���� ����

�
��� ���

��� ���

��� �
�

�

�

� ���� ����

�
��� ���

��� ���

��� �
�
�

�
(10.6)

We show that the first term in the right-hand side of the above equation is the oblique
projection of � onto � along �. Recall the inversion formula for a block matrix:�

� 	


 �

���
�

�
��� ����	���

����
��� ��� ����
���	���

�

Putting � � ���, 	 � 
� � ��� and � � ���, we have � �� � � 	���
 �
�����. Thus, from (10.4) and (10.6),

�	�
 � ���� ����

�
��� ���

��� ���

���

� ���� ����

�
���
����

����
�� ����

��
����

�

� 	��� �����
��
�� ���
�

��
���� � ������

��
����
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This proves the first relation in (10.5). Similarly, we can show the second relation
holds.

Now let � � � � for � � ����� . Note that � � � � �������. Then, we have

����� � ������
��

����� � � ������
��

����� � � � � �

Hence, ���� is idempotent on �. Also, putting � � �� for � � �
���� and noting

that ����� � �, we get

����� � ������
��

����� � �������
��

����� � �

so that���� annihilates any element in� � �������. It therefore follows that�����
is an oblique projection of � onto � along �. In the same way, we can show that
	���� is an oblique projection of � onto � along �.

Suppose that ��� and ��� are positive definite. Then, the positivity of the condi-
tional covariance matrices ����� and ����� is derived from � � � � ���. In fact, if

������ � �, 
 �� � holds, then

� � 
������
 � 
������ 	��� � ��
��� 	��� � ��
��


� �
�
�
���� 	��� � ���
�

�

This implies 
�� � 
� 	��� � �� � 
�����
��
��

� � �, a contradiction. This proves
the positivity of �����. Similarly, we can prove the positivity of �����. �

10.2 Optimal Predictor

In this section, we shall consider the prediction problem of the future ��
� by means
of the past input-output ��
� and the future input ���
�. In the following, we need
two assumptions introduced in Chapter 9.

Assumption 10.1. There is no feedback from the output � to the input �. �

Assumption 10.2. For each 
, the input space � has the direct sum decomposition

� � ��� � �
�
� ���� � �

�
� � ���� (10.7)

This is equivalent to the fact that the spectral density of the input � is positive definite
on the unit circle, i.e.,

������ � ���� 	 � � � (10.8)

holds. This is also equivalent to the fact that the canonical angles of the past and
future are positive. �

As mentioned in Chapter 9, the condition of Assumption 10.2 may be too strong
to be satisfied in practice; but it suffices to assume that the input has a PE condition
of sufficiently high order and that the real system is finite dimensional.

The following theorem gives a solution to a multi-stage Wiener problem for pre-
dicting the future outputs based on the joint past input-output and the future inputs.
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�

�

�

�
�

�

�����

�
�

�

�

���� � ��������

�
����

Figure 10.2. Oblique projection

Theorem 10.1. Suppose that Assumptions 10.1 and 10.2 are satisfied. Then, the
optimal predictor of the future ���� based on the past ���� and future ����� is given
by

���� � �� � ������� � ��
�
� ��

�
� � ����� � ������ (10.9)

where ����� denotes the oblique projection of ���� onto ��
�

along ��
�

, and ������
is the oblique projection of ���� onto ��

�
along ��

�
as shown in Figure 10.2. More-

over, � and � respectively satisfy the discrete Wiener-Hopf equations

������ � ������ ������ � ����� (10.10)

Proof. If we can prove that ��� ��
�

� � ���, then we see from Lemma 10.1 that the
orthogonal projection ������� � ��� � ��� � is given by the direct sum of two oblique
projections. Thus it suffices to show that ��� � ��� � ���.

Let 	 � ��� � ��� . Then, we have 	 � ��� and 	 � ��� � ��� � ��� . From the
latter condition, there exist 
 � �

�
� and � � �

�
� such that 	 � 
 � �. Since there is

no feedback from � to �, it follows from (9.13) that

������ � �� � ������ � ��� �� � � �� ��� � � �

Hence, the orthogonal decomposition of 
 � ��� into the sum of deterministic and
stochastic components gives 
 � 
� � 
�, where


� � ���
 � �� � ���
 � ��� �� 
� � ���
 � ���

Thus, it follows that 	 � �� � 
�� � 
�, � � 
� � ��� , 
� � �. Since 	 � ��� , we
get �����

�

�	 � ��� � � �, implying that

�����
�

��� � 
�� � 
� � �
�
� � � �

However, since � � 
� � �
�
� , and since 
� � ��� ,

�����
�

��� � 
�� � 
� � �
�
� � �

�����
�

�� � 
� � �
�
� � � � � 
� � �

Thus, 	 � ��� satisfies 	 � 
� � �, so that 	 � �, as was to be proved. �
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For convenience, we put an index � to denote that the matrices � � ����� and
� � �

����� have � block rows, so that we write them �� and ��, respectively.
Thus, the terms in the right-hand side of (10.9) are expressed as

������ � �����
�

����� � ��� � (10.11)

and
������� � �����

�

����� � ��� � (10.12)

Next we show that by using the oblique projections of (10.11) and (10.12), we can
construct a minimal dimensional state space model for the output � which is causal
with respect to the input �. By causal here we mean that the oblique projection of
(10.12) is causal, so that the operator �� has a block lower triangular form.

The following lemma will give a representation of the orthogonal projection in
Theorem 10.1.

Lemma 10.3. Suppose that Assumption 10.1 is satisfied. Then, from Theorem 10.1,
we have

������� 	� � ��� � ��� � � ������� 	� � ��� � ���� ����� (10.13)

where 	 � �
 �
 � � � , and where ���� ���� � ��	
 �����
 � � � 
 ���� 	��. Also, �� is
given by

�� �

�
������

��
��� ��

�� �� ��

...
...

. . .
���� ���� � � � � � � ��

�
������
� ������ (10.14)

where ���
 ��
 � � � � are impulse response matrices. Hence, �� becomes causal.

Proof. First, we show the following relation for the conditional orthogonality:

� � � � � � � � � � ��� � ��
 �� � � (10.15)

Indeed, since �� � �, we have � � � � � � �� � � � �. Thus two relations
���� � � � �� � ���� � �� and ���� � �� � �� � ���� � �� hold from Lemma
9.2. This implies that

���� � � � �� � ���� � �� � ���� � �� � ��

However, since the left-hand side can be written as ���� � �� ��� � ���, it follows
that ���� � � � ��� � ��� � ���� � �� � ��, as was to be proved.

Since there is no feedback from � to �, we see from Theorem 9.1 (iv) that

��
����� � ��

����� � �
�
�����
 	 � �
 �
 � � � (10.16)

Putting �� � ��� , � � �������, � � ��
����� and � � �������, it follows from

(10.15) that
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�
�

����� � ��
����� � ��

�

� � �������� (10.17)

Also, putting � � �������, � � ��
�����, � � ��� � ������� in (10.17), it follows

from Lemma 9.2 that

���������� � �
�

� � �� � ���������� � �
�

� � ��������

Moreover, noting that ���� �� � �������, we have

������� �� � ��� � �� � ������� �� � ��� � ��������

� ������� �� � ��� � ���� �����

This proves (10.13).
We show that �� is a causal operator. In fact, from (10.13),

������� �

�
�����

�����
�

����� � ���� ���

�����
�

����� �� � ���� �����
...

�����
�

����� � � �� � ���� �������

�
�����

Since ���� ���� � ���	 ������ � � � � ���� ���, we have

�����
�

����� �� � ���� ����� � ������ ��������� �� � � � �������� ��

so that �� becomes a block Toeplitz matrix. The stationarity of �� follows from the
stationarity of the joint process ��� ��. �

In the next section, we shall define the state vector of the system with exogenous
inputs in terms of the conditional CCA technique, where the conditional canonical
correlations are defined as the canonical correlations between the future and the past
after deleting the effects of future inputs from them.

10.3 Conditional Canonical Correlation Analysis

As shown in Chapters 7 and 8, the stochastic system without exogenous inputs is
finite dimensional if and only if the covariance matrix of a block Hankel type has
finite rank. It may, however, be noted that 	���� is not a block Hankel matrix as
shown in (10.18) below.

We introduce the conditional CCA in order to factorize the conditional covari-
ance matrix 	���� of the future and past given the future inputs. By stationarity,
	���� is a �
 � 	 semi-infinite dimensional block matrix whose rank is non-
decreasing with respect to the future prediction horizon �. We then define a state
vector to derive an innovation model for the system with exogenous inputs.
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Suppose that the conditional covariance matrix ����� has finite rank, so that we
assume ����������� � �. It follows from Lemma 10.1 that the conditional covari-
ance matrix is expressed as

����� � �������� ������� � ��� �	������
������� � ��� �	

��

� �� ���� � �������� ���� � ��������
�� (10.18)

Also, the conditional covariance matrices ��� �� and ����� are defined similarly. Let
the Cholesky factorizations be given by

��� �� � ���� ����� � 		�

and define


���� 
� ��� ���� � �������� 
���� 
� 	�� ���� � �������

Then, we have
��
����


�
����� � ��������	

��

where the right-hand side of the above equation is the normalized conditional covari-
ance matrix.

Consider the SVD of the normalized conditional covariance matrix

��������	
�� � ��� � (10.19)

where ��� � 
�, � �� � 
�, and where � is a diagonal matrix of the form

� � ���
���� � � � � ���� � � �� � � � � � �� � �

We define two �-dimensional vectors as

���� 
� � �	�� ���� � �������� ���� 
� ����� ���� � ������� (10.20)

Then it can be shown that

������������ � ������������ � 
�� ������������ � �

Thus, comparing with the definition of canonical correlations in Subsection 8.5.1,
we see that ��� � � � � �� are conditional canonical correlations between the future
���� and the past ���� given the future input �����. Also, ���� and ���� are the
corresponding conditional canonical vectors.

According to the method of Subsection 8.5.1, the extended observability and
reachability matrices are defined by

�� 
� ������� �� 
� ����� �	� (10.21)

where �������� � �������� � �. Thus from (10.19), the conditional covariance
matrix ����� has a factorization
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����� � �������������� ���� � ����

Define the �-dimensional state vector as

���� � ���
��
�������� � ����� �������� (10.22)

Then, it can be shown that ���� is a basis vector of the predictor space

�
���
� �� �	���

�

���� � ��� � (10.23)

In fact, it follows from (10.11) and (10.22) that the oblique projection of the future

��� onto the past ��� along the future inputs ��� is given by

�	���
�

�
��� � ��� � � ������ � ������
��
�������� � ������ (10.24)

where the covariance matrix of � is positive definite. Indeed, from (10.22),

	����������� � ����� ��������
��� ����

� ����� ����������
��� ���� � � � �

Note that if there are no exogenous inputs, the state covariance matrix is exactly the
canonical correlation matrix as discussed in Section 8.5.

Using the state vector � defined above, the optimal predictor of (10.9) is then
expressed as

�
�� � �� � ������ � 
������ (10.25)

This equation shows that given the future input �����, the state vector ���� carries
information necessary to predict the future output 
��� based on the past ��� .

The property of � defined by (10.22) is summarized below.

Lemma 10.4. Given the future inputs, the process ������ � � �� ��� � � � � defined
above is a Markov process satisfying

�	���
�

����� �� � ��� � � �	���
�

����� �� � �
���
� �� � � �� �� � � �

where ����� is the predictor space defined by (10.23).

Proof. Rewriting the formula (10.25) for �� �� � yields
�
����

����� � � �� ��
����� �� � � �� ��

...
����� �� � � � � �� ��

�
���� � ������ �� � 
������ �� (10.26)

where ���� � � � ��� � � �� �� � � � denotes the optimal estimate of ���� based on the
observations up to time � � � � � and the inputs after � � �. Also, � � � � � in
(10.25),
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�
���������

���� � ��
...

����� �� � � ��
����� � � ��

...
����� �� � � � � ��

�
���������
� �������� � ����

�
���������

����
...

���� �� ��
���� ��

...
���� �� � � ��

�
���������

(10.27)

Since �� has full column rank, the last � block rows of ���� � �
���� is written as

���� � ����� �� � �
���

Also, the last � block rows of ���� is expressed as

���� �

�
����

	� � � � � � � 	�
�	��� 	� � � � � � � 	�

...
. . .

. . .
. . .

	����� � � � � � � 	� � � � � � � 	�

�
����

Hence, we can write the last � block rows of (10.27) as
�
����

����� � � ��
����� �� � � ��

...
����� �� � � � � ��

�
���� � �������� � ����

�
����

����
���� ��

...
���� �� � � ��

�
���� (10.28)

From the definition of �
�� � �� and the property of oblique projection, it can be
shown that

�����
�

������ �� � � �� �� � ��� � �
�����

�

������ �� � � �� � ��� �

holds for � � �� �� � � � . Thus, by applying the operator �����
�

� � � ��� � on both sides
of (10.26) and (10.28), we have

��
�����

�

����� �� � ��� � � ����
�����

�

����� � ��� � � ��������

Since �� has full rank, it follows that

�����
�

����� �� � ��� � � ������ � �
���
�

Also, applying the operator �����
�

� � � �
���
� � to the above equation yields

�����
�

�
�����

�

����� �� � ��� � � �
���
�

�
� ������ � �����

�

����� �� � ��� �

where the left-hand side of the above equation reduces to �����
�

���� � �� � �
���
� �

by using ����� � �
�
� . This completes the proof. �
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Remark 10.1. The state vector defined by (10.22) is based on the conditional CCA,
so that it is different from the state vector defined for stationary processes in Subsec-
tion 8.5.1. According to the discussion therein, it may be more natural to define the
state vector as

����� � �������� � ���
��

����
���� � �������

in terms of the conditional canonical vector ���� of (10.20), where ���������� � �.
It should, however, be noted that we cannot derive a causal state space model by using
the above �����. In fact, defining the subspace ���� �� ������ � ���� �

��, it follows
that ��� ���� � ���� ���� . Thus we obtain the following orthogonal decomposition

���� � �� � ������� � ��� � ��� � � ������� � ���� � ��� �

� ������� � ���� �	 ������� � ��� �

From ���� � 
��
� ���� � ��������, the first term in the right-hand side of the above
equation becomes

������� � ���� � � ������� ���� � ��������
��

� ����� ���� � ���������
�� ���� � �������

� ������������
�� ���� � ������� � ���

����

Thus, though similar to (10.25), we have a different optimal predictor

���� � �� � ���
���� 	 �������� (10.29)

where ��� is a non-causal operator defined by

�������� � � ������� � ��� �

� �����������
���������������

����������

This implies that being not a causal predictor, ����� of (10.29) cannot be a state
vector of a causal model. �

We are now in a position to derive the innovation representation for a stochastic
system with exogenous inputs.

10.4 Innovation Representation

In this section, by means of the state vector � of (10.22) and the optimal predictor
���� � �� of (10.25), we derive a forward innovation model for the output process 	.

Let �� � 
��
������ be the subspace spanned by ����. From Lemma 10.3,
showing the causality of the predictor, the first � rows of (10.25) just give the one-
step prediction of 	��� based on ��� � ��, so that we have
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����� � ������� � ��
�
� ��

�
�

� ������� � ��
�
� ��� � ����� ������ (10.30)

where � � �
��� and � � �

��� are constant matrices. Since, from the proof of
Theorem 10.1, ��� ��� � ���, the right-hand side of (10.30) is a unique direct sum
decomposition. Define the prediction error as

���� �� ����� ������� � ��� � ��� (10.31)

Then, the output equation is given by

���� � ����� ������ � ���� (10.32)

Since the projection ������� � ��� � ��� is based on the infinite past and ��� �� are
jointly stationary, the prediction error � is also stationary. Moreover, from (10.31),
the prediction error ���� is uncorrelated with the past output �������� ������� � � � �
and the present and past inputs ������ ���� ��� � � � �, so that ���� � ���� � ������.
Since ���� �� � ������ � �

�

����, it follows from (10.31) that

���� � ����� � ������ � �
�

���� 	 ������ � �
�

����

This implies that ���� �� � ����, and hence � is a white noise.
Now we compute the dynamics satisfied by ����. To this end, we define

	��� �� ���� ��� ������� �� � �
���
� � ��� (10.33)

where ����� � 	
��������. Since ����� 	 ��� , and hence ����� � �� � ���, the
second term of the right-hand side of the above equation can be expressed as a direct
sum of two oblique projections. Thus there are constant matrices 
 � �

��� and
� � ���� satisfying

������� �� � �
���
� � ��� � 
���� ������ (10.34)

Thus the state equation is given by

���� �� � 
���� ������ � 	���

Finally, we show that 	 in the right-hand side of the above equation is expressed
in terms of the innovation process �.

Lemma 10.5. The prediction error 	��� is a function of ����. In fact, there exists a
matrix � � ���� such that

	��� � ����� (10.35)

where � � ��	����������
�����������.

Proof. Since ������ is a function of ������ ����� ������� ������� � � � �, it follows
from (10.34) that
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����� ������ � ������� �� � �
���
� � ���

� �����
����� �� � �

���
� �� ��

��
���
�

����� �� � ���

From Lemma 10.4 (with � � �), the first term in the right-hand side of the above
equation is given by

�����
����� �� � �

���
� � � �����

����� �� � ��� � � ����� (10.36)

Define ������
����� �� � ��� �� ������. Then, it follows that

������� �� � ��� � ��� � ����� �������

Since ��
���
� � ��� � ���� � ���, we obtain

������� �� � �
���
� � ��� � ��

�
������� �� � ��� � ���

�������
� � ��

�

The left-hand side is ����� ������, while the right-hand side is

�������� ������� � �
���
� � ��� � ����� �������

so that ������ � ����� holds for any ����, implying that �� � �. Thus we have

��
��
���
�

����� �� � ��� � ����� � ������
����� �� � ��� (10.37)

Combining (10.36) and (10.37) yields

������� �� � �
���
� � ��� � �����

����� �� � ��� �� ������
����� �� � ���

� ������� �� � ��� � ���

� ������� �� � ��� � ������

Thus from (10.33), ���� is also expressed as

���� � ���� ��� ������� �� � ��� � ������

so that ���� � ����� is orthogonal to ��� � �����.
On the other hand, the subspace ����� can be expressed as

����� � � ��	
�����	 ���� ��	 � � � � ����	 ���� ��	 � � � �

� ��	
�
���	 ���� ��	 � � � � ����	 ���� ��	 � � � �

� ��	
�
���� �
�
��� � �����

�

It therefore follows that ���� is expressed as a function of 
���. The matrix � is
obtained by ���� � ������� � 
���� � �
���. �
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Summarizing the above results, we have the main theorem in this chapter.

Theorem 10.2. Suppose that Assumptions 10.1 and 10.2 are satisfied. If the rank
condition ����������� � � holds, then the output � is described by the following
state space model

���� �� � ����� ������ ��	��� (10.38a)

���� � 
���� ������ � 	��� (10.38b)

This is a forward innovation model with the exogenous input �, and the state vector
� is an �-dimensional basis vector of the predictor space ����� given by (10.23). �

Thus, it follows from (10.38) that the input and output relation is expressed as in
Figure 10.3, where

� �
� � � � 
�
� ������

��
� � �� � 
�
� ������

Since the plant � �
� and the noise model ��
� have the same poles, we cannot
parametrize these models independently. This result is due to the present approach
itself based on the conditional CCA with exogenous inputs.

�
�

� ��� �
�

�
�

�

�

�����
� �

Figure 10.3. Transfer matrix model

From the Kalman filtering theory, we see that all other minimal representations
for the output � are given by


��� �� � �
��� ������ � ����� (10.39a)

���� � 

��� ������ � ����� (10.39b)

where � is a zero mean white noise with covariance matrix �� �� � ��. The matrices
� � �

��� and � � �
��� are constant, and �� �� 
� � are the same as those

given in (10.38)1. Also, the state vector � of the innovation model of (10.38) is the
minimum variance estimate for the state vector 
��� of (10.39), i.e.,

���� � 	��
��� � ��� � ��� � � 	��
��� � ��� �

The relation between � and � in (10.39) and � and � 
� ��	���	����� is already
explained in Section 5.4.

1See Subsection 7.3.1, where the size of spectral factors associated with Markov models
are discussed.
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10.5 Stochastic Realization Based on Finite Data

In practice, the computations must be performed based on finite input-output data,
and the construction of the innovation model should be based on the predictor of the
future outputs obtained by the available finite data.

Suppose that � � � � � and let � be the present time. Let ����� � � � � ���� �� be
the truncated past vectors, and define the stacked vector

�� ��� ��

�
����

���� ��
���� ��

...
����

�
���� � ���������

and let ������ denote the past data space spanned by the above vector �� ���. The
symbol ����� � denotes the (finite) future input history after time �.

From these data we can form the finite-memory predictor at time � as

��� �� � �� � ������� � ������ � ����� ��

� ��� ���� � �� � ������ � ����� ��

� �������� �
� ���� � �� � �������� ���������

� ���� � �� � ����� ��

where ���� � �� is defined by (10.9). The following result, which we shall state without
proof, explains the role of the transient Kalman filter in finite data modeling; see also
Theorem 6 in [107] and Theorem 3 in [165].

Theorem 10.3. Suppose that Assumptions 10.1 and 10.2 are satisfied. If ����� has
rank 	, the process 
 admits a finite interval realization of the form

��� ��� �� � ���� ��� �
���� �������� ��� (10.40a)


��� � ���� ��� ������ � ��� ��� (10.40b)

where the state vector ��� ��� is a basis in the finite memory predictor space

��� �� ����
���
� � ���� �� � ���� � ��

and the process �������� � � � � �� is the transient innovation of the output process
�
���� � � � � �� with respect to ���� �� � ���� � �.

Proof. The result is proved by applying the Kalman filter algorithm to (10.39). See
the finite interval realization of [106, 107]. �

We briefly make a comment on the non-stationary realization stated in Theorem
10.3. We see that any basis ��� ��� � ��� has a representation

��� ��� � ������� � ������ � ����� ��� � � � (10.41)
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where ���� is a basis in the stationary predictor space ����� , and hence ��� ��� is also
the transient Kalman filter estimate of ����, the state vector of (10.39), given the data
������ � ����� �. The initial state for (10.40a) is

��� ��� � ������� � ���� � ��

and the matrices �� �� �� 	 are the same as those in (10.38).
We define the error covariance matrix of the state vector ���� of the system

(10.39) as

 ��� � �������� ��� ���� ������ ��� ����

�
�

It thus follows from (5.66) that 
 ��� satisfies the Riccati equation


 ��� �� � �
 ����� � ��
 ����� � ������
 ����� � ������

� ��
 ����� � ���� � ���

where 
 ��� � �	
������ ��� ����, and the transient Kalman gain is given by


��� � ��
 ����� � ������
 ����� � ������

Also, if � � ��, the state vector ��� ��� of the transient innovation model of
(10.40) converges to ����. Moreover, 
 ��� converges to a unique stabilizing solution
of the ARE


 � �
�� � ��
�� � ������
�� � ������

� ��
�� � ���� � ��� (10.42)

and hence 
��� converges to 
 � ��
�� � ������
�� � ������.

Remark 10.2. The conditional CCA procedure of Section 10.4 applied to finite past
data provides an approximate state vector ��� ��� differing from ���� by an additive
initial condition term which tends to zero as � � ��. In fact, from (10.41),

��� ��� � �������� �
����� � �������� ���������

����� � ����� �� (10.43)

Recall from (10.24) that ���� � �� �������� �
����� � ��� � holds. Then the first term

in the right-hand side of the above equation is an oblique projection which can be
obtained by the conditional CCA of the finite future and past data.

Since ���� � ��� holds, the second term in the right-hand side of (10.43) tends to
zero for � � �� by the absence of feedback, and hence the oblique projection of
���� onto the future ����� � along the past ������ tends to the oblique projection along
�
�
� , which is clearly zero. �
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10.6 CCA Method

In this section, a procedure of computing matrices �� and �� based on finite input-
output data is developed. A basic procedure is to compute approximate solutions of
the discrete Wiener-Hopf equations of (10.10), from which we have

�� � ������������
�� � ������ (10.44)

�� � ������������
�� � ������ (10.45)

Once we obtain�� and ��, subspace identification methods of computing the system
parameters �, �, �, �, � are easily derived.

Suppose that finite input-output data ��	�
 ��	� for 	 � �
 �
 � � � 
 � � �
 � �
are given with � sufficiently large and 
 positive. We assume that the time series
���	�
 ��	�� are sample values of the jointly stationary processes ��
 �� satisfying
the assumptions of the previous sections, in particular the finite dimensionality and
the feedback-free conditions. In addition, we assume throughout this section that the
sample averages converge to the “true” expected values as � ��.

Recall that � � � � �, the dimension of the joint process ��
 ��. Define the

��� block Toeplitz matrix with � columns

������� ��

�
����

��
 � �� ��
� � � � ��
 �� � ��
��
 � �� ��
 � �� � � � ��
 �� � 	�

...
...

...
���� ���� � � � ��� � ��

�
���� � �

����

where ������� denotes the past input-output data. Also, define block Hankel matrices

������� ��

�
����

��
� ��
 � �� � � � ��
 �� � ��
��
 � �� ��
 � �� � � � ��
 ���

...
...

...
���
 � �� ���
� � � � ��� � �
 � ��

�
���� � �

����

and

������� ��

�
����

��
� ��
 � �� � � � ��
 �� � ��
��
 � �� ��
 � �� � � � ��
 ���

...
...

...
���
 � �� ���
� � � � ��� � �
 � ��

�
���� � �

����

where ������� and ������� denote the future input and the future output data, re-
spectively.

In the following, we assume that the integer 
 is chosen so that 
 � �, where �
is the dimension of the underlying stochastic system generating the data. Also, we
assume that the input is PE with order �
, so that������� has full row rank. Consider
the following LQ decomposition:
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��
�

�
��
�������
�������

�������

�
�� �

�
�
��� � �
��� ��� �
��� ��� ���

�
�
�
�
��
�

��
�

��
�

�
� �� ���� (10.46)

where ��� � �
����� , ��� � �

����� , ��� � �
����� are block lower triangular,

and matrices �� are orthogonal with ��

� �� � �Æ�� .
By using (10.46), we have
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��� ��� ���
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It therefore follows that ��� � ����
�
��

, ��� � ����
�
��

, ��� � ����
�
��

, and

��� � ����
�

�� �����
�

��� ��� � ����
�

�� �����
�

��

��� � ����
�

�� �����
�

�� �����
�

��

From the definition of conditional expectation of Lemma 10.1, we get

��� �� � ��� �����
��
����� � ����

�

�� �����
�

�� (10.47a)

����� � ��� �����
��
����� � ����

�

�� (10.47b)

����� � ��� �����
��
����� � ����

�

��
(10.47c)

����� � ��� �����
��
�� ���
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� �����
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�����

�

��
����
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��
(10.47d)
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�
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���
�� ����

�

��
(10.47e)

It should be noted here that ��� is positive definite by the PE condition. Also, we
assume that ��� and ����� are positive definite.

Lemma 10.6. In terms of ��� of (10.46),	� and 
� are respectively expressed as

	� � ����
��
��

(10.48)


� � ���� �����
��
��
�����

��
��

(10.49)

Proof. Since ��
�������

�
���

�� � ���
��

, (10.48) is obvious from (10.44). We show
(10.49). It follows from (10.47d) and (10.47e) that

����� � ����
�

�� � �����
�

�� �����
�

����
��
�� ����
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���
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�

���
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and ����� � ������� � ��
��
���
�� �����

�
��

, respectively. From (10.45),
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The right-hand side is equal to that of (10.49). �

Comparing the LQ decompositions of (10.46) and (6.59), we see that ��
�������

and �� obtained in Lemma 10.6 are the same as � of (6.65) and �� of (6.66), respec-
tively. Thus, the present method based on the CCA technique is closely related to the
N4SID method. The following numerical procedure is, however, different from that
of the N4SID in the way of using the SVD to get the extended observability matrix.

In the following algorithm, it is assumed that the conditional covariance matrices
��� ��, �����, ����� of (10.47) have already been obtained.

Subspace Identification of Stochastic System – CCA Method

Step 1: Compute the square roots of conditional covariance matrices2

��� �� � ���� ����� �		�

Step 2: Compute the normalized SVD [see (10.19)]

��������	
�� � 
�� �

�
�
 �� �� �

and then we get
����� � � �
 �� �� �	�

where �� is obtained by neglecting smaller singular values, so that the dimension of
the state vector equals ���� ���.

Step 3: Define the extended observability and reachability matrices by [see
(10.21)]

�� � � �
 ������ �� � ����� �� �	�

Algorithm A: Realization-based Approach

Step A4: Compute 
 and � by


 � ����� 	 
 ��� 	 
 ������	 
 �� � 	��� 	 
 ��

� � ���	 
 �� 	 
 ��

2In general, there is a possibility that ��� �� and/or ����� are nearly rank deficient. Thus
we use svd to compute � and� rather than chol, and the inverses are replaced by the pseudo-
inverses.
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Step A5: Given �, � and �� of (10.49), compute � and � by the least-squares
method�

��������

�� ����
� ����

�� ����
� ����

...
...

�� ����

�
��������
�
�

�

�
�

�
�������

���� � ��� � � 	�

����� � � ���	� � � �	�

...

����� � ���� � � ��� �� � ��	� � � �	�

�
�������

where �� � ���� � 
�� � � ��, 
 � �.

Remark 10.3. Comparing the LQ decompositions of (10.46) and (9.48), we observe
that since the data are the same except for arrangement,��� of (10.46) corresponds
to �
�� 
��	 of (9.48). Thus the construction of the extended observability matrix is
quite similar to that of PO-MOESP [171]; see also Remark 9.3. It may be noted that
a difference in two methods lies in the use of a normalized SVD of the conditional
covariance matrix. �

We next present a subspace identification algorithm based on the use of the state
estimates. The algorithm until Step 3 is the same as that of Algorithm A.

Algorithm B: Regression Approach Using State Vector

Step B4: The estimate of the state vector is given by [see (10.22)]


�� � ���
��
����

������� � ����� �� ���� ������� � �
���

and compute matrices with � � � columns

����� � 
����� � � �� ��� � 
����� � � � � ��

����� � ������� � � � � �� ����� � ���� � � � � ��

where �����, the state vector at time � � �, is obtained by shifting ��� under the
assumption that � is sufficiently large.

Step B5: Compute the estimate of the system matrices ��� �� �� �� by apply-
ing the least-squares method to the following overdetermined equations�

�����

�����

	
�

�
� �

� �

	�
���

�����

	
�

�
��
��

	

where �� � �������� and �� � �������� are residuals.

Step B6: Compute the error covariance matrices�
��� ���

��� ���

	
�

�

� � �

�
���

�
� ���

�
�

���
�
� ���

�
�
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and solve the Kalman filter ARE [see (8.83)]

� � ���� � ����� ���������
� �����

������� �����
� ����

Then, by using the stabilizing solution, the Kalman gain is given by

� � ����� ���������
� �����

��

where the matrix ���� is stable.
A program of Algorithm B is listed in Table D.6. �

The above procedure is correct for infinitely long past data and � � �. For,
it follows from Lemma 10.5 that the exact relations ��� � � � ����	����	��,
��� � �����

�,��� � ���� should hold, so that the unique stabilizing solution
of the Kalman filter ARE above exists and is actually � � �.

For the finite data case, these exact relations do not hold and the sample covari-
ance matrices computed in Step B5 vary with 
 and � . However, under the assump-
tion that the data are generated by a true system of order �, if � and 
 are chosen
large enough with � � 
, the procedure provides consistent estimates. It should be
noted that the Kalman filter ARE has a unique stabilizing solution � � � from which
we can estimate �. This is so, because by construction of the extended observability
matrix ��, the pair ����� is observable and the covariance matrix of residuals is
generically nonnegative definite.

10.7 Numerical Examples

We show some numerical results obtained by the CCA method, together with results
by the ORT and PO-MOESP methods. We employ Algorithm B, which is based on
the use of the estimate of the state vector.

�

� �

��

��
� � ��� �

�
�
��

�

��

�
�

Figure 10.4. Simulation model

We consider the simulation model shown in Figure 10.4, from which the input-
output relation of the system is expressed as


�	� � � ������	� � ���	�� ���	� � ��	� � ���	� (10.50)

where �� and �� are zero mean noises additively acting on the input and output
signals, respectively. The plant � ��� is the same as the one used in Section 9.8, and
is given by



10.7 Numerical Examples 293

−1 −0.5 0 0.5 1
−1

−0.8

−0.6

−0.4

−0.2

0

0.2

0.4

0.6

0.8

1

Real Part

Im
ag

in
ar

y 
Pa

rt

(a) (�� = colored, �� � �)

0 0.5 1 1.5 2 2.5 3
−60

−50

−40

−30

−20

−10

0

10

Frequency [rad/sec]

G
ai

n 
[d

B
]

(b) (�� = colored, �� � �)

Figure 10.5. Identification results by CCA
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Figure 10.6. Identification results: (a) MOESP and (b) ORT

� ��� �
���������� ���������

�� ��	

	���� 	������� � �����
��� � ���
������ ��	������

Case 1: We consider the case where a colored noise is acting on the output, i.e.,
�� is colored noise and �� � �. The plant input � is a white noise with mean zero
and variance ��

�
� �, where the colored noise �� is an ARMA process generated by

�� � �����, where the noise model is given by

���� �
�� ������ � ��
����

� � ��
��� � ������

and � is a zero mean white noise with variance ��
�
, whose value is adjusted so that

the variance of the colored noise becomes nearly ��
�
� ����.

The Bode gain plots of transfer functions � ��� and ���� are displayed in Figure
9.8 in Section 9.83. In the CCA and PO-MOESP methods, which are based on the
innovation models, it is implicitly assumed that the plant and noise models have the
same poles. However, note that the plant and noise models have different poles in

3The simulation conditions of the present example are the same as those of the example
in Section 9.8; see Figures 9.9(b) and 9.10(b).
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the simulation model of Figure 10.4; this is not consistent with the premise of the
CCA and PO-MOESP methods. In fact, as shown below, results by the CCA and
PO-MOESP methods have biases in the identification results.

As mentioned in Chapter 9, however, the ORT method conforms with this sim-
ulation model, since the ORT is based on the state space model with independent
parametrizations for the plant and noise models. Hence, we expect that the ORT will
provide better results than the CCA and PO-MOESP methods.

Taking the number of data � � ���� and the number of block rows � � ��,
we performed 30 simulation runs. Figure 10.5(a) displays the poles of the identified
plant by the CCA method, where� denotes the true poles of the plant, and � denote
the poles identified by 30 simulation runs. Figure 10.5(b) displays the Bode plots
of the identified plant transfer functions, where the true gain is shown by the solid
curve.

For comparison, Figure 10.6(a) and 10.6(b) display the poles of the identified
plants by the PO-MOESP and ORT methods, respectively. In Figures 10.5(a) and
10.6(a), we observe rather large biases in the estimates of the poles, but, as shown in
Figure 10.6(b), we do not observe biases in the results by the ORT method. Moreover,
we see that the results by the CCA method are somewhat better than those by the PO-
MOESP method.

Case 2: We consider the case where both �� and �� are mutually uncorrelated
white Gaussian noises in Figure 10.4, so that ���� � �.

First we show that in this case the model of Figure 10.4 is reduced to an innova-
tion model with the same form as the one derived in Theorem 10.2. It is clear that
the effect of the noise �� on the output is given by � �����, so that the input-output
relation of (10.50) is described by

���� � � ������� � �� � ����

�
�����
�����

�
(10.51)

where the noise model is a � � 	 transfer matrix 	��� � �� � ����; thus the poles
of the plant and the noise model are the same. Hence, the transfer matrix model of
(10.51) is a special case of the innovation model (see Figure 10.3)

���� � � ������� �����
���

where ���� is a minimum phase transfer matrix satisfying

��� ���
����� � 	�
���

�
��� �
� ��

�

�
	��
��� � ��

�
� ��

�
�� �
�����

with ���� � �.
The transfer matrix���� can be obtained by a technique of spectral factorization.

In fact, deriving a state space model for the noise model	����, and solving the ARE
associate with it, we obtain an innovation model, from which we have the desired
transfer function ����. Thus, in this case, the model of Figure 10.4 is compatible
with the CCA method.
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(a) CCA (��� �� = white)
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(b) CCA (��� �� = white)

Figure 10.7. Identification results by CCA
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(a) ORT (��� �� = white)

0 0.5 1 1.5 2 2.5 3
−60

−50

−40

−30

−20

−10

0

10

Frequency [rad/sec]

G
ai

n 
[d

B
]

(b) ORT (��� �� = white)

Figure 10.8. Identification results by ORT

Numerical results by the CCA and ORT methods are displayed in Figures 10.7
and 10.8, respectively, where it is assumed that ��

�
� ����, ��

�
� ����, ��

�
� �, and

the number of data � � ����, the number of block rows � � ��. Since both �� and
�� are white noises, we do not see appreciable biases in the poles of the identified
plants, though there are some variations in the estimates. This is due to the fact that
the present simulation model is fitted in with the CCA method as well as with the
ORT method.

In the simulations above, we have fixed the number of data � and the number of
block rows �. In the next case, we present some simulation results by the CCA and
ORT methods by changing the number of block rows �.

Case 3: We present some simulation results by the CCA and ORT methods
by changing the number of block rows as � � �� ��� ��� ��, while the number of
columns of data matrices is fixed as � � ����. The simulation model is the same
as in Case 2, where there exist both input and output white noises, and the noise
variances are fixed as ��

�
� � and ��

�
� ����.

We see from Figure 10.9 that the performance of identification by the CCA
method is rather independent of the values of �. Though it is generally said that a
sufficiently large � �� �	 is recommended, the present results show that the recom-
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(a) CCA (� � ����, � � �)
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(b) CCA (� � ����, � � ��)
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(c) CCA (� � ����, � � ��)
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(d) CCA (� � ����, � � ��)

Figure 10.9. Identification results by CCA

mendation is not always true. We can thus safely say that the number of block rows
� should be chosen in relation to the number of columns� .

Figure 10.10 displays the results of identification by the ORT method. In contrast
to the results by CCA method, the performance is improved by taking larger �, while
for small � we see some variations in the poles of identified plant. These results
may be due to the fact that computation of the deterministic components by the LQ
decomposition is not very accurate if � gets smaller.

In this section, we have compared simulation results by using the CCA and ORT
methods. We observe that the performance of CCA method is slightly better than
that of PO-MOESP, where both methods are based on the innovation models. We
also conclude that the performance of the ORT method is better than that of the CCA
method, especially if we use a general noise model.

10.8 Notes and References

� In this chapter, we have described some stochastic realization results in the pres-
ence of exogenous inputs based on Katayama and Picci [90]. As in Chapter 9,
we have assumed that there is no feedback from the output to the input, and the
input has a PE condition of sufficiently high order.
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(a) ORT (� � ����, � � �)
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(b) ORT (� � ����, � � ��)
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(c) ORT (� � ����, � � ��)
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(d) ORT (� � ����, � � ��)

Figure 10.10. Identification results by ORT

� In Section 10.1, after stating the stochastic realization problem in the presence
of an exogenous input, we considered a multi-stage Wiener prediction problem
of estimating the future outputs in terms of the past input-output and the future
inputs. This problem is solved by using the oblique projection, and the optimal
predictor for the future outputs is derived in Section 10.2.

� In Section 10.3, by defining the conditional CCA, we have obtained a state vector
for a stochastic system that includes the information contained in the past data
needed to predict the future. In Section 10.4, the state vector so defined is em-
ployed to derive a forward innovation model for the system with an exogenous
input.

� In Section 10.5, we have provided a theoretical foundation to adapt the stochastic
realization theory to finite input-output data, and derived a non-stationary inno-
vation model based on the transient Kalman filter. In Section 10.6, by means of
the LQ decomposition and SVD, we have derived two subspace identification
methods. A relation of the CCA method to the N4SID method is also clarified.
In Section 10.7, some simulation results are included.

In the following, some comments are provided for the CCA method developed
in this chapter and the ORT method in Chapter 9, together with some other methods.
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� The earlier papers dealt with subspace identification methods based on the CCA
are [100,101,128]. The method of Larimore, called the CVA method, is based on
the solution of �-step prediction problem, and has been applied to identification
of many industrial plants; see [102] and references therein.

� In the ORT method developed in Chapter 9, as shown in Figure 10.11, we start
with the decomposition of the output � into a deterministic component �� � �

and a stochastic component �� � ��, thereby dividing the problem into two
identification problems for deterministic and stochastic subsystems. Hence, from
the point of view of identifying the plant, the ORT method is similar to determin-
istic subspace identification methods, and the identification of the noise model is
a version of the standard stochastic subspace identification method for stationary
processes.

��

� �
��

��

�

�

Figure 10.11. Orthogonal decomposition

� On the other hand, the CCA method is based on the conditional canonical cor-
relations between the future and the past after deleting the effects of the future
inputs, so that this method is regarded as an extension of the CCA method due to
Akaike [2, 3], Desai et al. [42, 43], and Larimore [100, 101].
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Identification of Closed-loop System

This chapter discusses the identification of closed-loop systems based on the sub-
space identification methods developed in the previous chapters. First we explain
three main approaches to the closed-loop identification. Then, in the framework of
the joint input-output approach, we consider the stochastic realization problem of
the closed-loop system by using the CCA method, and derive a subspace method of
identifying the plant and controller. Also, we consider the same problem based on the
ORT method, deriving a subspace method of identifying the plant and controller by
using the deterministic component of the joint input-output process. Further, a model
reduction method is introduced to get lower order models. Some simulation results
are included. In the appendix, under the assumption that the system is open-loop
stable, we present simple methods of identifying the plant, controller and the noise
model from the deterministic and stochastic components of the joint input-output
process, respectively.

11.1 Overview of Closed-loop Identification

The identification problem for linear systems operating in closed-loop has received
much attention in the literature, since closed-loop experiments are necessary if the
open-loop plant is unstable, or the feedback is an inherent mechanism of the system
[48, 145, 158]. Also, safety and maintaining high-quality production may prohibit
experiments in open-loop setting.

The identification of multivariable systems operating in closed-loop by subspace
methods has been the topic of active research in the past decade. For example,
in [161], the joint input-output approach is used for deriving the state space mod-
els of subsystems, followed by a balanced model reduction. Also, based on a sub-
space method, a technique of identifying the state space model of a plant operating in
closed-loop has been studied by reformulating it as an equivalent open-loop identifi-
cation problem [170]. In addition, modifying the N4SID method [165], a closed-loop
subspace identification method has been derived under the assumption that a finite
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Figure 11.1. A feedback system [48]

number of Markov parameters of the controller are known [167]. And, a subspace-
based closed-loop identification of linear state space model has been treated by using
the CCA technique [34].

Figure 11.1 shows a typical feedback control system, where � ���, ����, and
���� denote respectively the plant, the controller and the noise model, and where � is
the exogenous input, � the control input, and � the plant output, � the unmeasurable
disturbance. A standard closed-loop identification problem is to identify the plant
based on the measurable exogenous input � and the plant input � and output �.

A fundamental difficulty with closed-loop identification is due to the existence
of correlations between the external unmeasurable noise � and the control input �.
In fact, if there is a correlation between � and �, it is well known that the least-
squares method provides a biased estimate of the plant1. This is also true for subspace
identification methods. Recall that we have assumed in Chapters 9 and 10 that there
is no feedback from the output � to the input �, which is a basic condition for the
open-loop system identification.

We review three approaches to closed-loop identification [48, 109]. The area of
closed-loop identification methods can be classified into three groups.

1. Direct Approach Ignoring the existence of the feedback loop, we directly ap-
ply open-loop identification methods to the measurable input-output data ��� ��
for identifying the plant � ���.

2. Indirect Approach Suppose that the exogenous input � is available for identifi-
cation, and that the controller transfer function ���� is known. We first identify
the transfer function 	����� from � to the output �, and then compute the plant
transfer function by using the formula

� ��� �
	�����

�� ����	�����
(11.1)

3. Joint Input-Output Approach Suppose that there exists an input � that can be
utilized for system identification. We first identify the transfer functions 	�����
and 	����� from the exogenous input � to the joint input-output ��� ��, and then
compute the plant transfer function using the algebraic relation

1This situation corresponds to the case where Assumption A1) in Section A.1 is violated.
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� ��� �
������

������
(11.2)

We shall now provide some comments on the basic approaches to closed-loop
identification stated above.

� It is clear that the direct approach provides biased estimates. However, since the
procedure is very simple, this approach is practical if the bias is not significant.
In order to overcome the difficulty associated with the biases, modified methods
called two stage least-square methods and the projection method are developed
in [49, 160]. The basic idea is to identify the sensitivity function of the closed-
loop system by using ARMA or finite impulse response (FIR) models, by which
the estimate �� of the input � is generated removing the noise effects. Then, the
estimated input �� and the output � are employed to identify the plant transfer
function using a standard open-loop identification technique.

� For the indirect approach, the knowledge of the controller transfer function is
needed. However due to possible deterioration of the controller characteristics
and/or inclusion of some nonlinearities like limiter and dead zone, the quality of
the estimates will be degraded. Moreover, the estimate of � ��� obtained by (11.1)
is of higher order, which is typically the sum of orders of ������ and ����, so
that we need some model reduction procedures. There are also related methods of
using the dual Youla parametrization, which parametrizes all the plants stabilized
by a given controller. By using the dual Youla parametrization, the closed-loop
identification problem is converted into an open-loop identification problem; see
[70, 141, 159] for details.

� The advantage of the joint input-output approach is that the knowledge of the
controller is not needed. However, the joint input-output approach has the same
disadvantage as the indirect approach that the estimated plant transfer functions
are of higher order. It should also be noted that in this approach we should deal
with vector processes even if we consider the identification of scalar systems. In
this sense, the joint input-output approach should be best studied in the frame-
work of subspace methods.

11.2 Problem Formulation

11.2.1 Feedback System

We consider the problem of identifying a closed-loop system based on input-output
measurements. The configuration of the system is shown in Figure 11.2, where
� � �

� is the output vector of the plant, and � � �
� the input vector. The noise

models ���� and � ��� are minimum phase square rational transfer matrices with
���� � �� and � ��� � ��, where the inputs to the noise models are respectively
white noises 	 � �� and 
 � �� with means zero and positive definite covariance
matrices. The inputs �� � �

� and �� � �
� may be interpreted as the exogenous

reference signal and a probing input (dither) or a measurable disturbance.
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Figure 11.2. Closed-loop system

Let the plant be a finite dimensional LTI system described by

���� � � ������� ��������� (11.3)

where � ��� is the �����-dimensional transfer matrix of the plant. Also, the control
input is generated by

���� � 	���� � 
����	����� ����� � � ������� (11.4)

where 
��� denotes the ��� ��-dimensional transfer matrix of the LTI controller.
We introduce the following assumptions on the closed-loop system, exogenous

inputs, and noises.

Assumption 11.1. A1) The closed-loop system is well-posed in the sense that ��
 ��
are uniquely determined by the states of the plant and controller and by the exoge-
nous inputs and noises. This generic condition is satisfied if �� � � ���
��� and
�� � 
���� ��� are nonsingular. For the sake of simplicity, it is assumed that the
plant is strictly proper, i.e., � ��� � �.

A2) The controller internally stabilizes the closed-loop system.

A3) The exogenous input 	 ��

�
	�
	�

�
� �

� �� � ���� satisfies PE condition,

and is uncorrelated with the noise � ��

�
�

�

�
� �

� ; thus 	����, 	����, ����, ����

are uncorrelated for all �
 �
 �
 � � �.

In the following, we consider the problem of identifying the deterministic part of
the closed-loop system, or the plant � ��� and controller 
���, using the measurable
finite data �	����
 	����
 ����
 ����
 � � �
 �
 � � � 
 � � ��.

Remark 11.1. The identification of controller 
��� may not be needed in applica-
tions. However, if the identified controller agrees well with the known controller
transfer function, this will be an evidence that the identification results are plausible.
Also, there are many chemical plants which contain recycle paths of energy and ma-
terials, so that the identification of closed-loop systems is very important from both
theoretical and practical points of view. �
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The objective of this chapter is to obtain state space models of the plant � ��� and
the controller ���� based on finite measurement data ������� ������ ����� ����� by
using subspace identification methods. In the following, we present two closed-loop
identification algorithms based on the CCA and ORT methods. The first one, based
on the CCA method, is rather close to that of Verhaegen [170]. The second one,
based on the ORT method, is quite different from existing closed-loop idnetification
algorithms, including that of [170].

11.2.2 Identification by Joint Input-Output Approach

In order to obtain state space models of the plant and controller in closed-loop, we
use the joint input-output approach.

Define the joint input-output process

� ��

�
�

�

�
� �� (11.5)

It then follows from Figure 11.2 that these signals are related by

���� � 	��������� � 	�����
��� (11.6)

where 	����� and 	����� are the closed-loop system transfer matrices defined by

	����� �

�
	������ 	������
	������ 	������

�
�

�
� ������������ � ��������
��������� �����

�
(11.7)

and

	����� �

�
	����� 	�����
	����� 	�����

�
�

�
�	������� � ��������
 ���

������	������� �����
 ���

�

and where

����� � ��
 � ����� ������� �	��� � ��� � � ����������

are the input and output sensitivity matrices, respectively.
Recall that the feedback system is internally stable if and only if the four transfer

matrices in (11.7) are stable. Since � and 
 are uncorrelated in (11.6), there is no
feedback from � to �; hence we can employ open-loop identification techniques to
estimate the transfer matrix 	����� � �	������ 	�������, using measurements of
the input � and the output �.

In order to deal with a well-posed estimation problem, these transfer matrices
should be uniquely obtainable from the overall transfer matrix 	�����. It follows
from (11.7) that � ��� and ���� are identifiable from

� ��� � 	������	
��

���
���� ���� � 	�����

���	������ (11.8)

where the inverse exists because ����� is invertible. Hence, contrary to the indirect
approach [167], we do not need the knowledge of the controller, nor the auxiliary



304 11 Identification of Closed-loop System

input needed in the method based on the dual-Youla parametrization approach. It
should, however, be noted that in order that both � ��� and ���� be uniquely identi-
fiable from the data, in general we need to have both signals �� and �� acting on the
system2.

In addition to Assumption 11.1 A1) � A3), we need the following.

Assumption 11.2. There is no feedback from the joint input-output process � to the
exogenous input �. �

11.3 CCA Method

In this section, we apply the CCA method developed in Chapter 10 to the closed-
loop identification problem of identifying the plant and controller based on the joint
input-output approach.

11.3.1 Realization of Joint Input-Output Process

It follows from Theorem 10.2 that the innovation model for the joint input-output
process � with the input � has the following form

��� � �� � ����� � ��� ���

�
�����
�����

�
� �	� 	��

�

����

����

�
(11.9a)

�
����
����

�
�

�
��

��

�
���� �

�
� �

�� 
��

� �
�����
�����

�
�

�

����

����

�
(11.9b)

where the dimension of the state vector is generically the sum of the orders of the
plant and controller �� � ������, and where
�� � �,
�� � � from the condition
� ��� � �.

We see from (11.9) that the transfer matrices from �� to � and from �� to �, � are
given by

���� �

�
� ��

�� 
��

�
� ���� �

�
� ��

�� �

�
� ���� �

�
� ��

�� 
��

�
(11.10)

Thus we have the following result.

Lemma 11.1. Suppose that a realization of the joint input-output process � is given
by (11.9). Then, realizations of the plant and controller are respectively computed by

� ��� �

�
����


��

��
�� ��


��

��

�� �

�
(11.11)

and

2The case where one of the two signals is absent is discussed in [89].
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���� �

�
�����

��

��
�� �� ����

��

��
���

���
��
�� ���

��
���

�
(11.12)

Proof. Since � � �����
��

���
, it follows from (11.10) that

� ��� �

�
� ��

�� �

��
� ��

�� ���

�
��

�

�
� ��

�� �

��
�����

��

��
�� ���

��

��

����
��
�� ���

��

�

�

�
� � ����

��

��
�� ���

��

��

� �����
��

��
�� ���

��

��

�� � �

�
�

By the coordinate transform � �

�
� �

� �

�
, we obtain (11.11). Also, from the relation

� � ���
���

���� , we can prove (11.12). �

It may be noted that the matrix��� should be nonsingular to compute the inverse
matrix above. This implies that the exogenous input �� must satisfy the PE condition.

Let the state space models of the plant and controller be given by

	��
� �� � ��	��
� �����
� (11.13a)

��
� � ��	��
� (11.13b)

and

	��
� �� � ��	��
� �������
�� ��
�� (11.14a)

��
� � ���
� � ��	��
� �������
�� ��
�� (11.14b)

where 	� � �
�� and 	� � �

�� are the state vectors of the plant and controller,
respectively. We show that the models of (11.11) and (11.12) are not minimal.

Lemma 11.2. Suppose that realizations of the plant and controller are respectively
given by (11.13) and (11.14). Then, the following realizations

� ��� �

�
� �� � ��

����� �� �
�� � �

�
� (11.15)

and

���� �

�
� �� � �
����� �� ��

����� �� ��

�
� (11.16)

are input-output equivalent to realizations of (11.11) and (11.12), respectively.
Hence, the reachable and observable part of non-minimal realizations are the state
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space realizations of the plant and controller, respectively.

Proof. Combining (11.13) and (11.14) yields

������ �

�
���
�� ������� ���� ���� ��

����� �� �� �
�� � � �

����� �� �� ��

�
��� (11.17)

For simplicity, we define

�� �

�
�� �

����� ��

�
� � ���

���� �

�
���� ��

�� �

�
�

�
���

���

�
�

�
�� �

����� ��

�

Then, we have

������� �

� ��� ���
���

���

��� �

�
� ������� �

� ��� ���
���

���

��� ��

�

so that ���
���

��� �

� �� �

���

��� ��

�
. Thus, it follows that

� ��� � ��������
��

���
��� �

�
�

�� � �

���

���
���

��� ���
���

���

� ��� �

�
� ��

�
�� ��

�� �

�

Let 	 �

�
� �
�� �

�
, and 	�� �

�
� �
� �

�
. Then, we obtain

	����	 �

�
�� �
� ��� ���

���

�
� 	���� �

�
�

���

�

�
� ��	 � �� ���

��� �

It therefore follows that

� ��� �

�
�

�� � �

���

� ��� ���
��� �

�

���
��� �

�
� �

� �� ���

��� �

�

The right-hand side is equal to (11.15). Similarly, for a proof of (11.16), we can use

������� �

� ��� ���
���

���

��� ��

�
obtained from (11.17) and ���� � ��������

��

���
���.

For the realization (11.15), it follows from Theorems 3.4 (ii) and 3.7 (ii) that the
rank conditions

	
��

�
�� ��� � ��

���� �� ��� �

�

 �� � ��� � � �����

and



11.3 CCA Method 307

����

�
� �� ��� �

���� �� ���

�� �

�
� � �� � ��� � � �����

hold, implying that there are �� pole-zero cancellations in the realization of 	 ���.
Thus, this realization is unreachable and unobservable. Hence the reachable and ob-
servable part of the realization (11.15) will be a relevant state space realization of the
plant. For the realization (11.16) of the controller, it can be shown that there exist ��
pole-zero cancellations. �

Since a strict pole-zero cancellation does not exist in the realizations of (11.11)
and (11.12), which are identified by using finite data, we see that the dimension of
the state space realizations are of higher dimension with � �	 �����. It is therefore
necessary to obtain lower order models from higher order models by using a model
reduction procedure. This problem is treated in Section 11.5.

11.3.2 Subspace Identification Method

We describe a subspace identification method based on the results of Section 10.6.
Let 
����� 
����� ����� 
���, � 	 �� 
� � � � � � � �� � � be a set of given finite data,
where � is sufficiently large and � � �. Recall that the exogenous inputs and the

joint input-output� are defined as 
��� 	

�

����

����

�
� �

� and ���� 	

�

���
����

�
� �

� ,

where � 	 ���.
Let � be the present time. Define the block Toeplitz matrix formed by the past

data as

�	����� �	

�
������

��� � 
� ���� � � � ��� �� � ��

�� � 
� 
��� � � � 
�� �� � ��

...
...

. . .
...

���� ��
� � � � ��� � 
�

��� 
�
� � � � 
�� � 
�

�
������
� �

�����

Similarly, the block Hankel matrices formed by the future of 
 and� are respectively
defined as

������� �	

�
����


��� 
�� � 
� � � � 
�� �� � 
�

�� � 
� 
�� � �� � � � 
�� ���

...
...

...

��� � 
� 
���� � � � 
�� � �� � ��

�
���� � �

����

and

������� �	

�
����

���� ��� � 
� � � � ��� �� � 
�
��� � 
� ��� � �� � � � ��� ���

...
...

...
���� � 
� ����� � � � ��� � �� � ��

�
���� � �

����
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We consider the LQ decomposition

��
�

�
� �������

�������
�������

�
� �

�
���� � �
��� ��� �
��� ��� ���

�
�
�
��

�
�

��
�

��
�

�
� �� ���� (11.18)

where ��� � �
����� , ��� � �

������� , ��� � �
����� are lower block triangular

and �� are orthogonal. Then, the conditional covariance matrices are given by

����� � ����
�
�� �����

�
��� ����� � ����

�
��� ����� � ����

�
��

The following closed-loop subspace identification algorithm is derived by using
Algorithm B of Section 10.6.

Closed-loop Identification – CCA Method

Step 1: Compute the square root matrices such that

����� � ���� ����� ����

Step 2: Compute the SVD of a normalized covariance matrix by

���������
�� � 	
� � � �	 �
 �� �

where �
 is obtained by deleting smaller singular values of 
.

Step 3: Define the extended observability and reachability matrices as

�� � � �	 �
���� �� � �
��� �� ���

Step 4: Compute the estimate of state vector by

��� � ���
��
����

������� � �
��� �� ���� �������

and form the following matrices with � � � columns

����� � ������ 	 � �
� ��� � ������ � � � � �


����� �������� � � � � �


Step 5: Compute the estimates of the matrices �
� �� �� �
 by applying the
least-squares method to the regression model�

�����

�����

�
�

�

 �

� �

��
���

����

�
�

�
��
��

�

Step 6: Partition the matrices �� �� � as

� � ��� ���� � �

�
��
��

�
� � �

�
� �
��� ���

�

and compute the higher order models � ��
 and ���
 of the plant and controller by
the formulas (11.11) and (11.12), respectively.

Step 7: Compute lower dimensional models by using a model reduction algo-
rithm (see Section 11.5).
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11.4 ORT Method

In this section, we develop a closed-loop subspace identification method based on
the ORT method derived in Chapter 9.

11.4.1 Orthogonal Decomposition of Joint Input-Output Process

As usual, we introduce Hilbert spaces generated by the exogenous inputs and by the
joint input-output process, which are respectively denoted by

� � ��������� � � � �� ��� � � � �� � � ��������� � � � �� ��� � � � �

We also define Hilbert subspaces spanned by the infinite past and infinite future of
the various processes at the present time � as

�
�

�
	� ��������� � � � ��� �

�

�
	� ��������� � � � ��

and
�
�

�
	� ��������� � � � ��� �

�

�
	� ��������� � � � ��

These are all subspaces of the ambient Hilbert space � 	� � �� spanned by the
observable input and output processes ��� ��.

Since there is no feedback from � to �, the future of � is conditionally uncorre-
lated with the past of � given the past of �. From Theorem 9.1 (ii), this feedback-free
condition is written as


������ � �� � 
������ � ��
����� � � ����� � � � (11.19)

implying that the smoothed estimate of � based on � is causal.
It follows from (11.19) that

����� � ����� 
������ � ��
����

� ����� 
������ � �� � 
������ � ���

where �� is the orthogonal complement of � in �, and �� is called the stochastic
component of �. Similarly,

����� � 
������ � ��

is called the deterministic component of �. The deterministic component �� is the
part of � that can be linearly expressed in terms of the exogenous input �.

As in Section 9.4, we obtain the orthogonal decomposition of the joint input-
output process � � �� � ��, i.e.,

�
����
����

�
�

�
�����
�����

�
�

�
�����
�����

�
(11.20)
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where the deterministic and stochastic components are mutually uncorrelated, so that
we see from Lemma 9.3 that

��������
�

�
���� � �� � �� � � �� ��� � � �

Applying this orthogonal decomposition to the feedback system shown in Figure
11.2, we have equations satisfied by the deterministic and stochastic components.

Lemma 11.3. The deterministic and stochastic components respectively satisfy the
decoupled equations

����� � � �������� (11.21a)

����� � 	���� � 
����	����� ������ (11.21b)

and

����� � � �������� ��������� (11.22a)

����� � �
�������� � 
 ������� (11.22b)

Proof. From (11.3), (11.4) and (11.20), we have

����� � ����� � � ��������� � ������ ���������

����� � ����� � 	���� � 
����	����� ������ ������ � 
 �������

Since �� �� ��� �� are orthogonal to �, the orthogonal projection of the above equa-
tions onto � and �� yields (11.21) and (11.22), respectively. �

We can easily see from (11.21) that�
�����

�����

�
�

�
� ��������
��� � ��������

�����
��� �����

��
	����

	����

�
(11.23)

Since the transfer matrices in the right-hand side of (11.23) are the same as those of
(11.7), the transfer matrices of the plant and the controller can be obtained from a
state space realization of the deterministic component ��.

We can draw some interesting observations from Lemma 11.3 for the decoupled
deterministic and stochastic components.

1. We see that the realizations of deterministic and stochastic components can be
decoupled, since the two components are mutually uncorrelated. It should be,
however, noted that though true for infinite data case, the above observation
is not true practically. This is because, in case of finite input-output data, the
estimate of the stochastic component �� is influenced by the unknown initial
condition associated with the estimate of the deterministic component �� as
discussed in Section 9.6. However, the effect due to unknown initial conditions
surely decreases for a sufficiently long data.
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2. Suppose that � ��� and ���� are stable. Then, we can apply the ORT method
to the deterministic part (11.21) to obtain state space realizations of � ��� and
����; see Appendix of Section 11.8. In this case, we also show that the noise
models ���� and � ��� can be obtained from the stochastic part (11.22).

3. If � ��� and/or ���� is open-loop unstable or marginally stable, we cannot fol-
low the above procedure, since the deterministic (or stochastic) subspace method
applied to (11.21) yields erroneous results. For, it is impossible to connect the
second-order stationary processes �� and �� (or �� and ��) by an unstable trans-
fer matrix � ���. Moreover, controllers in practical control systems are often
marginally stable due to the existence of integrators implemented. In this case,
we need the joint input-output approach as show below.

11.4.2 Realization of Closed-loop System

Suppose that for each � the input space � admits the direct sum decomposition

� � �
�

� � �
�

� � �
�

� � �
�

� � �

An analogous condition is that the spectral density matrix of 	 is strictly positive
definite on the unit circle, i.e.,
����� � 
��� � 
 � � or all canonical angles between
the past and future subspaces of 	 are strictly positive. As already mentioned, in
practice, it suffices to assume that 	 satisfies a sufficiently high order PE condition,
and that the “true” system is finite dimensional.

Let �� be spanned by deterministic component ��. Let ���

� denote the subspace
generated by the future ������ � � �� ���� � � � . According to Subsection 9.5.2, we
define the oblique predictor subspace as

�
���
� �� �����

�

� ���

� � ��� � (11.24)

This is the oblique projection of ���

� onto the past ��� along the future ��� , so that
�
���
� is the state space for the deterministic component. Clearly, if 	 is a white noise

process, (11.24) reduces to the orthogonal projection onto ��� .
Let the dimension of the state space ����� be �, which in general equals the sum

of the orders of the plant and the controller. From Theorem 9.3, any basis vector
����� � �

���
� yields a state space representation of �����, i.e.,

����� �� � ������ � ��� ��	 	��� (11.25a)
�
�����
�����

�
�

�
��

��

�
����� �

�
� �
��� ���

�
	��� (11.25b)

where � � �
��� . Since � ��� is assumed to be strictly proper, we have ��� � �,

��� � �. Also, from the configuration of Figure 11.2, ��� � �� and ��� � ��

hold. It therefore follows from (11.25) that the transfer matrices of the closed-loop
system are given by
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�
������� �������
������� �������

�
�

�
� � �� ��

�� � �
�� ��� ���

�
�

Hence, from (11.7), we have ������� � � ���������� and ������� � �����������,
so that the plant and the controller are computed by � ��� � ��������

��

���
��� and

���� � ������
����������, respectively.

Lemma 11.4. Let ������ �� �. Then, the (non-minimal) realizations of the plant
and controller are respectively given by

� ��� �

�
�����

��

��
�� ���

��

��

�� �

�
(11.26)

and

���� �

�
�����

��

��
�� �� ����

��

��
���

���
��
�� ���

��
���

�
(11.27)

Proof. A proof is similar to that of Lemma 11.1. �

Remark 11.2. Lemma 11.4 is seemingly the same as Lemma 11.1. However, the
subspace identification algorithm derived from Lemma 11.4 is different from the
one derived from Lemma 11.1. For it is clear that the way of computing state space
realizations is quite different in two methods. �

Since the transfer matrices � ��� and ���� obtained from the realization of the
deterministic component of (11.25) are of higher order, we apply a model reduction
technique to get lower order models. This will be discussed in detail in Section 11.5.

11.4.3 Subspace Identification Method

In this section, we present a subspace identification method based on finite data. The
notation used here is the same as that of Subsection 11.3.2. Suppose that finite input-
output data �����	 �����	 
���	 ���� for � � �	 �	 � � � 	 � � 	
 � 	 are given with �
sufficiently large and 
 � �. We assume that they are samples from jointly stationary
processes with means zero and finite covariance matrices.

Let ������	 ������� � �
���� be the block Hankel matrices generated by the

past and the future exogenous inputs, and similarly for ������	 ������� � �
���� .

Moreover, we define the block Hankel matrices

������� 
�

�
������

�������

�
	 ������� 
�

�
������

�������

�

and then the subspaces ������� and ������� generated by ������� and �������,
respectively.

The first step of subspace identification is to obtain the deterministic component
�� by means of the orthogonal projection
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�� �

������ � ��
�
������� � �������

�
(11.28)

The following development is based on the argument of Section 9.7.
To derive the matrix input-output equation satisfied by� �

������ from (11.25), we

define � �� ��� ��� � �
��� , � ��

�
��

��

�
� �

��� , � ��

�
� �
��� ���

�
� �

���

and the extended observability matrix

�� �

�
����

�

��
...

�����

�
���	 � �

���� � � � 	

and the lower triangular block Toeplitz matrix


� �

�
������

�
��� �

��� �� �
...

...
. . .

. . .
������ ������ � � � �� �

�
�����	
� �

����� (11.29)

Then, it follows from (11.25) that

� �

������ � ���
�

�
� 
�������� (11.30)

where
��

� � �
���� 
��� � 	� � � � 
��� �� � 	�� � �
���

By using Lemma 9.8, the matrix �� �

������, a part of �� �

������ defined by (11.28),
satisfies the same equation as (11.30), i.e.,

�� �

������ � ��
���

�
� 
�������� (11.31)

[see (9.44)], where the state vector is given by ���

�
�� �����

�
� ��������.

Motivated by the above discussion, we consider the following LQ decomposition
�
���
�������

������

������

�������

�
��	 �

�
���
��� � � �
��� ��� � �
��� ��� ��� �
��� ��� ��� ���

�
��	

�
���
��
�

��
�

��
�

��
�

�
��	 (11.32)

where ���, ���, ���, ��� � �
����� are block lower triangular, and�� are orthogo-

nal. Then, from (11.28), the deterministic component can be given by

�� �

������ � ���������� � �������� �

�
��� ���
��� ���

� �
��
�

��
�

�
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Thus from the above equation and (11.31),

�� �
������ � ����

�

�
� ����

�

� � ������
�

� � ��
���
� (11.33)

By using the orthogonality��

�
�� � �, we see from (11.33) that

��� � ��
���
���

In the following algorithm, it is assumed that the LQ decomposition of (11.32) is
already given.

Closed-loop Identification – ORT Method

Step 1: Compute the SVD of ���, i.e.,

��� � � �� �� �

�
�� �
� ��

� �
�� �

�� �

�
�

�� �� �� � (11.34)

where �� is obtained by neglecting sufficiently small singular values. Thus the dimen-
sion of the state vector is the same as the dimension of ��, so that we have

��
���
��� � ��� � �� �� �� � �

�
�� �����

��
����� �� �

�

Under the assumption that ���
��� has full rank, the extended observability matrix is

given by
�� � �� �����

Step 2: Compute the matrices � and 	 by

� � �
�
�����
 	 � ���� 	 �
 	


where �� is obtained by deleting the first � rows from ��.

Step 3: Given the estimates of � and 	, compute the least-squares estimates of
� and 
 from

�������


 � �������
��
��

where ��� and ��� are obtained by (11.32), and �� of (11.34) satisfies ���
�� � �,

and with 
�� � �, 
�� � �.

Step 4: Partition the obtained matrices �
 	
 
 as

� � ��� ���
 	 �

�
	�
	�

�

 
 �

�
� �

�� 
��

�

and compute the state space realizations of � ��
 and 	��
 from (11.26) and (11.27),
respectively.

Step 5: Compute lower order models of � ��
 and 	��
 by using a model reduc-
tion method. This will be explained in the next section.
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11.5 Model Reduction

As mentioned already, all the identified transfer matrices have higher orders than the
true one. To recover reduced order models from Lemma 11.1 (or Lemma 11.4), it is
therefore necessary to delete nearly unreachable and/or unobservable modes. Since
the open-loop plant is possibly unstable, we need the model reduction technique that
can be applied to both stable and unstable transfer matrices [168, 186].

In this section, we employ a direct model reduction method introduced in Lemma
3.7. The technique starts with a given balanced realization, but higher order models in
question are not necessarily balanced nor minimal. Hence a desired model reduction
procedure should have the following property.

(a) Applicable to non-minimal and non-balanced realizations.

(b) Numerically reliable.

Let ���� �� ��� �� �� �� be a realization to be reduced, where we assume
that � � �

��� is stable. Let � and � be reachability and observability Gramians,
respectively, satisfying

� � ���� ����� � � ����� ��� (11.35)

For the computation of Gramians for unstable �, see Lemma 3.9.
A similarity transform of the state vector by a matrix 	 yields

�
	���	 	���

�	 �

�
�

�
���� ��� ��

��� ��� ��

�� �� �

�
� (11.36)

Define 	 � �
 �
 � and 	�� �

�
�
��

�
. Then, we have

�
��
 �� �

���
 ��� �


�
�

�
��� ���

��� ���

�
�

�
��
���

�
�

�
��

��

�
� ��
 � �
 � � ��� ���

so that we get ��� � ��
 , �� � �� and �� � �
 .
The requirement (a) mentioned above is fulfilled by computing the matrices 


and � without actually forming the matrices 	 and 	��. Also, the requirement (b)
is attained by using the SVD-based computation. The following algorithm satisfies
these requirements.

SR Algorithm

Step 1: Obtain the Gramians � and � by solving (11.35).

Step 2: Compute the factorizations

� � ���� � � 
�


Note that chol in MATLAB R� does not work unless � and � are positive definite.
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Step 3: Compute the SVD of ��� � ���� as

��� � ��� � � ��� ���

�
�� �
� ��

� �
� �
�

� �
�

�
(11.37)

where � � ������� � � � � � �� � ���� � � � � � �� � �	, which are the Hankel
singular values of the system.

Step 4: Partition � � �������� ���, where

�� � �������� � � � � ��	� �� � ���������� � � � � ��	

and define the matrices � and 	 as

� � �����
����
� � 	 � �

����
� � �

� � (11.38)

Then, a reduced order model is obtained by


���	 � �	��� 	
� ��� �	 (11.39)

Using Lemma 3.7, we can prove that 
���	 is a reduced order model.

Lemma 11.5. A reduced order model is given by
���	 of (11.39). In general,
���	
is not balanced, but if we take the parameter � so that �� � �, �� � �, then 
���	
is balanced and minimal.

Proof. By the definition of Hankel singular values,

�
�����	 �

�
���������	 �

�
���������	

�
�
������	� � �����

�	

This shows that the diagonal elements of� obtained in Step 3 of SR algorithm are the
Hankel singular values. Pre-multiplying the first equation of (11.35) by ������ ��

and post-multiplying by ��� ����� yield

������ ������ ����� � ������ �������	��� �����


������ ���

�	��� �����

�� �� 
 �� (11.40)

From � � ��� and (11.37), the left-hand side of (11.40) becomes

������ �������� ����� � ������ �� ������ �� ����� � � (11.41)

To compute the right-hand side of (11.40), we note that

������ �� �

�
�
����
� �

� �
����
�

� �
� �
�

� �
�

�
� ��

�
	
�	

�
(11.42)
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By using the fact that ��� � ��, we get

� � �����������������

� ����� ���

�
�
����
�

�
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����
�
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�
�� �
� ��

� �
��

���

�
� ����

� � ����
��� (11.43)

where � is defined by (11.38) and �� �� �����
����
�

. Hence, from (11.40), (11.42)
and (11.43),

�� �

�
�
��

�
������

� � ����
��������� ����

�� �

�
�
��

�
������ ����

Thus from (11.41), the �		 	�-block of (11.40) is given by

�� � ���� ������� �
� � ��������� � ��� �� ������ �� ��

� ������
�

�� ����
�

� �������
�

��
(11.44)

Similarly, from the second equation of (11.35), we have

�� � ��

������� � 
�

� 
� ���

������� (11.45)

Equations (11.44) and (11.45) derived above are the same as (3.41a) and (3.43),
respectively. Thus ����� is a reduced order model of ����, but is not balanced.

Putting �� � � in (11.44) and (11.45) gives

�� � ������
�

��
����

�

�
	 �� � ��

��
����� � 
�

�

�

implying that ����� is balanced.
The minimality of ����� is proved similarly to Lemma 3.7. �

In the SR algorithm derived above, it is assumed that � is stable. For the case
where � is unstable, defining the Gramians � and 
 as in Definition 3.10, it is
possible to compute them by the algorithm of Lemma 3.9. Hence, there needs to be
no change in the SR algorithm except for Step 1.

11.6 Numerical Results

Some numerical results for closed-loop system identification are presented. The first
model is a closed-loop system with a 2nd-order plant and a 1st-order controller, for
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Figure 11.3. A feedback control system

which results obtained by the ORT and CCA methods are compared. In the second
example, we present identification results for a 5th-order plant with a 4th-order con-
troller by means of the ORT method. A feedback control system used in the present
simulation is displayed in Figure 11.3.

11.6.1 Example 1

Suppose that the transfer functions of plant and controller are given by

� ��� �
���

�� ������ � �������
� ���� �

� � ���

�

where the closed-loop poles are located at � � �� ��	� ��	. We assume that the noise
� is an ARMA process generated by

���� �
�� ��
���� � ����
��� � ��			����

�� ��	
��� � ������� � ����

���

This model is a slightly modified version of the one used in [160], in which only
the probing input �� is used to identify the plant, but here we include �� and �� as
reference inputs in order to identify both the plant and controller. The reference input
�� is a composite sinusoid of the form

����� � 	

���

���


� �������� ���� � � �� �� � � � � 
 � �� � �

where a magnitude 	 is adjusted so that ��
�
� �, and
� is a white noise with���� ��.

The parameters �� and �� are uniformly distributed over ��� ��, so that �� has PE
condition of order 60. The �� and � are Gaussian white noises with variances ��

�
�

������ and ��� � ���, respectively.
For the ORT method, since the sum of the orders of plant and controller is three,

3rd-order state-space models are fitted to the input-output data ��� ��. Then, the 3rd-
order plant and controller models so identified are reduced to the second- and the
first-order models, respectively.

On the other hand, for the CCA method, 6th-order models are fitted to ��� ��,
because the sum of orders of the plant, controller and noise model is six, and because
the state space model cannot be divided into separate deterministic and stochastic
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Figure 11.4. Estimates of poles, ���: plant, ���: controller
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(b) CCA method

Figure 11.5. Bode plots of � ���

components. Thus, in this case, the identified 6th-order models of plant and controller
are reduced to the second- and the first-order models, respectively.

Case 1: We take the number of data points � � ���� and the number of block
rows � � ��, and generated �� data sets, each with different samples for ��, �� and �.
Figures 11.4(a) and 11.4(b) respectively display the poles of the plant and controller
identified by the ORT and CCA methods, where � and � denote the true poles of
plant and controller, respectively. Figures 11.5(a) and 11.5(b) respectively display
the Bode plots of the estimated plant, and Figures 11.6(a) and 11.6(b) the Bode plots
of the estimated controller. We see from these figures that the identification results
by the ORT method are quite good, but the results by the CCA method are somewhat
degraded compared with the results by the ORT method.

The Bode plots of the plant identified by the ORT and CCA methods based on
the direct approach are shown in Figures 11.7(a) and 11.7(b), respectively. We clearly
see biases in the estimates of Bode magnitude, where the ORT provides somewhat
larger biases than the CCA method.
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Figure 11.6. Bode plots of ����
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(b) CCA method

Figure 11.7. Identification results by direct method

Case 2: As the second experiment, we consider the effect of the number of
data on the performance of identification. For the plant parameter vector � ��
����� ���� � �� � �� , the performance is measured by the norm of the estimation
error

�� �
�

�

��

���

�� � 	���� ����

where 	���� �� � �
� denotes the estimate of � at �th run, and where the number of

data is � � 
��� ���� ����� 
���� ����, and the number of runs is � � �� in each
case. Figure 11.8 compares the performance of the identification of plant transfer
function by the ORT and CCA methods. This figure clearly shows the advantage of
ORT-based algorithm over the CCA-based algorithm.

As mentioned before, if the exogenous inputs ��, �� are white noise, then the
two algorithm present quite similar identification results. However, if at least one
of the exogenous inputs is colored, then we can safely say that the ORT method
outperforms the CCA method in the performance.



11.6 Numerical Results 321

10
2

10
3

10
4

10
−4

10
−3

10
−2

10
−1

10
0

Number of Data N

Pe
rf

or
m

an
ce

 I
nd

ex

Figure 11.8. Comparison of identification results: the ORT (Æ - - - Æ) and CCA (� - - - �)
methods

11.6.2 Example 2

We assume that the plant is a discrete-time model of laboratory plant setup of two
circular plates rotated by an electrical servo-motor with flexible shafts [169], where
the transfer function of the plant � ��� is given by

� ��� �
����

�
������ � �������� � ���	����� 
������ � ����

�

�� � ��
��
�� � ����	���� ����

�� � 
���	��� ���	��

and where a stabilizing controller is chosen as

���� �
��

����� ����
��� � ��������� ���
	��� ������

�� � ��
	���� � 
�������� ���	��� � ��
���

The configuration of the plant and controller is the same as the one depicted in Figure
11.3, where the output noise process � � � is a Gaussian white noise sequence with
�
�
�����

�
� ���. Both the reference signals 	� and 	� are Gaussian white noises

with variances 
�
�
� � and 
�

�
� ��	, respectively. Note that � ��� has poles at � � �,

���
��� �����
�, ���
��� ��
��	�; thus the plant has one integrator and therefore
is marginally stable. Also, the controller���� has the poles at � � ����
����

���,
��
��� � �������; thus the controller is stable. We take the number of data points
� � ���� and the number of block rows 
 � �	. We generated 
� data sets, each
with the same reference inputs 	� and 	�, but with a different noise sequence �.

In this experiment, we have employed the ORT method. Figure 11.9 shows the
estimated eigenvalues of the matrix �� � ����

��

��
��� [see Lemma 11.4], where �

denotes the true poles of the plant, � those of the controller and � the estimated
eigenvalues. From Figure 11.9 we can see that the nine poles of plant and controller
are identified very well.

The estimated transfer function � ��� of 5th-order is displayed in Figure 11.10.
Figure 11.10(a) shows the estimated poles of the plant, where � denotes the true
poles and � denotes the estimated poles over 30 experiments. The Bode plot of the
estimated transfer function of the plant is depicted in Figure 11.10(b), where the
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Figure 11.9. ORT method : poles of �����
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�� [(11.26)]; �: plant, �: controller
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(a) Estimates of poles of � ���
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(b) Bode plots of � ���

Figure 11.10. Identification by ORT method

dashed line depicts the true transfer function of the plant and the solid line depicts the
average over 30 experiments. From these figures, we can see that the ORT method-
based algorithm performs very well in the identification of the plant. Since ���� is
stable, there are no unstable pole-zero cancellations in the reduction of the estimated
plant; thus it seems that the model reduction is performed nicely.

Furthermore, the estimation results of the controller are depicted in Figures 11.11
and 11.12. As in the case of the plant estimation, the estimation of the controller
needs the model reduction by approximate pole-zero cancellations. It should be noted
that in order to estimate the controller having the same order as the true one, we need
to perform an unstable pole-zero cancellation at � � �. Figure 11.11 depicts the
estimated controller as a 4th-order model, which is the same order as the true one,
where Figure 11.11(a) shows the pole estimation, where� denotes the true poles and
� denotes the estimated ones, and Figure 11.11(b) shows the Bode plots of the true
transfer function (dashed line) and the average transfer function over 30 experiments
(solid line). We can see from these figures that there are many incorrect poles around
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(b) Bode plots of ����

Figure 11.11. Identification of controller (4th order model)
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(a) Pole plots of ����
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(b) Bode plots of ����

Figure 11.12. Identification of controller (5th-order model)

positive real axis including � � �, and the Bode plot is biased in low frequency
range.

On the other hand, Figure 11.12 displays the estimated controller as a 5th-order
model, i.e., the estimated 9th-order models are reduced to 5th order. In this case,
though Figure 11.12(a) shows that there are many incorrect poles around real axis,
we can see from Figure 11.12(b) that the Bode gain of controller is estimated very
well by using a 5th-order transfer function.

11.7 Notes and References

� In this chapter, based on Katayama et al. [87,88], we have developed two closed-
loop subspace identification methods based on the ORT and CCA methods de-
rived in Chapters 9 and 10, in the framework of the joint input-output approach.
See also Katayama et al. [89], in which the role of input signal in closed-loop
identification is discussed in detail.
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� The importance and the basic approaches of closed-loop identification are re-
viewed in Section 11.1 [48,109,145]. In Section 11.2, the problem is formulated
and the fundamental idea of the joint input-output approach is explained. The
present problem is virtually the same as the one treated in [170].

� Section 11.3 is devoted to the realization of feedback system and the derivation of
subspace identification method based on the CCA method. Section 11.4 derives
a subspace identification method based on the ORT method, and shows that the
plant and controller can be identified by a realization of deterministic component
of the joint input-output process.

� Since the transfer matrices derived by the joint input-output approach are nec-
essarily of higher order than the true one, we have presented a model reduction
technique called the SR algorithm in Section 11.5.

� Section 11.6 shows the procedure of closed-loop identification methods through
some numerical results. The performance of closed-loop identification depends
on the basic open-loop identification techniques; numerical results show that per-
formance of the ORT based method is somewhat superior to that of CCA based
method. Some related numerical results are also found in [89].

� Under the assumption that the plant is stable, a simple closed-loop identification
method based on the orthogonal decomposition of the joint input-output process
is described in Appendix below.

11.8 Appendix: Identification of Stable Transfer Matrices

In this section, as Appendix to this chapter, we present a simple closed-loop identifi-
cation procedure by using the result of Lemma 11.3 under the assumption that all the
open-loop transfer matrices in Figure 11.2 are stable. In the following, Assumptions
1 and 2 stated in Section 11.2 are satisfied.

11.8.1 Identification of Deterministic Parts

From (11.21), we have two deterministic equations

����� � � �������� (11.46)

and
������ � ����������� (11.47)

where
������ � ������ ������ ������ � ������ �����

It should be noted that above relations are satisfied by deterministic components
���� ��� and ����� ����, since the noise components are removed in these relations.
Thus Figure 11.13 displays two independent open-loop systems for the plant and
controller, so that we can use (11.46) and (11.47) to identify the open-loop plant
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Figure 11.13. Plant and controller in terms of deterministic components

� ��� and the controller���� independently. The present idea is somewhat related to
the two-stage method [160] and the projection method [49].

Identification Algorithm of Plant and Controller

Step 1: By using LQ decomposition, we compute the deterministic components
of the joint input-output process ���� ��� and then compute ����� ����.

Step 2: We apply the ORT (or CCA) method to the input-output data ���� ��� to
obtain

����� �� � ������� �	������ (11.48a)

����� � ������� (11.48b)

Then the plant transfer matrix is given by � ��� � ���� 	�� ���.

Step 3: We apply the ORT (or CCA) method to the input-output data ����� ���� to
obtain

����� �� � ������� �	������� (11.49a)

������� � ������� �
������� (11.49b)

Then the controller transfer matrix is given by ���� � ���� 	�� ��� 
��.

For numerical results based on the above technique, see Katayama et al. [92].

11.8.2 Identification of Noise Models

We have not discussed the identification of noise models in this chapter. But, they can
easily be identified, if both the plant and controller are open-loop stable. It should be
noted that the noise models are located outside the closed-loop, so that the identifi-
cation of noise models is actually an open-loop identification problem.

Under the assumption that � ��� and ���� are stable, we compute

������ �� ������ � �������� � �������� (11.50)

and
������ �� ����� � ��������� � 
 ������� (11.51)

Figure 11.14 shows the block diagrams for noise models.
Since ����� ���� are second-order jointly stationary processes, we can identify

noise models���� and 
 ��� by applying the CCA method (or a stochastic subspace
identification technique).
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Figure 11.14. Noise models in terms of stochastic components

In the following, we assume that the plant and controller in Figure 11.13 are
already identified by the procedure stated above.

Identification Algorithm of Noise Models

Step 1: By using (11.50) and (11.51), we compute ��� and ���.

Step 2: Applying the CCA method developed in Chapter 8 to the data ���, we
identify

����� �� � ������� �������� (11.52a)

������ � ������� � ����� (11.52b)

Then, the plant noise model is given by ��	� � ���
 ��
 ��
 ���.

Step 3: Applying the CCA method developed in Chapter 8 to the data ���, we
identify

�� ��� �� � ���� ��� ����� ��� (11.53a)

������ � ���� ��� � �� ��� (11.53b)

Then, the controller noise model is given by � �	� � ��� 
 �� 
 �� 
 ���.
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A

Least-Squares Method

We briefly review the least-squares method for a linear regression model, together
with its relation to the LQ decomposition.

A.1 Linear Regressions

Suppose that there exists a linear relation between the output variable ���� and the
�-dimensional regression vector ���� � ������ ����� � � � ������

�. We assume that
� observations ������ ����� � � �� �� � � � � � � �� are given. Then, it follows that

���� � ������� � � � �� ������� � ����� � � �� �� � � � � � � � (A.1)

where ���� denotes the measurement noise, or the variation in ���� that cannot be
explained by means of ������ � � � � �����. We also assume that ������ � � � � �����
have no uncertainties1.

For simplicity, we define the stacked vectors

� �

�
����

��
��
...
��

�
���� � � �

�
����

����
����

...
��� � ��

�
���� � � �

�
����

����
����

...
��� � ��

�
����

and the matrix

� �

�
����

����� ����� � � � �����
����� ����� � � � �����

...
...

...
���� � �� ���� � �� � � � ���� � ��

�
���� �

�
����

�����
�����

...
���� � ��

�
����

where � � �
��� . Then (A.1) can be written as

1If � are also subject to noises, (A.1) is called an errors-in-variables model.
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� � �� � �

This is referred to as a linear regression model. The regression analysis involves the
estimation of unknown parameters and the analysis of residuals.

The basic assumptions needed for the least-squares method are listed below.

A1) The error vector � is uncorrelated with � and �.

A2) The error vector is a random vector with mean zero.

A3) The covariance matrix of the error vector is ���� with �� � �.

A4) The column vectors of � are linearly independent, i.e., ������� � �.

Under the above assumptions, we consider the least-squares problem minimizing
the quadratic performance index

���� 	�

����

���


��	�� 
��	���� � �� � ����

Setting the gradient of ���� with respect to � to zero yields�
����
���


�	�
��	�

�
� �

����
���


�	���	� � ������ � ��� (A.2)

This is a well-known normal equation.
From Assumption A4), we see that ��� � �

��� is nonsingular. Thus, solving
(A.2), the least-squares estimate is given by

��LS 	�

�
����
���


�	�
��	�

���
����
���


�	���	� � ���������� (A.3)

Also, from Assumptions A1) and A2),

����LS� � �������������� � ���

� � � ������������� � � (A.4)

so that the least-squares estimate ��LS is unbiased. It follows from Assumption A3)
that the error covariance matrix of the estimate ��LS is


�����LS� � ��
� � ��LS�
� � ��LS�
�� � ���������

Moreover, define the residual vector as � 	� � � ���LS. Then, it follows that

� � 
�� � ������������ � 
�� � ������������ (A.5)

It should be noted that 
 	� ���������� satisfies 
� � 
 and 
 � 
�, so
that 
 is an orthogonal projection onto �����. Also, � 	� �� �
 is an orthogonal
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projection onto the orthogonal complement ������ � �������. Then, ���� �
����� ���� denotes the square of the minimum distance between the point � and
the space ������.

We compute the variance of the residual. From (A.5),

������� � ��	
�������

� ��	
�
�
��� � �������������������� � �����������

�

� ����	
���� � �����������

� �����	
���� �� ��	
�������������� � ���� � 	�

Hence, the unbiased estimate of the variance �� is given by


� 
�
�

� � 	

����

���

����� �
�

� � 	
����

In practice, the above assumptions A1) � A4) are not completely satisfied. If
either A1) or A2) is not satisfied, then a bias arises in the least-squares estimate. In
fact, in the computation of (A.4), we have

����LS� � � �������������� �� �

Suppose that ������ � 
 � �, so that A3) does not hold. In this case, we
consider a weighted least-squares problem of minimizing

���� � �� � ����
���

� �� � ����
���� � ���

By using the same technique of deriving the least-squares estimate ����, we can show
that the optimal estimate is given by

����� 
� ���
��������
���

where ����� is called the generalized least-squares estimate. The corresponding error
covariance matrix becomes


��������� � ���
������

We now turn to Assumption A4). In real problems, we often encounter the case
where there exist some “approximate” linear relations among regression vectors (col-
umn vectors of �); this is called a multicolinearity problem in econometrics. In this
case, one or more eigenvalues of ��� get closer to zero, so that the condition num-
ber ���� becomes very large, leading to unreliable least-squares estimates. An SVD-
based method of solving a least-squares problem under ill-conditioning is introduced
in Section 2.7. There are also other methods to solve ill-conditioned least-squares
problems, including regularization methods, the ridge regression, etc.
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Example A.1. Consider the normal equation of (A.2):

������ � ���� � � ���� � � � �� (A.6)

We show that (A.6) has always a solution for any � � �
� . It is well known that

(A.6) is solvable if and only if the vector ��� belongs to �������. However, this is
easily verified by noting that ��� � ������ � �������.

By direct manipulation, we can show that � � ��� is a solution of the normal
equation, where �� is the pseudo-inverse defined in Lemma 2.10. Indeed, we have

�������� � ������ � ���������� � ���������� � ���

where the Moore-Penrose condition (iii) is used (see Problem 2.9). Also, the general
solution

� � ��� � ��� � ������ � � � �
�

satisfies the normal equation. �

Let� be the set of minimizers

� �� � � � �� � ��� � ����

Then, we can show that

1. If � is a minimizer, i.e. � � �, then ���� � ��� � 	, and vice versa.

2. If 
������ � �, then� � �
����, a singleton.

3. The set� is convex.

4. The set� has a unique minimum norm solution � � ���.

We apply the regression analysis technique to an ARX model2, leading to a least-
squares identification method, which is one of the simplest methods for a realistic
identification problem.

Example A.2. Consider an ARX model

�������� � 	���
��� � ���� (A.7)

where the unknown parameters are � �� ��� � � � �� 
� � � � 
��
� and the

noise variance ��. This is also called an equation error model, which is most easily
identified by using the least-squares method. It should be noted that the ARX model
of (A.7) is derived from (1.1) by setting ���� � ������.

From (A.7), the prediction error is given by

���� �� �� ���� �������	��� ��
��� � ����� ������ (A.8)

where ���� is the regression vector defined by

2ARX = AutoRegressive with eXogenous input.
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���� �� ������ �� � � � � ���� �� ���� �� � � � �������� � ����

Also, the unknown parameter vector is given by

� �� ��� � � � �� �� � � � ����

Thus, it follows from (1.3) and (A.8) that

	� ��� �
�




����

���

������ ��������

This implies that the PEM as applied to ARX models reduces to the least-squares
method, so that the optimal estimate is given by

�����
� �

�
�




����
���

���������

���
�




����
���

�������� (A.9)

Suppose that the actual observations are expressed as

���� � ������� � ����� (A.10)

where �� is a noise, and �� is the “true” parameter. Substituting the above equation
into (A.9) yields

�����
� � �� �

�
�




����
���

���������

���
�




����
���

���������

Suppose that

	
�� ��

���

�




����
���

��������� � ������������ � nonsingular

	
�� ��

���

�




����
���

��������� � ������������ � �

hold3. Then we can show that

��

���

�����
� � ��

Thus the least-squares estimate is consistent. �

For convergence results based on laws of large numbers, see [109, 145]. If the
above condition	
�� is not satisfied, then the least-squares estimate becomes biased.
In order to obtain an unbiased estimate, we can employ a vector sequence correlated
with the regressor vector ���� but uncorrelated with the external noise �����.

3The second condition is surely satisfied if �� is a filtered white noise and ���� is a
bounded sequence [109].
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Example A.3. (IV estimate) Let ���� � �
� be a vector sequence. Pre-multiplying

(A.10) by ���� and summing over ��� � � �� yield

�

�

����

���

�������� �

�
�

�

����
���

��������

�
�� �

�

�

����
���

���������

Suppose that a vector ���� satisfies two conditions

�	�� 
��
���

�

�

����
���

��������� � ������������ � nonsingular

�	
� 
��
���

�

�

����
���

��������� � ������������ � �

Then, we obtain a consistent estimate

������� �

�
�

�

����
���

���������

���
�

�

����
���

�������� (A.11)

This estimate is usually called an instrumental variable (IV) estimate, and the vectors
���� satisfying the conditions �	�� and �	
� are called IV vectors. �

Detailed discussions on the IV estimate, including the best choice of the IV vector
and convergence results, are found in [109, 145].

A.2 LQ Decomposition

We consider the relation between the least-squares method and LQ decomposition,
which is a key technique in subspace identification methods.

Consider an FIR (finite impulse response) model

���� �
����
���

	�
��� �� � ���� (A.12)

where � is a white noise with mean zero and variance 
�. The problem is to iden-
tify the impulse responses � �� �	��� � � � 	� 	��

� based on the input-output data
�
���� ����� � � �� �� � � � � � � � � 
�. We define a data matrix

�
������

��������

�
��

�
������


��� 
��� � � � 
�� � ��

��� 
�
� � � � 
���

...
...

...

�� � �� 
��� � � � 
�� � � � 
�
��� � �� ���� � � � ��� � � � 
�

�
					
 � �

����	��
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where we assume that ������ has full row rank, so that ������������ � �.
We temporarily assume that �� � �. Then from (A.12), we get

����� ���� � � � �� � 	


�
������

���� ��	� � � � ��� � 	�
��	� ���� � � � ����

...
...

...
��� � 	� ���� � � � ��� � � � ��
��� � 	� ���� � � � ��� � � � ��

�
������

� �

or this can be simply written as

��� � 	


�
������
��������

�
� � (A.13)

As shown in Example 6.2, this problem can be solved by using the SVD of the data

matrix. In fact, let

�
������
��������

�
� �	
 �. Since the last singular value is zero due

to (A.13), i.e. ���� � �, the �� � 	�th left singular vector ���� satisfies

��
���

�
������
��������

�
� �

Thus, normalizing the vector ���� so that the last element becomes �	, we obtain
an estimate of the vector �.

Now we assume that �� � �, where no � exists satisfying (A.13), so that we
must take a different route to estimate the vector �. The LQ decomposition of the
data matrix yields �

������
��������

�
�

�
��� �
��� ���

��

�
�


�
�

�
(A.14)

where ��� � �
��� , ��� � �

��� , ��� � �
��� , and matrices 
� � �

��� , 
� �

�
��� are orthogonal. By the rank condition for ������, we see that 
������� �� �,

so that
�������� � ���


�
� � ���


�
� � ����

��
�� ���� � ���


�
�

Since 
�
�
� � �, two terms in the right-hand side of the above equation are uncor-

related. Define
����� � � � ���� ��� �� ����

��
��

and �
��� � 	� ���� � � � ��� � � � ��

	
�� ���


�
�

Then, for � � � � 	� �� � � � � � � � � �, we have

���� � ������ � ������ 	� � � � �� �������� � � 	� � ����

This is the same FIR model as (A.12), implying that �� � ����
��
�� � �

��� is the
least-squares estimates of impulse response parameters.



336 A Least-Squares Method

We show that the above result is also derived by solving the normal equation.
The identification problem for the FIR model (A.12) can be cast into a least-squares
problem

��� ���� � �� �
������� � ��

�������
�

Thus, from (A.3) and (A.14), the least-squares estimate is given by
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This is exactly the same as the least-squares estimate of � obtained above by using the
LQ decomposition. Thus we conclude that the least-squares problem can be solved
by using the LQ decomposition.



B

Input Signals for System Identification

The selection of input signals has crucial effects on identification results. In this
section, several input signals used for system identification are described, including
step signals, sinusoids as well as random signals. One of the most important concepts
related to input signals is the persistently exciting (PE) condition.

Let ����, � � �� �� � � � be a deterministic function. Then we define the mean and
auto-covariance function as

�� � ���
���

�

�

����

���

���� (B.1)

and for � � �� ��� � � � ,

������ � ���
���
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�

����

���

����	 ��� ��
������ ��
 (B.2)

Example B.1. (a) A step function is defined by

���� �

�
��� � � �� �� � � �

�� � � ��� ��� � � �

In this case, we have ������ � � for � � ����� � � � .

(b) Consider a sinusoid defined by

���� � � ��
���	 	�� � � �� �� � � � (B.3)

where � 
 � denotes the angular frequency, and � 
 � and � � 	 � � are the
amplitude and phase, respectively. Let
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Since ���
���

�� � � and ���
���

�� � � hold, we have
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�� ��	����
 �� 
 �� ��	���
 ��

�
��

�
�
�����	 � � �	��	 � � �

where the formula: ��	
 ��	� � ��
��
� ��� �
��
 
 ����� is used.
Also, consider a composite sinusoid


��� �

��

���

�� ��	����
 ���	 � � �	 �	 � � � (B.4)

where � � �� � � � � � �� denote the angular frequencies, and ���� and ���� denote
the amplitudes and phases, respectively. Then, it can be shown that

������ �
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���

���
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�
���� ��	 � � �	��	 � � �

(c) In system identification, a pseudo-random binary signal (PRBS) shown in
Figure B.1 is often employed as test inputs. The PRBS is a periodic sequence with
the maximum period � � �� � � where � is an integer greater than three, and is
easily generated by �-stage shift registers. It is shown [145] that the mean and auto-
covariance of a PRBS taking values on �� are given by
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�
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(B.5)
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(B.6)

The auto-covariance function are shown in Figure B.2. �

�

�

��

�

�

� �

Figure B.1. A PRBS with the maximum period � � ��
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��

�

�� ��

� �

����
�

������

Figure B.2. The auto-covariance sequence of PRBS

In order to explain the PE condition of input signals, we consider the same FIR
model as (A.12):

���� �

����

���

������ �� � ���� (B.7)

where � is a zero mean white noise with variance ��. We deal with the identification
of the impulse responses � � ����� � � � �� ���

� of the FIR model based on input-
output data ������ ����� � � �� �� � � � � 	 � ��. For notational simplicity, we define
the stacked vectors
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and the matrix
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���� ���� � � � ��
 � ��
���� ���� � � � ��
�

...
...

. . .
...

��	 � 
� ��	 � 
 � �� � � � ��	 � ��

�
���� � ����������

Then, from (B.7), we have a linear regression model of the form

���� � ����� � ���� (B.8)

The least-squares estimate of � for (B.8) is obtained by solving

��	
�

����� � ������

Recall that Conditions A1) � A4) in Section A.1 are required for solving the
least-squares estimation problems. In particular, to get a unique solution, it is neces-
sary to assume that 
�	������� � 
. This condition is equivalent to the fact that
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 � ��
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 � �� ��
� � � � ��	 � ��

�
���� � 
 (B.9)
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It may be noted that the data length is finite for this case.

Definition B.1. [165] A deterministic sequence � with length � is PE of order � if
(B.9) holds. If the input is a vector process � � �� , then the rank condition (B.9) is
replaced by ���������� � ��. �

For a zero mean stationary process � � �� , we define the covariance matrix by
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����� � �� ����� � 
� � � � ������

�
���� (B.10)

Then the PE condition for a stationary stochastic process is defined as follows.

Definition B.2. [109, 145] If ������� of (B.10) is positive definite, then we say that
� has the PE condition of order �. �

The following example shows that when we deal with finite data, there always
exist some ambiguities regarding how we treat boundary data.

Example B.2. Consider the step function treated in Example B.1. It can be shown
that the step function is not PE since we have ���� ������ � �.

However, in practice, step signals are often used for system identification. To
consider this problem, we express (B.7) as

���� � ������ � ������� � � � �� �������� � �� � ����
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Suppose that the system is at rest for 	 
 �. Then we have ��	� � �� 	 �
��� �
� � � � � ����. Rearranging the above equations and assuming that ��	� � �
for 	 � �� �� � � � , we get
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Thus if ���� � �� � � �� �� � � � , the wide rectangular matrix in the right-hand side
of the above equation has rank �. Hence, by using the least-squares method, we can
identify the impulse responses ��� ��� � � � � ����. However, in this case, it should
be understood that the estimate is obtained by using the additional information that
���� � �� � � ��� ��� � � � � �� � �. �

Example B.3. We consider the order of PE condition for simple signals based on
Definition B.2.

(a) Let ���� be a zero mean white noise with variance ��. Then, for all � � �,
we see that ������� � ���� is positive definite. Thus the white noise satisfies the PE
condition of order infinity.

(b) Consider a sinusoid ���� � 	 �	
�
���� � � 
� � �. Then, the auto-
covariance function is given by ������ � �	�
�� ����
���, so that
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We see that ��
�� �������� � �, and ��
�� �������� � � for � � 
� �� � � � . Hence the
sinusoid has PE condition of order two. This is obvious because a sinusoid has two
independent parameters, a magnitude and a phase shift. �

Lemma B.1. The PE conditions for some familiar stochastic processes are provided.

(i) ARMA processes have the PE condition of order infinity.

(ii) The composite sinusoid of (B.4) satisfies the PE condition of order ��.

Proof. [145] (i) Let � be a zero mean ARMA process with the spectral density
function ������. Define � � ������ ����� � � � � ��� � ����, and

���� �
����
���

�������

Consider a process defined by � � �����. Then we easily see that � is a zero mean
second-order stationary process, so that the variance of � is given by

��� � �

�����
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���

�������� ��
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�
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�����

������ ���������� � �� ��������

It follows from Lemma 4.4 that

�� �������� �
�

��


 �

��

����������������� (B.11)
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Suppose that � does not satisfy the PE condition of order �. Then there exists a
nonzero vector � � �

� such that �� �������� � �. Since the integrand of (B.11) is
nonnegative, we have ��������������� � � for all �1. However, from (4.35), the
spectral density function of the ARMA process is positive except for at most finite
points. It therefore follows that ������ � � (a.e.), and hence � � �. This is a
contradiction, implying that the ARMA process satisfies the PE condition of order �.
Since � is arbitrary, the ARMA process satisfies the PE condition of infinite order.

(ii) Since, as shown in Example B.3, a sinusoid has the PE condition of order
two, the composite sinusoid of (B.4) has the PE condition of order ��. �

From Lemma B.1 (i), we can say that for a stationary process �, if

������ 	 �
 �� � � � �

is satisfied, then � is PE of order infinity. This condition has already been mentioned
in Chapters 9 and 10.

1The equality holds for � � ���� �� almost everywhere (a.e.).



C

Overlapping Parametrization

In this section, we derive an overlapping parametrization for a stationary process; see
also Example 1.2. From Theorems 4.3 and 4.4 (see Section 4.5), a zero mean regular
full rank process � � �� can uniquely be expressed as

���� �

��

���

�� ���� �� �

��

����

���� ���� (C.1)

where � is the innovation process with mean � and covariance matrix � � �, and
where ��� � � �� �� � � � are impulse response matrices satisfying
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Define the transfer matrix by
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� �
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Moreover, define

��� � ���	����� ��� ���� 
�� � � � �

��� � ���	����� ��� ���� 
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Then, it follows that ��� � �
�

� � � � �� ��� � � � . In the following, we assume that
both ��
� and ����
� are stable.

Let � be the present time. Then, from (C.1),

���� �� �

����

���

������ ���� �

����

����

������ ����� � � �� �� � � � (C.2)

Thus we see that the first term in the right-hand side of the above equation is a
linear combination of the future innovations ����� � � � � ���� �� and that the second
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term is a linear combination of the past innovations ��� � ��� ��� � ��� � � � . Since
�
�

�
� �

�

�
, the second term is also expressed as a linear combination of the past

outputs ���� ��� ���� ��� � � � , and hence it belongs to ��
�

. Thus it follows that the
optimal predictor for ���� �� based on the past ��

�
is given by (see Example 4.10)

����� � � �� �� �

����

����

������ ����� � � �� �� � � � (C.3)

Repeated use of this relation yields
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(C.4)

It should be noted that this is a free response of the system with the initial state
resulting from the past inputs � up to time �� � (see also Section 6.2).

Let the block Hankel operator be

� �
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�� �� �� � � �
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...
...

...
. . .

�
����

where it is assumed that 	
����� � � ��. As shown in Section 8.3, the predictor
space is defined by

�
���
� 
� �	���� � ��� � � ��
������� � � �� �� � � � �� �� � � � �

Thus, we can find � independent vectors from the infinite components

������� � � �� ��� � � �� � � � � 
� � � �� �� � � � � (C.5)

where the � independent vectors form a basis of the predictor space ����
� .

Suppose that ���� � �� �� has full rank, i.e. �������� � �� ��� � �. Then,

����� � �� ��� ����� � �� ��� � � � � ����� � �� �� (C.6)

are linearly independent, and hence we see that the first 
 rows of � are linearly
independent.

Let � � ���� � � � � ��� be a set of 
 positive integers such that ��� � � ���� � �.
We pick � elements including the 
 components of (C.6) from the infinite compo-
nents defined by (C.5). Let such vectors be given by
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����� � �� ��� ������ � � �� ��� � � � � ������ �� � � � �� ��

����� � �� ��� ������ � � �� ��� � � � � ������ �� � � � �� ��

...
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����� � �� ��� ������ � � �� ��� � � � � ������ �� � � � �� ��

Note that, for example, if �� � �, then only ����� � ���� is selected from the first row.
If these � vectors are linearly independent, we call � � ���� � � � � ��� a multi-index;
see [54, 68, 109] for more details.

By using the above linearly independent components, we define a state vector of
the system by
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� (C.7)

From (C.3), we get
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In terms of the components, this can be written as

������ � � �� � ������ � � �� �� � 	������� � � �� �� � � � (C.8)

where � � �� � � � � 
, and 	�� � �	����� � � � 	���
�	 � �
��� is the �th row of ��.

Also, from (C.7), the state vector at �� � is expressed as
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Thus from (C.8), we can verify that
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Note that the first term in the right-hand side of (C.9) belongs to the space ����
� . In

particular, we see that ����� � �� � � � ��, � � �� � � � � � are expressed in terms of a
linear combination of the components of the basis vector ����. Thus, we have
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�� ������ 
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Other components ������ � � �� ��, � � �� � � � � �� � � are already contained in the
vector ���� as its elements, so that they are expressed in terms of shift operations.
Moreover, putting 
 � � in (C.8) and noting that ���� � �� � ���� and �� � 
� yield

����� � ����� � �� �� � ������ � � �� � � � � � (C.11)

where ����� � �� �� belongs to ����
� .

For simplicity, we consider a �-dimensional process � with �-dimensional state
vector, and assume that �� � �� �� � 	� �� � 
 with �� � �� � �� � �. Then, by
using (C.8) and (C.11), we have the following �- and �-matrix:
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We can easily infer the forms of �- and �-matrix for general cases. Thus, we
have the following state space equation
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���� �� � ����� ������ (C.12a)

���� � ����� � ���� (C.12b)

where � � �
��� is the coefficient matrix for ���� of (C.9). We see that the number

of unknown parameters in this Markov model is ���, since � has no particular
structure.

From the property of block Hankel matrix, we have the following lemma.

Lemma C.1. [54, 109] Any �-dimensional stochastic LTI state space system can
be expressed by means of a state space model (C.12) with a particular multi-index
�. In other words, the state space model (C.12) with a particular multi-index � can
describe almost all �-dimensional stochastic LTI systems. �

More precisely, let 	���� be the model structure of (C.12) with a multi-index �.
Also, let the sum of 	���� over possible multi-indices be

���� �
�
�

��	����

Then, the set���� denotes the set of all �-dimensional linear stochastic system with
� outputs. Of course, 	���� may overlap, but���� contains all the �-dimensional
linear systems 	����.

The state space model of (C.12) is called an overlapping parametrization with
��� independent parameters. Thus, we can employ the PEM to identify the ���
unknown parameters, but we need some complicated algorithms for switching from
a particular ��� to another ��� during the parameter identification, since we do not
know the multi-index �� prior to identification.

In general, a �-dimensional process � with state dimension � is called generic if
the state vector � is formed as in (C.7) using some multi-index �� � ���
 � � � 
 ���.
The next example shows that there exist non-generic processes.

Example C.1. [54] Let � � � and � � 	, and consider the following matrices:
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where �� �� 
. Then, since 
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 � � � , we get
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Thus the first 	� � block submatrix of 
 is given by
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It is easy to see that the first two rows of the block Hankel matrix are linearly inde-
pendent, but the 3rd row is linearly dependent on the first two rows. Thus we observe
that the selection �� � ��� �� ��� � �� �� � �� does not yield a basis. Actually, in
this case, we should pick the first two rows and the fourth row to form a basis. �



D

List of Programs

In Appendix D, some of MATLAB R� programs used in this book are included.

D.1 Deterministic Realization Algorithm

Table D.1 displays a program for the Ho-Kalman’s algorithm of Lemma 6.1, where
it is assumed that �� � � � �� rank���.

Table D.1. Ho-Kalman’s algorithm

% Function zeiger.m
% Lemma 6.1
function[A,B,C] = zeiger(H,p,m,n)
% p = dim(y); m = dim(u); n = dim(x)
% (p, m) are known
% kp � lm Hankel matrix
% k, l � n; H must be finite rank
kp = size(H,1); lm = size(H’,1);
[U,S,V] = svd(H); % Eq. (6.14)
n=rank(S); % if n is known, this is redundant.
S1 = sqrtm(S(1:n,1:n));
% T = identity matrix % Eq. (6.15)
Ok = U(:,1:n)*S1;
Cl = S1*V(:,1:n)’;
A = Ok(1:kp-p,:)�Ok(p+1:kp,:); % Eq. (6.16)
B = Cl(:,1:m);
C = Ok(1:p,:);
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Table D.2. MOESP method

% Function moeps.m
% Lemma 6.6
% m = dim(u), p = dim(y), n = dim(x); k = number of block rows
% U = km x N input data matrix
% Y = kp x N output data matrix
function [A,B,C,D] = moesp(U,Y,m,p,n,k)
km = size(U,1); kp = size(Y,1);
L = triu(qr([U;Y]’))’; % LQ decomposition
L11 = L(1:km,1:km);
L21 = L(km+1:km+kp,1:km);
L22 = L(km+1:km+kp,km+1:km+kp);
[UU,SS,VV] = svd(L22); % Eq. (6.39)
U1 = UU(:,1:n); % n is known
Ok = U1*sqrtm(SS(1:n,1:n));
% Matrices A and C
C = Ok(1:p,1:n); % Eq. (6.41)
A = pinv(Ok(1:p*(k-1),1:n))*Ok(p+1:p*k,1:n); % Eq. (6.42)
% Matrices B and D
U2 = UU(:,n+1:size(UU’,1));
Z = U2’*L21/L11;
XX = []; RR = [];
for j = 1:k
XX = [XX; Z(:,m*(j-1)+1:m*j)];

Okj = Ok(1:p*(k-j),:);
Rj = [zeros(p*(j-1),p) zeros(p*(j-1),n);

eye(p) zeros(p,n); zeros(p*(k-j),p) Okj];
RR = [RR; U2’*Rj];
end
DB = pinv(RR)*XX; % Eq. (6.44)
D = DB(1:p,:);
B = DB(p+1:size(DB,1),:);

D.2 MOESP Algorithm

Table D.2 displays a program for the basic MOESP method developed in [172,173].
A formation of data matrices is omitted in this program, but Table D.3 contains a
related method of constructing data matrices.

It should be noted that way of computing matrices � and � is different in each
method, but the computing method of � and � in the MOESP method in Table
D.2 is commonly used in many other subspace identification methods (not always).
Thus we can say that differences in algorithms of subspace system identification
methods are attributed to the way of computing � and �, or the image of extended
observability matrix ������.
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D.3 Stochastic Realization Algorithms

We show two algorithms of stochastic realization based on Lemma 7.9 in Section 7.7
and Algorithm A in Section 8.7. It will be instructive to understand the difference
between the two stochastic realization algorithms.

Table D.3. Stochastic realization algorithm

% Function stochastic.m
% Lemma 7.9
% function [A,C,Cb,K,R] = stochastic(y,n,k)
% y = [y(1),y(2),...,y(Ndat)]; p � Ndat matrix
% n = dim(x); k = number of block rows
function [A,C,Cb,K,R] = stochastic(y,n,k)
[p,Ndat] = size(y); N = Ndat-2*k;
ii = 0;
for i = 1:p:2*k*p-p+1

ii = ii+1;
Y(i:i+p-1,:) = y(:,ii:ii+N-1);

end;
% Data matrix
Ypp = Y(1:k*p,:);
for i = 1:k

j = (k-i)*p+1;
Yp(j:j+p-1,:) = Ypp((i-1)*p+1:i*p,:); % Yp := Y check

end
Yf = Y(k*p+1:2*k*p,:);
Rfp = (Yf*Yp’)/N; % Covariance matrix
[U,S,V] = svd(Rfp); % Eq. (7.81)
S2 = sqrtm(S(1:n,1:n));
Ok = U(:,1:n)*S2; % Eq. (7.82)
Ck = S2*V(:,1:n)’;
A = Ok(1:k*p-p,:)� Ok(p+1:k*p,:); % Eq. (7.83)
C = Ok(1:p,:);
Cb = Ck(1:n,1:p)’;
RR = (Yf*Yf’)/N;
R0 = RR(1:p,1:p); % Variance of output
[P,L,G,Rept] = dare(A’,C’,zeros(n,n),-R0,-Cb’); % ARE (7.84)
K = G’
R = R-C*P*C’;

Table D.3 displays the stochastic realization algorithm of Lemma 7.9, in which
ARE is solved by using the function dare. This function dare can solve the ARE
appearing in stochastic realization as well as the one appearing in Kalman filtering.
For details, see the manual of the function dare.
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Table D.4. Balanced stochastic realization – Algorithm A

% Function stocha bal.m
% Algorithm A in Section 8.7
% y = [y(1),y(2),...,y(Ndat)]; p � Ndat matrix
% n = dim(x); k = number of block rows
function [A,C,Cb,K,R] = stocha bal (y,n,k)
[p,Ndat] = size(y); N = Ndat-2*k;
ii = 0;
for i = 1:p:2*k*p-p+1

ii = ii+1; Y(i:i+p-1,:) = y(:,ii:ii+N-1);
end
Yp = Y(1:k*p,:); Yf = Y(k*p+1:2*k*p,:);
% LQ decomposition
H = [Yp; Yf]; [Q,L] = qr(H’,0); L = L’/sqrt(N); % Eq. (8.76)
L11 = L(1:k*p,1:k*p); L21 = L(k*p+1:2*k*p,1:k*p);
L22 = L(k*p+1:2*k*p,k*p+1:2*k*p);
% Covariance matrices
Rff = (L21*L21’+L22*L22’);
Rfp = L21*L11’; Rpp = L11*L11’;
% Square roots & inverses
[Uf,Sf,Vf] = svd(Rff); [Up,Sp,Vp] = svd(Rpp);
Sf = sqrtm(Sf); Sp = sqrtm(Sp);
L = Uf*Sf*Vf’; M = Up*Sp*Vp’; % Eq. (8.77)
Sfi = inv(Sf); Spi = inv(Sp);
Linv = Vf*Sfi*Uf’; Minv = Vp*Spi*Up’;
OC = Linv*Rfp*Minv’;
[UU,SS,VV] = svd(OC); % Eq. (8.78)
Lambda = Rpp(1:p,1:p); % Covariance matrix of output
S = SS(1:n,1:n);
Ok = L*UU(:,1:n)*sqrtm(S); % Eq. (8.79)
Ck = sqrtm(S)*VV(:,1:n)’*M’;
A = Ok(1:k*p-p,:)�Ok(p+1:k*p,:); % Eq. (8.80)
C = Ok(1:p,:); Cb = Ck(:,(k-1)*p+1:k*p)’;
R = Lambda-C*S*C’; K = (Cb’-A*S*C’)/R; % Eq. (8.81)

Table D.4 shows a program for Algorithm A of Section 8.7. The form of data
matrix �� in Table D.4 is slightly different from �� in Table D.3, since in Table
D.3, after generating ��, we formed ��� by re-ordering the elements. Thus a way of
computing ��� in Table D.4 is different from that in Table D.3. There is no theoretical
difference, but numerical results may be slightly different.

The program of Table D.4 is very simple since the solution of ARE is not em-
ployed, but there are possibilities that � ��� is unstable. Also, it should be noted
that we compute ��� and��� by using pseudo-inverses. For, if the function chol is
used for computing the matrix square roots, the program stops unless ��� and ���

are positive definite, but these matrices may be rank deficient.
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D.4 Subspace Identification Algorithms

The programs for the ORT and CCA methods derived in Sections 9.7 and 10.6 are
displayed in Tables D.5 and D.6, respectively. Also, a program of the PO-MOESP
is included in Table D.7. Comparing the programs in Tables D.5 and D.7, we can
easily understand the difference in algorithms of the ORT and PO-MOESP; both
use the same LQ decomposition, but the way of utilizing � factors is different. For
identifying � and�, the ORT uses the same method as the PO-MOESP.

Table D.5. Subspace identification of deterministic subsystem – ORT

% Function ort pk.m
% Subsection 9.7.1
function [A,B,C,D] = ort pk(U,Y,m,p,n,k);
% ORT method by Picci and Katayama
km = size(U,1)/2; kp = size(Y,1)/2;
% LQ decomposition % Eq. (9.48)
L = triu(qr([U;Y]’))’;
L11 = L(1:km,1:km);
L41 = L(2*km+kp+1:2*km+2*kp,1:km);
L42 = L(2*km+kp+1:2*km+2*kp,km+1:2*km);
% SVD % Eq. (9.52)
[UU,SS,VV] = svd(L42);
U1 = UU(:,1:n);
Ok = U1*sqrtm(SS(1:n,1:n));
C = Ok(1:p,1:n);
A = pinv(Ok(1:p*(k-1),1:n))*Ok(p+1:k*p,1:n); % Eq. (9.53)
% Matrices B and D
U2 = UU(:,n+1:size(UU’,1));
Z = U2’*L41/L11; % Eq. (9.54)
% The program for computing B and D is the same
% as that of MOESP of Table D.2.
XX = [];
RR = [];
for j = 1:k
XX = [XX; Z(:,m*(j-1)+1:m*j)];
Okj = Ok(1:p*(k-j),:);
Rj = [zeros(p*(j-1),p),zeros(p*(j-1),n);
eye(p), zeros(p,n);
zeros(p*(k-j),p),Okj];
RR = [RR;U2’*Rj];
end
DB = pinv(RR)*XX;
D = DB(1:p,:);
B = DB(p+1:size(DB,1),:);
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Table D.6. Stochastic subspace identification – CCA

% Function cca.m
% Section 10.6 CCA Algorithm B
% y = [y(1),y(2),...,y(Ndat)]; p�Ndat matrix
% u = [u(1),u(2),...,u(Ndat)]; m�Ndat matrix
% n = dim(x); k = number of block rows
% Written by H. Kawauchi; modified by T. Katayama
function [A,B,C,D,K] = cca(y,u,n,k)
[p,Ndat] = size(y); [m,Ndat] = size(u); N = Ndat-2*k;
ii = 0;
for i = 1:m:2*k*m-m+1

ii = ii+1; U(i:i+m-1,:) = u(:,ii:ii+N-1); % Data matrix
end
ii = 0;
for i = 1:p:2*k*p-p+1

ii = ii+1;
Y(i:i+p-1,:) = y(:,ii:ii+N-1); % Data matrix

end
Uf = U(k*m+1:2*k*m,:); Yf = Y(k*p+1:2*k*p,:);
Up = U(1:k*m,:); Yp = Y(1:k*p,:); Wp = [Up; Yp];
H = [Uf; Up; Yp; Yf];
[Q,L] = qr(H’,0); L = L’; % LQ decomposition
L22 = L(k*m+1:k*(2*m+p),k*m+1:k*(2*m+p));
L32 = L(k*(2*m+p)+1:2*k*(m+p),k*m+1:k*(2*m+p));
L33 = L(k*(2*m+p)+1:2*k*(m+p),k*(2*m+p)+1:2*k*(m+p));
Rff = L32*L32’+L33*L33’; Rpp = L22*L22’; Rfp = L32*L22’;
[Uf,Sf,Vf] = svd(Rff); [Up,Sp,Vp] = svd(Rpp);
Sf = sqrtm(Sf); Sfi = inv(Sf); Sp = sqrtm(Sp); Spi = inv(Sp);
Lfi = Vf*Sfi*Uf’; Lpi = Vp*Spi*Up’; % Lf = Uf*Sf*Vf’; Lp = Up*Sp*Vp’
OC = Lfi*Rfp*Lpi’;
[UU,SS,VV] = svd(OC); % Normalized SVD
S1 = SS(1:n,1:n); U1 = UU(:,1:n); V1 = VV(:,1:n);
X = sqrtm(S1)*V1’*Lpi*Wp; XX = X(:,2:N); X = X(:,1:N-1);
U = Uf(1:m,1:N-1); Y = Yf(1:p,1:N-1);
ABCD = [XX;Y]/[X;U]; % System matrices
A = ABCD(1:n,1:n); B = ABCD(1:n,n+1:n+m);
C = ABCD(n+1:n+p,1:n); D = ABCD(n+1:n+p,n+1:n+m);
W = XX-A*X-B*U; E = Y-C*X-D*U;
SigWE = [W;E]*[W;E]’/(N-1);
QQ = SigWE(1:n,1:n); RR = SigWE(n+1:n+p,n+1:n+p);
SS = SigWE(1:n,n+1:n+p);
[P,L,G,Rept] = dare(A’,C’,QQ,RR,SS); % Kalman filter ARE
K = G’; % Kalman gain

The CCA method – Algorithm B – in Table D.6 is based on the use of estimates
of state vectors. It may be noted that the LQ decomposition in the above table is
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different from the one defined by (10.46); in fact, in the above program, the past

input-output data

�
��

��

�
is employed for �������, since the row spaces of both data

matrices are the same.

The following table shows a program of the PO-MOESP algorithm [171].

Table D.7. PO-MOESP algorithm

% Function po moesp.m
function [A,B,C,D] = po moesp(U,Y,m,p,n,k);
% cf. Remark 9.3
% m=dim(u), p=dim(y), n=dim(x)
% k=number of block rows; U=2km x N matrix; Y=2kp x N matrix
km=k*m;
kp=k*p;
% LQ decomposition
L = triu(qr([U;Y]’))’;
L11 = L(1:km,1:km);
L21 = L(km+1:2*km,1:km);
L22 = L(km+1:2*km,km+1:2*km);
L31 = L(2*km+1:2*km+kp,1:km);
L32 = L(2*km+1:2*km+kp,km+1:2*km);
L41 = L(2*km+kp+1:2*km+2*kp,1:km);
L42 = L(2*km+kp+1:2*km+2*kp,km+1:2*km);
L43 = L(2*km+kp+1:2*km+2*kp,2*km+1:2*km+kp);
[UU,SS,VV]=svd([L42 L43]);
U1 = UU(:,1:n);
Ok = U1*sqrtm(SS(1:n,1:n));
C = Ok(1:p,1:n);
A = pinv(Ok(1:p*(k-1),1:n))*Ok(p+1:k*p,1:n);
% Matrices B and D
U2 = UU(:,n+1:size(UU’,1));
Z = U2’*[L31 L32 L41]/[L21 L22 L11];
% The rest is the same as that of MOESP of Table D.2.
% The subsequent part is omitted.
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Chapter 2

2.1 (a) Suppose that ������� � �. Let � � ��� �, where � � ���	���� 
�,
and �� � �

��� � 
. Also, partition � � ���

���
 and � � ��� ���
. From Lemma
2.9 (i), we see that Im��� � Im����, Ker���� � Im� ����, and Im���� � Im����,
Ker��� � Im� ����. Item (a) is proved by using

Im����� Im� ���� � �
� � Im���� � Im� ����

Im����� Im� ���� � �
� � Im���� � Im� ����

(b) These are the restatement of the relations in (a).
(c) We can prove the first relation of (c) as

Im����� � Im����
�
�
��
�
� � Im���� � Im���

Also, the second relation is proved as follows:

�Im��� � ��� � � � �	� 	 � ��� � ���	 � 	 � ��� � Im����

2.2 Compute the product of three matrices in the right-hand side.

2.3 (a) It suffices to compute the determinant of both sides of the relations in
Problem 2.2. (b) This is obvious from (a). (c) Pre-multiplying the right-hand side

of the formula by

�
� �


 �

�
yields the identity. (d) Comparing the ��� ��-blocks of

the formula in (c) gives

�������

�� � ��� ������� � 
����
��
���

By changing the sign of �, we get the desired result.

2.4 Let �� � 
�, � �� 
. Then, � ���� � � �
�� � 
�� holds. Hence, from
� � � � , we have �� � 
��. It thus follows that 
� � 
�� for � �� 
, implying
that 
 � 
 or 
 � �. Suppose that 
� � � � � � 
� � � and 
��� � � � � � 
� � 
.
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We see that trace�� � �
�

�

���
�� � �. Let the SVD of � be given by � � ��� �,

where � � diag���� � � � � ���. Since, in this case, �� � ��, we see that rank�� � �
rank��� � �.

2.5 Suppose that � � � � holds. Then, from Lemma 2.4 and Corollary 2.1, we
have (2.17) and (2.18). Thus (a) implies (b).

We show (b) � (c). As in the proof of Lemma 2.5, we define � � Im�� � and
� � Im��� � � �. Note that for the dimensions of subspaces, we have

����� ��� � ������ � ������ � ����� ���

Since 	 � �	 � ��� � � �	, it follows that �� � � �� and 
 � ����� ���.
Also, from (b), we get ������ � ������ � 
, and hence ����� ��� � �. This
implies that � �� � ���, so that (c) holds.

Finally, we show (c) � (a). Post-multiplying �� � � � ��� � � � by � yields
� � � � � ��� � � �� , so that we have � ��� � � � � ��� � � �� . Thus

Im� ��� � � � � Im�� �� Im ��� � � �� � Im��� � � �

hold. If (c) holds, we get Im�� �� Im����� � � ���, implying that Im�� ����� �	 �
��� follows. Hence, we have � � � � . This completes the proof.

2.6 Since �� � ��, we get � � � ���� � �� � � . Also, � and � are of full
rank, so that Im�� � � Im���� � Im�� � and Ker�� � � Ker���� � Ker���. This
implies that � is the oblique projection on Im�� � along Ker���. Similarly, we can
prove that 
 is a projection.

2.7 Define � � ��� ��	 and � � ��� ��	. Since

�
�

�

�
�� � 	 �

�
�� �
� ����

�
,

we have �
�� ��
�� ��

��
�� ��
� ����

�
�

�
�� �
� ����

�

This implies that �� � ��, �� � � , �� � �, �� � ����, and hence

� �

�
�� �

� �

�

2.8 (a) Let � � ���
�
�

. Then, � � � � and �� � � hold, so that � is
an orthogonal projection. Also, from Lemma 2.9, we have Im���� � Im���� �
Im����

�

�
�. Similarly, we can prove (b), (c), (d).

2.9 Let � � ��� �, where � � �
��� , � � �

��� are orthogonal and

� �

�
�� �
� �

�
� �

��� with �� � �
��� diagonal, where � 
� ��
����. Then, we

get
������ � ��������� � ���������

where

������ �

�
���
�

�
� �

�
� ����
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Thus

�������� � �

�
�� �
� �

�� �
���
�

�
� �

�
�� � �

�
���
�

�
� �

�
�� � ��

That �������� � �� is proved similarly.

2.10 Let � � ��� �, where � � diag���� � � � � ���, and � � �
��� , � �

�
��� . Then, we have � � �� � and � � � �� �. Note that � � � � � �� � ��.

Chapter 3

3.1 Since �	�� � �
�, � � �� �� � � � , we have

��
���

�	�� �

��
���

�

�
��

This implies that the system is not stable.

3.2 To apply the Routh-Hurwitz test for a continuous-time LTI system to a
discrete-time LTI system, let � � �
 � ��
�
 � ��. Then, we see that ��� � � �
���
� � �. From ���
� ��
�
� ��� � �, we get

�� � �� � ���

� � ���� ���
� ��� �� � ��� � �

Thus the stability condition for �� � ��� � �� is given by

� � �� � �� � �� �� �� � �� � �� �� �� � � (E.1)

3.3 From a diagonal system of Figure 3.3, � and � are given by

� �

�
��� � �

� �� �
� � ��

�
� � � �

�
� ����
��

�
�

Thus, from Theorem 3.4 (ii), it suffices to find the condition such that

rank

�
��� � � � � ��

� �� � � � ��
� � �� � � ��

�
� � 	� � � ��� ��� ��

holds. Hence, the reachability condition becomes

������ �� �� ��� � ������ � ������ � ��� �� �

3.4 Note that � � �� �� � � � ������. From (2.3), we have

�� � �����
��� � � � �� ������ ����

Hence,
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�� � ��� ��� � � � ����

� ��� ��� � � � � ����
��� � � � �� ������ ����� �

� �� �� � � � ������

�
����
� ���
� �����

. . .
...

� ���

�
���� � � ��

and

� � �� �� � � � ������

�
����
�
�
...
�

�
���� � ���

3.5 We can show that

	
������� � �� �� � � � 	
����� �� �� � �

and

	
��

�
�� �	 � ��

	

�
� � � 	
��

�
�� ��

	

�
� �

The results follow from Theorems 3.4 � 3.9.

3.6 Define �� 
� �
����� � ��. Then, the spectral radius of �� is strictly less
than �, and hence ��� � � as 
 � �. Thus, in particular, the elements of the
sequence � ���� 
 � �� �� � � � � are bounded, so that we have

��� ������
�� � 	, 	 � �

for 
 � �� �� � � � and �� � � �� � � � � �. Since � ������ � ������
����� � ���, we get
the desired result.

3.7 Before proving this assertion, it will be helpful to look at the proof of a basic
convergence result for the Césaro sum in Problem 4.3 (a).

The solution ���� is given by

���� � ������ �

���	
���

��������
�

By assumption, ���� � �. Thus we can take � � � such that ���� � � �
 � � �.
From Problem 3.6,

��������
�� � 	����� � ��� 	 
��
� � 	��

�� 
 � �� �� � � �

where 	� � �, and 
 � 
� is a matrix norm (see Section 2.3). By using the above
estimate,


����
 � 	��
�
����
� 	�

���	
���

������
��
�
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Since the first term tends to zero as � � �, it suffices to show that the second
term tends to zero as ���. Let the second term be ����. Then, we get

���� � ���
���

����

���

�������� ���� � ������

By hypothesis, ������ ���� � �, so that for any �� 	 �, there exists 
� 	 � such
that ���� � ����� �������� for all � 	 
�. Thus, for a sufficiently large �,

���� � ���
���

�
���
���

������� �

����
������

�������

�

� ���
���

�
���
���

������� �
���� ��

���

����
������

���

�

� ���
���

�
���
���

������� �
����� ��

���

�
������ � �����

�� ���

��

� ���
���

�
���
���

�������

�
� ��

�
�� �������

�

The first term in the right-hand side of the above inequality tends to zero as ���,
while the second term is smaller than ��. This completes the proof.

3.8 It can be shown that�

� �� �
�� �

�
�

�
�� �

���
� ����� ��

��

� �� �

� ��
�

�

where ��
� � ��
� ������. Since 	
��

�
�� �

���
� ����� ��

�
� �� �, we get

rank���
� � rank��
� ��� � rank���
� � �� rank���
�

3.9 ( [51], vol. 2, pp. 206–207) Suppose that ��
� � ��
����
� is rational, and
that the series expansion

��
�

��
�
�

��



�
��

�

� � � � (E.2)

converges for �
� 	 � for some � 	 �. Suppose that polynomials ��
� and ��
� are
given by

��
� � 
� � ��

��� � � � �� ��� ��
� � ��


��� � ��

��� � � � �� ��

Multiplying (E.2) by ��
� yields

��

��� � ��


��� � � � �� �� � �
� � ��

��� � � � �� ���

�
��



�
��

�

� � � �

�
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Equating the coefficients of equal powers of � on both sides, we obtain

�� � ��

�� � �� � ����

...

�� � �� � ������ � � � � � ������

and for � � �� �� � � � ,

� � �� � ������ � � � � � ������

This implies that (2.40) holds with � � �, so that the Hankel matrix (2.35) has finite
rank.

Conversely, if � has finite rank, then (2.40) holds from Lemma 2.14. Hence,
by using ��� � � � � �� of (2.40) and the above relations, we can define ��� � � � � ��.
Thus we see that ����	���� is a desired rational function, which equals 
��� �
��	� � ��	�

� � � � � .

3.10 Note that the following power series expansion:

����� � ���� � ��� �
�

	
��� �

�



��� � � � � � ��� � �

Thus the right-hand side converges to a non-rational transfer function, implying that
the impulse response cannot be realized by a state space model.

Chapter 4

4.1 Putting � � � � 
, we change variables from ��� �� to ��� 
�. Then, 
 is
bounded by �� � � � 
 � � � �, and � is bounded by � � � � � � 
 if 
 � �
and by �
 � � � � � � if 
 � �. Thus we get

��

���

��

���

���� �� �

����

���

����

���

��
� �

���

������

��

������

��
�

�

����

���

�� � 
���
� �
���

������

�� � 
���
�

�

����

������

�� � �
����
�

4.2 Define 
 � �� �. Then, applying the formula in Problem 4.1, we have

��

����

��

����

���� �� �
���

�����

�	� � �� �
����
�

Thus dividing the above equation by 	� � � gives (4.13).
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4.3 (a) Let � � � be a small number. From the assumption, there exists an
integer � � � such that ���� � � for � � �. Let � � ��������� � � � � �����. Then,

������ � � � �� ��
�

���� � �� � ���� ��

�
�
��

�
� �

Taking the limit ���, we have ��	�� �. Since � � � is arbitrary, the assertion
is proved.

(b) Define 
� � ��	��

��
���

�� with 
� � �. Then, 	
���� �
�� � � by

hypothesis. Noting that

��� � ��
� � �� � ���
��� � �� � ��
���

we have

�� � �
�

�

��
���

�
��

�

�

�
�� � 
� �

�

��

��
���

��� �
�

��

��
���

�� � ��
���

Thus

���� �
�

�

��
���

����� � �

�

���� �
���� �
�

�

��
���

�
���� � �

since 	
���� �
�� � �.

(c) Define �� �

��
���

��. By assumption, 	
�
���

�� � �. It can be shown that

�����
��
���

�� �
��

���

�
��

�

�

�
��

����� �
�����
��

�����

��

������
�

�

�����
��

���

���

�����

� �������
�

�

�����
��

���

���

�����
Since the first term in the right-hand side of the above equation converges to zero, it
remains to prove the convergence of the second term. By the definition of ��,

�

�

��
���

��� �
�

�

��
���

���� � ����� �
�

�

��
���

�
���� � �� � ������
 � ����

�

�
��
�
�
�� �

�
���� �

�

�

��
���

����

We see that the first and second terms of the right-hand side of the above equation
converge to zero, and the third term also converges to zero by (a).
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4.4 For zero mean Gaussian random variables �� �� �� �, we have (see e.g. [145])

������� � �������������������������������� (E.3)

By using (E.3), it follows from (4.17) that

������ � ����	� 
 � ����	� ����	� 
���	�� � ���

� ����
�����
� � ������������ � ����
 � ������
 � ��� ���

� ��
����� � ����
 � ������
 � ��

By the Schwartz inequality,�����
��
���

������

����� �
��
���

��
����� �

�����
��
���

����� � 
������ � 
�

�����
�

��
���

��
����� �

�
��
���

��
���� � 
�

��
���

��
���� � 
�

����

(E.4)

Since (4.20) holds, it follows that

���
���

�

� � �

��
���

��
���� � 
� � �� 
 � �� �� � � �

and hence from (E.4)

���
���

�

� � �

��
���

������ � �

This implies that (4.19) holds from Problem 4.3 (c).

4.5 Similarly to the calculation in Problem 4.2, we have


� ��� �
�

	� � �

��
����

��
����

����
���������������

�

���
�����

�
��

�� �

	� � �

�
��������� (E.5)

Note that

���
���

���
�����

��������� � ����

exists. It therefore from Problem 4.3 (c) that the limit of the right-hand side of (E.5)
converges to ����.

4.6 A proof is similar to that of Lemma 4.4. Post-multiplying
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���� �
��

���

������ ��

by ���� �� and taking the expectation yield

������ �
��

���

�������� ������ ��� �
��

���

������� � ��

Post-multiplying the above equation by ����� and summing up with respect to � yield

	���
� �

��

����

��

���

���
��������� � �����������

�
��

���

���
����	���
� � ������	���
�

4.7 Since 	���
� � �� � ���
 � � ��	��
���,� �

��


��	���
�

 � �

� �

�


��
�
� ��	�

�

��

��




� �� 
�� � � �

� �

�


�� ��	�
���



� �� 
�� � � 


� ���

�


�� ��	 � 
� � � � ��

where
� ���
�


�� ��	 �
� � ������ 
�� � (Euler) is used.

4.8 The form of 	�
� implies that � is a one-dimensional ARMA process, so
that

���� � ����� �� � ���� � ����� ��

Thus from (4.35), the spectral density function of � becomes

	�
� � ��
���� � � ����

� � ����

����
�

� ��
� � �� � �� ���


� � �� � �� ���


Comparing the coefficients, we have � � ����, � � ���.

4.9 Since ���� � �� � ����� � ��, we have

������ �
���� � ��

� � �
� ��� � �������� � ������� � �������� � � � � �

Computing ��������� yields

��������� � ����� � ���������� � � � �� ��������� � �������� � � � � �

� ���������� ���� � ������� � �������� � � � � �

�
���������� ���

� � �
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Thus from (4.57), the optimal predictor is given by

���� �
���������� ���

� � �

� � �

� � �
�

���������� ���

� � �

4.10 From (4.58),�
���� ��
���� ��

�
�

�
���� �

�������� �

��
����
����

�
�

�
	��� �

����	��� 


��
����

���� ��

�

This is a state space equation, implying that the joint process ��
 �� is Markov.

4.11 A proof is by direct substitution.

4.12 By definition,

������ �

���
����

��������������� � ������ �

��
���

����� ������

Since ��� � ���� � �, we compute the terms that include �. Thus,


� � �

���
����

��������������� �

��
���

���������

� ��

�
��
���

���������

�
�� � �

�
��
���

�������

�
�

� ������
 �������� � ���
 ������

� ��������� �� ����

Adding 
� to the right-hand side of (4.80) yields (4.81).

Chapter 5

5.1 This is a special case of Lemma 5.1.

5.2 Let ����� and ����� respectively be the Kalman gain and the error covari-
ance matrices corresponding to �����, �����, �����, �� ���. We use the algorithm
of Theorem 5.1. For � � �, it follows from (5.41a) that

����� � ������� �������� �	��������	������� �������� � �����	��

� ����

Also, from (5.42a),

����� � ������ ��������������������� �������� � �����	��

� ���

�	��������	���� � �� ���

Similarly, for � � �, we have ����� � ����, ���
� � �� �
�, and hence induc-
tively ����� � ����
 � � 

 �
 � � � .
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5.3 It follows that

����� ����� � ���� � �� �� � ����� � �� ��� ������

where ���� � �� �� � ���� � �� ��� �����. Thus we have

���� � � �� � �� �� �����

Since ���� � � and � �� � �� �� � � �� � �� � �, we get

���� � � �� � �� �� � � �� � �� � �� ���� � ����

5.4 Follow the hint.

5.5 The derivation is straightforward.

5.6 Substituting � � �� 	
��� into (5.68), we have

� � ���� 	
������� � 		����� �
���

� ��������� �
��� � 	
�� � 
 � 	
��

Thus we get ���� � �� 
�.
It follows from (5.67) that

� � ���� ������� �
��� ��

� ���� � �
 � 	
�������� �
��
 � 	
���� ��

� ��� 	
����� ��� 	
�����

� �
 � 	
�������� �
��
 � 	
���� ��

From the definition of 
 ,

� � ���� � 
 ����� �
�
� ��� 	
������

� ����
��	� � 	
������
��	�

� 
 ����� �
�
��	� � 	
������� �
�
�

� 	
������� �
�
��	�

� ���� � 
 ����� �
�
� � ��� 	
��	��

This proves (5.70) since � � �� 	
��	�.

5.7 Equation (5.90) is given by

� � ���� � � 
�� ������������ �������� 
� � ����� (E.6)

Using � � � � 
���������, the first term in the right-hand side of (E.6) is

�� � � �� � 
������������� � 
�����������

� ���� � 
������������ � ���������� 
�

� 
������������������ 
�
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Also, we have

��� ����� � ����� � ��������������� �����

so that the second term in the right-hand side of (E.6) becomes

�� � � ������ � ��������������� ������������ �������

� ������ � ��������������� �������

� ���������� ����������� � ���������� ��

� ������������� � ��������������� ����������� ��

Computing �� � ��, we get (5.91).

5.8 Since

� �

�
�� �

� ��������� �� ��

�
� � �

�
�� ��

��������

� �

�

we have

� 		�� �

�
�� ��

��������

� �

� �
� ��
��� �

� �
�� ��

��������

� �

��

�

�
� ��

�� �

�
� � 		��

Consider the following two eigenvalue problems:

(A) �
 � ��
 (B) ��
 � ���


Let � �� � be an eigenvalue of Problem (A). Since


����� � ���� � 
����� ��� � �

we see that � � 

� is an eigenvalue of Problem (B). Also, pre-multiplying ��
 �
���
 by � 		 yields

� 		��
 � �� 		��
 � �� 		��
 � �� � ���� � � 		��


Thus � � 

� is also an eigenvalue of Problem (A).

Chapter 6

6.1 (a) Since �� � �� � � 
� � � � , �� � �, we have

��� �

�
���


 � � �
� � � �
� � � �
� � � �

�
��	 � rank��� � �
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By using the MATLAB R� program in Table D.1, we get

� �

�
������ �������
������ ������

�
� � �

�
�������
������

�
� � � 	������� � ������


Thus the transfer function is given by ���� � ���� � ���.

(b) In this case, the Hankel matrix becomes

��� �

�
�������

� � �� � � �
� �� � � � �
�� � � � � ��
� � � � �� �
� � � �� � �
� � �� � � �

�
�������
� rank��� � 


so that we have

� �

�
���

���
�� ������ ������� �������
������� ������ ������ �������
������ ������� ������� �������
������ ������� ������ ������


�
��� � � �

�
���
�������
������

����
��
������

�
���

� � 	������� � ������ � ���
�� � ������


Thus the transfer function is given by ���� � ��� � ������� � �� � �� � � � ��.

6.2 Let 	 be the reachability Gramian. Substituting� � 
��
,� � 
�� into
(3.34) yields

	 � �	�� ���� � 
��
	
�
 � 
���


Since 

 � � , we get 
	
 � ���
	
������. Thus the observability Gramian
is expressed as � � 
	
. Though ������� are not balanced, both Gramians have
the same eigenvalues. Note that 
� (with � � �) is diagonal, i.e.,


� � ���
�

� �

����
���

����������

	
��

��
���

���������� � 	




6.3 Since the orthogonal projection is expressed as ���� � �� � ��, � �
�
��� , the optimality condition is reduced to ���� � �. Hence we have

�������� � � � � � �����������

showing that ���� � �� � ������������.

6.4 Since ��
��� � �, two terms in the right-hand side of � � ����

�
� �

����
�
�

are orthogonal. From � � ����
�
�

with � full row rank, we see that ��� is
nonsingular and ��

� forms a basis of the space spanned by the row vectors of �. It
therefore follows that ���� � �� � ����

�
�
� ����

��
��
�. Also, from ��� � ���,
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we get ���� � �� � �����
�
�
�. Since �����

�
is orthogonal to the row space of �,

it follows that ���� � ��� � ����
�
�

.

6.5 Let � �

�
�
�

�
. Then, � has full row rank. Thus from Problem 6.3,

���� � �� � ���� ���

�
��� ���

��� ���

��� �
�
�

�

We see that the above equation is expressed as

���� � �� � ���� ���

�
��� ���

��� ���

��� �
�
�

�

����� ���

�
��� ���

��� ���

��� �
�
�

�

Since �	
���� � �	
���� � ���, the first term of the right-hand side of the above
equation is the oblique projection of the row vectors of � onto the space spanned by
the row vectors of � along the row vectors of �. Thus we have

������ � �� � ���� ���

�
��� ���

��� ���

��� �
�
�

�

6.6 Note that ��� �

�
��� �
��� ���

�
and ��� � ���� ����. Let

�
�
	

�
� �
������.

Then, ���� � � and ���� � ���	 � � hold. However, since ��� is nonsingular,
we have � � �, so that ���	 � �. Thus it suffices to show that ���	 � � implies
���	 � �. Consider the following vectors

�
���
���
���
���
���

�
��� 	 �

�
���

�
�

���	
���	

�
��� �

�
���

�
�
�

���	

�
���

Lemmas 6.4 and 6.5 show that the above vector is also an input-output pair. However,
since the past input-output and future inputs are zero, the future outputs must be zero,
implying that ���	 � �. This completes the proof.

Chapter 7

7.1 Let 
��� � ���������. Let � � 
��. Then, we have


�
��� �
��
���

��
���
�
���� � �����

���� � �����

It thus follows that

��
�
��� �
�������� � ��������

����� � �����
� �� �� � � � �
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Hence ���� is positive real, if ���� is stable and

�������� � �������� � �� �	 
 � � 	 (E.7)

From the given first-order transfer function, we have

������ �
�� � ���� � �� ��	�

�� ���� � � ��	�

Thus from (E.7), the positivity is satisfied if � � � is stable and if

��� �� ���� �� ���� � �� �	 
 � � 	

It therefore follows that ���� �� � ��� � and ��� � 
 �. Hence, we have

��� 
 
� ��� � �� � � �

7.2 It can be shown that

���������� � 
 � �� ���� � �� ��� 
�

� 
�� ���
� � � �� ���� � �� � 
 (E.8)

For �� � �, we see that the positive real condition is reduced to

�� ���� � 
 � �� �	 
 � � 	

This is satisfied if and only if �
 � �� � 
.
In the following, we assume that �� �� �, and define

���� �� 
�� � �������� � 
��� � 
� �
 � � � 


1. Suppose that �� 
 �. Then, from (E.8), the positive real condition becomes

���� � �� �
 � � � 
 (E.9)

Since ���� � 
��� � 
 
 �, (E.9) is satisfied if and only if ���
� � � and
��
� � �. Thus we have

�� � �� � 
 � �� �� � �� � 
 � �� �� � �

2. Suppose that �� 
 �. In this case, the positive real condition becomes

���� � �� �
 � � � 


Let �� � �������. According to the location of ��, we have three cases:
a) If �� � �
, then ���
� � �. This implies that

� 
 �� � ����� �� � �� � 
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b) If �� � �� � �, then ����� � �, so that

�� �
��
�
� �� � �

��
�
�

��
�

�
� �

�
�� �

�

�

��

� � (E.10)

c) If �� � �, then ���� � �. Hence, we have

� � �� � ������ �� � ��� � ��

Thus, the region � � ����� ��� � ���������	 � �� is a convex set enclosed by
the two lines �� � ��� � � and a portion of the ellipsoid in (E.10) [see Figure E.1].

�� � �� � �� �� � ��� � ��
��
�

�
� �

�
�� �

�

�

��

� � (E.11)
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Figure E.1. Region of positive realness in ���� ���-plane

7.3 It is easy to see that 	�
� is positive real if and only if

���� 
� �� ��
�
� ��

�
� ������ � �� �� � � � �

Thus the condition is given by

��� � ��� � �� ��� � ��� � � (E.12)

Remark E.1. It will be instructive to compare the positive real conditions (E.11) and
(E.12) above and the stability condition (E.1). �

7.4 Using the Frobenius norm, we have����
�
� �
� �

�����
�

�

� trace

��
� �
� �

� �
� �
� �

���

� trace���� ���� � ��� �����

� ����� � ����� � ����� � �����

� ����� � ���� � ���� � ���� �
�
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Taking the square root of the above relation, we get the desired result.

For the 2-norm, we define � �

�
�
�

�
, � �

�
�
�

�
. By the definition of 2-norm,

����� � ����� � ����
�
���� ���

�
� ��������� � ��������� � ����� � ���

�
� � ����� � �����

�

Thus we get ���� � ����� ����. Similarly, we get �� �� � ����� ����. Thus
combining these results,

��� � ���� � �������� � � � ��

� ��������� � ������ � ��

� ����� � �� �
�
� � ����� � �� ���

�

Hence we have

��� � ��� � ���� � �� �� � ���� � ���� � ���� � ����

7.5 ��	� is easily derived. Let 	 � 	. Since ��	� �

�


	 �
� �

�
� �, we

see that 	 � 	 satisfies the LMI. Now suppose that 	 � 	. It then follows from
(7.35) that




�
	 �




	

�

�




	
	

�
� � � 	 � 

	

Hence we have 	� � 

	 and 	� � 	, implying that the solutions of LMI satisfy


	 � 	 � 	. Note that in this case � �� �� ���
������ � �; see (5.91).

7.6 By the definition of �� and �����,

���� � �����
��
�

�� � 
������

� � ��� ����

�

��� ���

�
�
�
�� �����

�
�� �

��
�
�
�
��

�

Note that this equation has the same form as (7.59). It is easy to see that �� satisfies
(7.62) by the following correspondence in (7.60).

��� � ��� � � ��� �� � �

7.7 First from (7.64), we note that

��
���� �	��� ��	�� � ��� (E.13)

Substituting � � �� ��� into (7.63) yields

	 � ��� ����	��� ����� ���
���� �	�����

� ��	�
�
� ���	���� ���	��� ���	�

���

���
���� �	�����
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Again by using �� � ����, it follows that

� � ����
�

�
�������� ����������� � �����������

�������� �������

� ����
�

�
������ �������

��������

�������� ������� � ��������
���������

Using (E.13) in the right-hand side of the above equation, we readily obtain the
desired result, i.e., (7.65).

7.8 In view of Subsection 7.4.2, the constraint is given by � � �
�
�, so that the

Lagrangian becomes
� � �

�
�� ���� � ����

Differentiating � with respect to � yields ��� �� � �. Thus, from the constraint,
we have

� � ������ � � � � � ���������

so that � � ��������� holds. Hence we have ���
�

����� � ����������.

Chapter 8

8.1 It is easy to show that
�
�� �
� 	�

��

�� 
��


�� 
��

��
� �
� 	

�
�

�
��
��� ��
��	
	�
��� 	�
��	

�

Thus from (8.9) and (8.10), the result follows. Also, the computation of the determi-
nant is immediate.

8.2 Though this can be proved by using the orthogonality condition ���� � �,
we give a different proof. See also Problem 6.3.

Since 
 	� �������
�

� 
��
�����������������,


 � 
��
�
�
������ ��������� ������������������

�

We see that the right-hand side is a quadratic form in � � �����.
Recall the formulas for the differentiation of trace (e.g. see [185]):

�

��

��
����� � ���

�

��

��
������ � �

�

��

��
�������� � ����� ����

Thus it follows that

�


��
� ��������� �������� � � � � � ����������������
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8.3 Applying Lemma 4.11 to (8.48), we get

������ � ������ � �������

� ���������� ���� � ����� ���

for � � �� �� � � � . For � � �, we have ������ � ���� � �, so that we have the
desired result. We can show that Theorem 8.5 and Lemma 8.5 give the same result.

8.4 Since � is scalar, we note that 	� � 	
�

, 
 � � , �� � � hold. Thus
�� �� 
���
�� � 
�� � is symmetric, so that �� � 
�� � � � �
�. Since

Im� ��� � Im�
� � Im�� � holds, there exists a nonsingular matrix � � �
��� such

that 
 � � �. Since �� � 
�
 � ��� �� � � ���, we see that � � � �


is orthogonal. From 
�� � � � �
�, we have ��� � ��, so that similarly to
the proof of Lemma 5.2, we can show that � � diag���� � � � � �� holds. By using
� � 

����, 
 � � �, � � ���, we see that

� � ����� ��� � �����
�
� � �����
�
� � ���

holds, where we used the fact that � and ���� are diagonal. Thus,

�
� � ������� �

� � ������

Hence, from (8.50), we get

� � �
�
�
� � ������������ � ��������� � ����

Also, from (8.52),
��� � ��� � �� � � �� � ���

implying that �� � �� holds.

8.5 Since � � 
�
���
�
� �

�
� � 
�
���

�
� �

�
� , and since Im�
�
�� �

Im�
�
��, there exists a nonsingular � � �
��� such that 
�
� � 
�
��.

Note that 
�
�� � 
�

�
� holds. Thus � � 
��� 
� becomes an orthogonal ma-

trix with ��� � ��� � � . This implies that �
� becomes an orthogonal
matrix, and hence � � 
�

� ��
�� becomes an orthogonal matrix. Again, using

�
���

�
� �

�
� � 
�
���

�
� �

�
� , and noting that ���

�
� � ���

�
� , it follows

that

���

�
� � 
��� 
�
���

�
� �

�
� �

��
�

so that

��

�
�
� � 
��� 
�
��

�
�
� 


�
� 


��
� � 
���

���
�
�

and hence
�� � ����� (E.14)

It should be noted that �� is a diagonal matrix with different elements and that �
is orthogonal. Thus similarly to Lemma 5.2, we have � � ���� � � � � ���. In fact,
suppose that
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� �

�
���� �

�� �

�
� ���� � �

����������� � �� � � ���� � � � �

Then, from ��� � � , we have ���� � �� � � and from (E.14)

��
����

�
��� � �����

�
���� ��

���� � ��
�
�� ������ � ��

�
��

Since ��
�

is not an eigenvalue of ��
���, we see that � � �, � � �, so that �� � �.

By using ��	� � ��	�� and 	��

�
� � ���� ��	��


�
� �

�
� �

��
� ,

� � ��
 �
� �

�
� �

��
� 
� � ��
 �

� �
�
� �

��
� 
� � 
 �

� �
��
� ��
�� � ��

where we used the fact that ���� �� �. Since the right-inverse of 
 �
� �

��
� is ��
�,

we get ��
�� ���
�, so that ��
� ���
��. Also, from (8.41),

�� � ��	��
��� � ��	���

��� � ���

�� � ����
 �
� �

�
� � �����
 �

� �
�
� � ���

It thus follows from (8.50) that

�� � �
�
� �

�
� � ���� �

�
�� � ����

Moreover, from (8.51) and (8.52),


� � ���� � �� � � �	 � ���� � �� � � �	� � 
��



� � ���� � �� � � �	� � ���� � �� � � �	�� � 

��

From (8.53) and (8.54), we have

�� � ���	� 
��

�
� � ���	� 
����


�
� � ���	� 
��


�
� � ��

�� � � 

�
� ����


�
� 	�

��
� � �� 

�

� � ������

�
� 	�

��
�

� �� 

�
� ����


�
� 	�

��
� � ���

This completes the proof.



Glossary

Notation

�, � , � real numbers, complex numbers, integers
�� , � � �-dimensional real vectors, complex vectors
���� ��� ��-dimensional real matrices
���� ��� ��-dimensional complex matrices
������ dimension of vector �
������ dimension of subspace �
� �� vector sum of subspaces � and�
��� direct sum of subspaces � and�
���	��� �� �� subspace generated by vectors �� �� �
��, �� transpose of � � ���� , conjugate transpose of � � ����

���, ��� inverse and transpose of the inverse of �
�� pseudo-inverse of �
� � 
 symmetric, nonnegative definite
� � 
 symmetric, positive definite
���� square root of �
������ determinant of �
�
������ trace of �

�	���� rank of �
����, ����� eigenvalue, 	th eigenvalue of �

��� spectral radius, i.e., ���� �������
����, ����� singular value, 	th singular value of �
����, ���� minimum singular value, maximum singular value of �
����� image (or range) of �
��
��� kernel (or null space) of �
����, ���� �-norm,�-norm of �
����, ���� �-norm, Frobenius norm of ��
� �


 �

�
transfer matrix ���� � � � 
��� ������
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���� mathematical expectation of random vector �
������ �� (cross-) covariance matrix of random vectors � and �

������ Gaussian (normal) distribution with mean � and covariance matrix �

��� � �� conditional expectation of � given �

��� ��� inner product of � and � in Hilbert space �
���� norm of � in Hilbert space �
������ � � � closed Hilbert subspace generated by infinite elements �� � � �
	��� � �� orthogonal projection of � onto subspace �
	����� � �� oblique projection of � onto � along �
� 
� � � is defined by �

� �
 � � is defined by �

� �-transform operator
� complex variable, shift operator �	�
� 
� 	�
� 
�
�� real part
������ Riccati operator; (7.34)

Abbreviations

AIC Akaike Information Criterion; see Section 1.1
AR AutoRegressive; (4.33)
ARMA AutoRegressive Moving Average; (4.34)
ARMAX AutoRegressive Moving Average with eXogenous input; (1.4)
ARX AutoRegressive with eXogenous input; (A.7)
ARE Algebraic Riccati Equation; (5.67)
ARI Algebraic Riccati Inequality; (7.35)
BIBO Bounded-Input, Bounded-Output; see Section 3.2
CCA Canonical Correlation Analysis; see Section 8.1
CVA Canonical Variate Analysis; see Section 10.8
FIR Finite Impulse Response; (A.12)
IV Instrumental Variable; see Section A.1
LMI Linear Matrix Inequality; see (7.26)
LTI Linear Time-Invariant; see Section 3.2
MA Moving Average; (4.44)
MIMO Multi-Input, Multi-Output; see Section 1.3
ML Maximum Likelihood; see Section 1.1
MOESP Multivariable Output Error State sPace; see Section 6.5
N4SID Numerical algorithms for Subspace State Space System

IDentification; see Section 6.6
ORT ORThogonal decomposition based; see Section 9.7
PE Persistently Exciting; see Sections 6.3 and Appendix B
PEM Prediction Error Method; see Sections 1.2 and 1.3
PO-MOESP Past Output MOESP; see Section 6.6
SISO Single-Input, Single-Output; see Section 3.2
SVD Singular Value Decomposition; see (2.26)
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48. U. Forssell and L. Ljung, “Closed-loop identification revisited,” Automatica, vol. 35, no.

7, pp. 1215–1241, 1999.
49. U. Forssell and L. Ljung, “A projection method for closed-loop identification,” IEEE

Trans. Automatic Control, vol. 45, no. 11, pp. 2101–2106, 2000.
50. S. Fujishige, H. Nagai and Y. Sawaragi, “System-theoretic approach to model reduction

and system-order determination,” Int. J. Control, vol. 22, no. 6, pp. 807–819, 1975.
51. F. R. Gantmacher, The Theory of Matrices (2 vols.), Chelsea, 1959.
52. I. M. Gel’fand and A. M. Yaglom, “Calculation of the amount of information about a

random function contained in another such function,” American Math. Soc. Transl., vol.
12, pp. 199–246, 1959.

53. M. Gevers and B. D. O. Anderson, “On joint stationary feedback-free stochastic pro-
cesses,” IEEE Trans. Automatic Control, vol. AC-27, no. 2, pp. 431–436, 1982.

54. M. Gevers and V. Wertz, “Uniquely identifiable state-space and ARMA parametrizations
for multivariable linear systems,” Automatica, vol. 20, no. 3, pp. 333–347, 1984.

55. M. Gevers, “A personal view on the development of system identification,” Proc. 13th
IFAC Symp. System Identification, Rotterdam, pp. 773–784, 2003.

56. E. G. Gilbert, “Controllability and observability in multivariable control systems,” SIAM
J. Control, vol. 1, no. 2, pp. 128–151, 1963.

57. M. Glover and J. C. Willems, “Parametrizations of linear dynamical systems: Canonical
forms and identifiability,” IEEE Trans. Automatic Control, vol. AC-19, no. 6, pp. 640–
646, 1974.

58. I. Goethals, T. Van Gestel, J. Suykens, P. Van Dooren and B. De Moor, “Identification
of positive real models in subspace identification by using regularization,” IEEE Trans.
Automatic Control, vol. 48, no. 10, pp. 1843–1847, 2003.

59. G. H. Golub and C. F. van Loan, Matrix Computations (3rd ed.), The Johns Hopkins
University Press, 1996.

60. G. H. Golub and H. A. van der Vorst, “Eigenvalue computation in the 20th century,” J.
Computational and Applied Mathematics, vol.123, pp. 35–65, 2000.

61. G. C. Goodwin and R. L. Payne, Dynamic System Identification: Experiment Design and
Data Analysis, Academic, 1977.

62. B. Gopinath, “On the identification of linear time-invariant systems from input-output
data,” Bell Systems Technical Journal, vol. 48, no. 5, pp. 1101–1113, 1969.

63. C. W. J. Granger, “Economic processes involving feedback,” Information and Control,
vol. 6, pp. 28–48, 1963.

64. M. Green, “All-pass matrices, the positive real lemma, and unit canonical correlations
between future and past,” J. Multivariate Analysis, vol. 24, pp. 143–154, 1988.
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properties of, 143
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inverse filter, 86

joint distribution, 74
joint input-output process, 242
joint probability density function, 74

Kalman filter, 120
block diagram, 120

Kalman filter with inputs, 123
block diagram, 126

Kalman filtering problem, 113
kernel (or null space), 20

least-squares estimate, 330
generalized, 331

least-squares method, 33, 329
least-squares problem, 33, 329

basic assumptions for, 330
minimum norm solution of, 35

linear matrix inequality (LMI), 176
linear regression model, 109, 330
linear space, 19
linear time-invariant (LTI) system, 44
LMI, 176, 177
LQ decomposition, 155, 162, 258, 288, 334

MATLAB
R� program, 155

LTI system
external description of, 50
internal description of, 49

Lyapunov equation, 54, 99, 175
Lyapunov stability, 50

Markov model, 101, 212
backward, 101, 176, 222
forward, 101, 176, 222
reduced order, 226

Markov parameters, 49
Markov process, 75
matrix

block, 39
inverse of, 39

Hankel, 36
Hermitian, 18
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idempotent, 28, 40
numerical rank of, 33
observability, 56
orthogonal, 17
perturbed, 33
projection, 28
reachability, 51, 56
square root, 19
Toeplitz, 37

matrix input-output equation, 257
matrix inversion lemma, 39, 110
maximum singular value, 32
mean function, 76
mean vector, 76
minimal phase, 85, 244
minimal realization, 66
minimum singular value, 32
minimum variance estimate, 109, 114

unbiased, 115, 118
model reduction

singular perturbation approximation
(SPA) method, 62

SR algorithm, 315
model structure, 2
MOESP method, 157, 169
moment function, 75
moving average (MA) representation, 90
multi-index, 345, 347
MUSIC, 11, 170

N4SID algorithm, 166
N4SID method, 161, 170

direct, 8
realization-based, 10

norm
��-, 47
��-, 47
��-induced, 48
Euclidean, 22
Frobenius, 22, 32
infinity-, 22
operator, 22

oblique projection, 27, 40, 161, 163, 240,
277

observability, 51
observability Gramian, 58

of unstable system, 63
observability matrix, 53

extended, 66, 144
observable, 51
one-step prediction error, 5
optimal predictor, 280
ORT method, 256
orthogonal, 21
orthogonal complement, 21
orthogonal decomposition, 29, 245
orthogonal projection, 29, 40, 240
orthonormal basis vectors, 211
overlapping parametrization, 7, 343

PE condition, 151, 246, 275, 340
PO-MOESP, 291
PO-MOESP algorithm, 166, 259
positive real, 174, 184, 224

strictly, 174, 224
positive real lemma, 183, 185
predicted estimate, 118
prediction error method (PEM), 5

MIMO model, 8
prediction problem, 93, 242
predictor space, 209, 250

backward, 210, 218
basis vector of, 280
finite-memory, 286
forward, 210, 218
oblique splitting, 249

projection, 27
pseudo-canonical form, 7
pseudo-inverse, 34

QR decomposition, 23, 24, 26, 33
quadratic form, 17

random walk, 74, 77
rank, 21

normal, 72
reachability, 51
reachability Gramian, 58

of unstable system, 63
reachability matrix, 51

extended, 66, 144
reachable, 51
realizable, 67
realization, 56

balanced, 58, 59
finite interval, 286
minimal, 56

realization theory, 65
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recursive sequence, 67
reduced order model, 59, 316
regularity condition, 91
Riccati equation, 121, 127, 287

second-order process, 76
shaping filter, 86
shift invariant, 143
singular value decomposition (SVD), 30
singular values, 31, 168

Hankel, 58, 316
singular vectors, 32

left, 168
spectral analysis, 81
spectral density function, 81
spectral density matrix, 100, 173

additive decomposition, 173
spectral factor, 177, 179
spectral radius, 22, 72
splitting subspace, 212

oblique, 249, 250
SR algorithm, 315
stabilizable, 52
stable, 45

asymptotically, 50
state estimation problem, 114
state space model

block structure of, 253
state space system, 48
stationary Kalman filter, 129, 182, 214
stationary process, 77

second-order, 78
stochastic component, 245, 246

realization of, 248
stochastic linear system, 95
stochastic LTI system, 98
stochastic process, 73

full rank, 171, 243, 271
Hilbert space of, 89
regular, 90, 243, 271

singular, 90
stochastic realization, 12, 171

algorithm, 198, 227, 228
balanced, 219
based on finite data, 286
with exogenous inputs, 242

stochastic realization problem, 174, 207, 242
solution of, 176
with exogenous inputs, 272

strictly positive real, 174, 184
conditions, 194

subspace, 20, 148
Hilbert, 209, 243
invariant, 21
noise, 168
signal, 168

subspace identification
CCA method, 290
ORT method, 258, 260

deterministic subsystem, 258
stochastic subsystem, 260

subspace method, 8, 10
SVD, 145, 163, 166

and additive noise, 166
system identification, 1

flow chart of, 3
input signals for, 337

Toeplitz matrix, 37
block, 184, 227

variance, 76, 83
vector sum, 21

white noise, 74, 95, 114
Wiener-Hopf equation, 247, 274, 276
Wiener-Khinchine formula, 82
Wold decomposition theorem, 90, 243

zero-input response, 49, 142, 143, 156
zero-state response, 49
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